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Summary
In this thesis, we study emergent structures in spatially extended systems. We
restrict our attention to systems that are internally dissipative and externally
driven, also referred to as systems out of thermodynamical equilibrium. We
investigate a particular type of emergent structures, called localized structures
(LSs). As their name indicates, LSs are confined in time and/or space. LSs can
develop instabilities that make them move, deform or oscillate. Oscillations can
also lie at the origin of a dynamical, neuron-like phenomenon called "excitability".
Although LSs, and their various instabilities, can be observed in a wide range
of physical systems, we focus on the field of optics, where LSs can be observed
in nonlinear optical cavities. In this context, LSs are also called cavity solitons.
To study this type of cavities we use the Lugiato-Lefever (LL) model, a partial
differential equation first proposed in 1987 to describe transversal electric field
in a passive optical cavity filled with a nonlinear medium. In the last decade this
model has sparked new interest as it was found to also describe the formation
and dynamics of Kerr frequency combs in microresonators. A frequency comb
consists in a broad optical spectrum of sharp comb lines with an equidistant
frequency spacing that can be used to perform ultra-precise measurements of
optical frequencies, and has numerous other applications in spectroscopy, optical
clocks and waveform synthesis. The interesting and essential point here is that
such coherent frequency combs correspond to the frequency spectrum of cavity
solitons and patterns circulating inside the cavity. Therefore, by studying LSs
in the LL model we obtain crucial information about the dynamics and stability
of Kerr frequency combs.
In the first chapters of the thesis we provide a detailed study of LSs in the LL
model in its two main regimes of operation, namely the region with anomalous
group velocity dispersion (GVD) and the one with normal GVD. For anomalous GVD, we focus on patterned solutions and bright solitons and characterize
vii

their bifurcation structure and instabilities leading to oscillations in time and/or
space. In contrast, in the normal GVD regime, we show that the main LSs are
dark solitons, which have a very different origin and bifurcation structure, but
undergo similar instabilities. Next, we focus on how higher order dispersion effects modify the soliton dynamics in both regimes, showing that a various LSs
can be stabilized by the higher order dispersion. Another question that we address is how bound states of solitons can form, where interaction between solitons
is largely determined by the oscillatory tails in the soliton’s profile. Finally, we
focus on how defects and advection can modify the dynamics of LSs, showing
the combination of defects and advection can induce excitability.

viii

Resumen
En esta tesis estudiamos estructuras emergentes en sistemas extendidos. Restringimos nuestra atención a sistemas con disipación interna, es decir, con pérdidas, y que son forzados externamente, también conocidos como sistemas fuera
del equilibrio termodinámico. Investigamos un tipo particular de estructuras
emergentes denominadas estructuras localizadas (LSs es su acrónimo en inglés).
Como su nombre indica, estas estructuras están confinadas espacial y/o temporalmente. Las LSs pueden desarrollar inestabilidades que induzcan movimiento,
deformación, u oscilaciones en las mismas. Las oscilaciones pueden ser el origen
en un fenómeno típicamente asociado a la dinámica de neuronas denominado
"excitabilidad".
Aunque las LSs, y sus diferentes inestabilidades, pueden observarse en un gran
número de sistemas físicos, en esta tesis nos concentraremos en el dominio de la
óptica, donde las LSs aparecen en cavidades ópticas no lineales. En este contexto, las LSs son también denominadas solitones de cavidad. Para estudiar este
tipo de cavidades utilizamos el modelo de Lugiato-Lefever (LL), una ecuación
en derivadas parciales propuesto por primera vez en 1987 para describir la componente transversal del campo eléctrico en una cavidad óptica pasiva con un
medio no lineal. En la última década este modelo ha despertado nuevo interés
al descubrirse que también puede describir la formación y dinámica de peines
de frecuencia tipo Kerr en microcavidades. Un peine de frecuencia consiste en
un espectro óptico extenso formado por líneas de frecuencia equiespaciadas que
puede ser utilizado para realizar medidas de frecuencias ópticas ultra precisas,
las cuales tienen un gran número de aplicaciones en espectroscopía, relojes ópticos y síntesis de formas de onda. El punto más interesante y esencial es que
estos peines de frecuencia coherentes corresponden al espectro de frecuencias de
solitones de cavidad y patrones circulando en el interior de la cavidad. Por tanto,
estudiando las LSs en el modelo de LL se obtiene información crucial sobre la
ix

dinámica y estabilidad de estos peines de frecuencia.
En los primeros capítulos de la tesis presentamos un detallado estudio de las
LSs en el modelo de LL en sus dos principales regímenes de operación: dispersión anómala de la velocidad de grupo de las ondas (GVD, según su acrónimo
en inglés) y GVD normal. Para el caso de GVD anómalo, nos concentramos
en el estudio de soluciones tipo patrón y soluciones tipo solitón "brillante", y
caracterizamos su estructura de bifurcación y las inestabilidades que dan origen a oscilaciones espaciales y/o temporales. Por el contrario, en el régimen
de GVD normal, mostramos que las LSs principales son solitones "oscuros", los
cuales tienen un origen y una estructura de bifurcación diferente, aunque las
inestabilidades son similares. A continuación nos centramos en investigar como
efectos dispersivos a órdenes superiores modifican la dinámica de los solitones
en ambos regímenes, mostrando que varias LSs pueden ser estabilizadas por los
mismos. Otra cuestión que abordamos es como pueden formarse estados ligados
de solitones, donde la interacción entre solitones es determinada por las colas
oscilantes presentes en el perfil del solitón. Para finalizar, estudiamos como defectos y advección pueden modificar la dinámica de las LSs, demostrando que
la combinación de ambos elementos puede inducir comportamientos complejos
y excitabilidad.
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Samenvatting
.
In deze thesis bestuderen we spontaan opkomende structuren in ruimtelijk uitgestrekte systemen. We beperken onze aandacht tot systemen die intern dissipatief zijn en extern aangedreven. Zulke systemen zijn niet in thermodynamisch
evenwicht. We onderzoeken een bepaalde soort van deze spontane structuren,
genaamd gelokaliseerde structuren (LS). Zoals de naam reeds aangeeft, zijn LS
begrensd in de tijd en/of ruimte. LS kunnen destabiliseren zodat ze bewegen,
vervormen, of oscilleren. Zulke oscillaties kunnen aan de basis liggen van een
dynamisch, neuron-achtig fenomeen, genaamd "exciteerbaarheid"
Ook al kunnen LS geobserveerd worden in een brede waaier van fysische systemen, werken we in het domein van de optica, waar LS kunnen waargenomen
worden in niet-lineaire optische caviteiten. In deze context worden LS ook
caviteitssolitonen genoemd. Om dit type van optische caviteiten te bestuderen,
gebruiken we het Lugiato-Lefever (LL) model, een partiële differentiaalvergelijking die het eerst werd voorgesteld in 1987 om het transversale elektrische
veld in passieve optische caviteiten met een niet-lineair medium te beschrijven.
Gedurende de laatste jaren heeft dit model opnieuw interesse opgewekt wanneer
er werd gevonden dat dezelfde vergelijking kan gebruikt worden om de vorming en dynamiek van Kerr frequentiekammen in microresonatoren te beschrijven.
Een frequentiekam bestaat uit een breed optisch spectrum van scherpe lijnen met
een gelijke frequentiespreiding, en kan gebruikt worden om heel precieze metingen van optische frequentie uit te voeren, en wordt ook gebruikt in tal van andere
toepassingen in spectroscopie, optische klokken, en het maken van golfvormen.
Het interessante en essentiele punt is hier dat zulke coherente frequentiekammen
overeenstemmen met het frequentiespectrum van caviteitssolitonen en andere
patronen die circuleren in de caviteit. M.a.w., door het bestuderen van LS in
het LL model kunnen we cruciale informatie bekomen over de dynamiek en staxi

biliteit van Kerr frequentiekammen.
In de eerste hoofdstukken van de thesis bestuderen we in detail LS in het LL
model in de twee grote werkingsregimes, namelijk het regime met abnormale
groepssnelheidsdispersie (GSD), en één met normale GSD. Voor abnormale GSD
concentreren we ons op patronen en heldere solitonen, and karakteriseren we
hun bifurcatiestructuur en instabiliteiten die leiden tot oscillaties in de tijd en/of
ruimte. In tegenstelling, in het normale GSD regime, tonen we dat de voornaamste LS donkere solitonen zijn, dewelke een erg verschillende oorsprong en bifurcatiestructuur hebben, maar toch gelijkaardige instabiliteit ondergaan. Daarna
bestuderen we hoe hogere order dispersie de solitondynamiek kan veranderen in
beide regimes. We tonen dat verschillende LS gestabiliseerd worden door zulke
hogere order dispersie. Een andere vraag die we aanpakken is hoe gebonden toestanden van verschillende solitonen kunnen vormen, waar de interactie tussen
deze verschillende LS grotendeels bepaald wordt door de oscillerende staarten
in het profiel van een enkel soliton. Tenslotte bestuderen we hoe defecten en
advectie de dynamiek van LS veranderen, en we tonen dat de combinatie van
beide zaken kan leiden tot exciteerbaarheid.
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Resum
En aquesta tesi estudiem estructures emergents en sistemes estesos. Restringim
la nostra atenció a sistemes amb dissipació interna, és a dir, amb pèrdues, i
que són forçats externament, també coneguts com a sistemes fora de l’equilibri
termodinàmic. Investigam un tipus particular d’estructures emergents denominades estructures localitzades (LSs és el seu acrònim en anglès). Com el seu
nom indica, aquestes estructures estan confinades espacial i/o temporalment.
Les LSs poden desenvolupar inestabilitats que indueixen moviment, deformació,
o oscil·lacions en les mateixes. Les oscil·lacions poden ser l’origen d’un fenomen
típicament associat a la dinámica de neurones denominat "excitabilitat".
Tot i que les LSs, i les seves diferents inestabilitats, poden observar-se en un
gran número de sistemes físics, en aquesta tesi ens concentrarem en el domini
de la òptica, on les LSs apareixen en cavitats òptiques no lineals. En aquest
context, les LSs són també denominades solitons de cavitat. Per estudiar aquest
tipus de cavitats utilitzem el model de Lugiato-Lefever (LL), una equació en
derivades parcials proposada per primera vegada al 1987 per descriure la component transversal del camp elèctric en una cavitat òptica passiva amb un mitjà no
lineal. A l’última dècada aquest model ha despertat un nou interès en descobrirse que també pot descriure la formació i dinàmica de "pintes de freqüència" tipus
Kerr en microcavitats. Una "pinta de freqüència" consisteix en un espectre òptic
extens format per línies de freqüència equiespaiades que poden ser utilitzades
per a realitzar mesures de freqüències òptiques ultra precises, les quals tenen un
gran número d’aplicacions en espectroscòpia, rellotges òptics i síntesi de formes
d’ona. El punt més interessant i essencial és que aquestes "pintes de freqüència"
coherents corresponen a l’espectre de freqüències de solitons de cavitat i patrons
circulant a l’interior d’una cavitat. Per tant, estudiant les LSs en el model de
LL s’obté informació crucial sobre la dinàmica i estabilitat d’aquests "pintes de
freqüència".
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En els primers capítols de la tesi presentem un detallat estudi de les LSs en el
model de LL en els seus dos principals règims d’operació: dispersió anòmala de
la velocitat de grup de les ones (GVD, segons el seu acrònim en anglès) i GVD
normal. Per al cas de GVD anòmala, ens concentrem en l’estudi de solucions
tipus patró i solucions tipus solitó "brillant", i caracteritzem les seves estructures
de bifurcació i les inestabilitats que donen origen a oscil·lacions espacials i/o
temporals. Per contra, al règim de GVD normal, mostrem que les LSs principals
són solitons "foscos", els quals tenen un origen i una estructura de bifurcació
diferent, encara que les inestabilitats són similars. Tot seguit ens centrem en
investigar com efectes dispersius a ordres superiors modifiquen la dinàmica dels
solitons en ambdós règims, mostrant que diverses LSs poden ser estabilitzades
pels mateixos. Una altra qüestió que abordem és com es poden formar estats
lligats de solitons, on la interacció entre solitons és determinada per les cues
oscil·lants presents en el perfil del solitó. Per acabar, estudiem com defectes i
advecció poden modificar la dinàmica de les LSs, demostrant que la combinació
dels dos elements pot induir comportaments complexos i excitabilitat.
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Chapter 1

Introduction
In this thesis we focus on emergent structures in spatially extended systems.
Emergence is a particular property of complex systems1 , and consists in the
appearance of a behavior that cannot be anticipated from the behavior of one
of the constituents of the system alone. In particular, in complex systems, this
behavior appears through what is known as self-organization2 . This type of
behavior is related to nonlinearity, in the sense that the superposition principle
can not be applied. A rich variety of real-life physical problems, which are still
poorly understood, are of a nonlinear nature. Examples include turbulence,
weather forecasting, granular flows, detonations and flame propagation, fracture
dynamics, and a wealth of new biological and chemical phenomena which are
being discovered.
Here we restrict our attention to emergent structures in spatially extended systems out of thermodynamic equilibrium, i.e. systems that are internally dissipative and externally driven. These systems are also called dissipative systems.
From a thermodynamic point of view a dissipative system is an open system in
which there is an exchange of matter and energy with the surrounding medium.
In this context emergent structures are patterns that appear spontaneously due
to the interaction of each part with its immediate surrounding in space. They
will not arise if the various parts are just coexisting, but it is essential that there
is spatial interaction.
Spontaneous pattern formation can arise in hydrodynamic systems, such as
Rayleigh-Bénard convection in a layer of viscous fluid heated from below or
Faraday surface wave on the surface of a vertically shaken liquid; granular media where one can also find Faraday’s waves and oscillons, oscillatory chemical
1 A complex system can be defined as large aggregations of many smaller interacting parts
and that secludes the last one from systems that are merely complicated.
2 There is no external entity engineering the appearance of emergent features, but these
appear spontaneously.
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Figure 1.1: Examples of emergent structures in nature. From left to right and from top to
bottom: spots in guepard coat [4]; spirals in plants [5]; spiral Galaxy N51 (European Space
Agency) [6]; stripes on the coat of the zebras [7]; Belousov-Zhabotinsky reaction [8]; ripple
patterns in a sand dune (Royce Blair) [9]; Giant’s Causeway in Northern Ireland [10]; frog eggs
[11]; and a vortex in the turbines at the Barrage de la Rance electric power generating station
in France create a whirlpool in the Rance River. (Photo by James A. Sugar) [12]

reactions, like for example the Belousov-Zhabotinsky reaction, biological and
ecology systems, and nonlinear optics [1–3]. In Figure 1.1 we can see different
emergent structures that can be easily found in nature, such as for example,
spots in a leopard coat, spirals in plants and in galaxies, stripes on the coat of
the zebras, chemical reactions, ripple patterns in a sand dune, hexagon patterns
in the basalt columns of the Giant’s Causeway in Northern Ireland or frog eggs,
and a vortex in a turbine in an electric power generating station. Despite the
different natural context, the previous structures share morphological similarities, which show us that they are not dependent on the details of the systems
but they can be understood from the underlying symmetries [3]. This is an interesting and particular feature of the emergent structures in spatially extended
systems called universality.
Because of this universality, it is possible, combining methods of nonlinear dynamics and bifurcation theory3 , to derive generic models such as amplitude equa3A

2

summary of the main concepts in dynamical systems and bifurcation theory is pre-
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Hamiltonian system
spatial coupling

Dissipative system
spatial coupling
losses

gain
nonlinearity

nonlinearity

Figure 1.2: Qualitative difference in the formation of soliton solutions in Hamiltonian and
dissipative systems. This Figure is inspired in Figure 1 of Ref.[27]. While the formation of
a conservative soliton requires a single balance between spatial coupling and nonlinearity, the
formation of a DS needs a double balance: spatial coupling/nonlinearity and losses/gain.

tions or phase equations describing the dynamical behavior of those structures
close to bifurcation points or far from them respectively [1–3].
A special type of these emergent structures are spatially localized structures
(LSs), which can be seen as one state "embedded" in a background of a different
state. In non-equilibrium systems they are also referred to as dissipative localized
structures.
In this thesis, using principles from dynamical systems and bifurcation theory,
we will study these last type of structures in a particular class of dissipative
systems: driven nonlinear optical cavities.

1.1 Dissipative localized structures
The term dissipative structure was proposed in 1967 by the Belgian chemist
Ilya Prigogine to describe the spontaneous appearance of ordered structures
in the nonlinear domain, far from equilibrium [21]. A dissipative structure is
characterized by the spontaneous appearance of symmetry breaking and the
formation of complex, sometimes chaotic, structures. When these dissipative
structures are spatially localized, so a single peak, they are also called dissipative
solitons (DSs) [22–26]. Then, in this thesis we will use LSs to refer to any
localized dissipative structure, and DSs or simply soliton for those structures
formed by a single localized element as a single peak.

sented in Appendix A. The analytical and numerical methods used in this thesis are found in
Appendix B.
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DSs are different from the well known conservative solitons arising in Hamiltonian systems (see Figure 1.2). In the last case they are formed due to the
balance between two opposite effects: spatial coupling (diffusion, diffraction or
dispersion) and nonlinearity, and they form usually a one-parameter family of
solutions [27]. These solitons are characterized by the fact that they remain
unchanged during interactions, apart from a phase shift. Moreover, they arise
in integrable systems, i.e. described by partial differential equations (PDEs) for
which a closed exact analytical solution can be found by means of inverse scattering methods [28, 29]. Some examples of equations supporting this kind of
states are: the nonlinear Schrodinger (NLS) equation, the Korteweg de Vries
(KdV) equation or the sine-Gordon equation [30].
In contrast, in dissipative systems, the losses must be compensated by including
gain in the system, so the formation of DSs requires a double balance between
nonlinearity and spatial coupling, and driving and dissipation. This situation
is illustrated in Figure 1.2. These structures can display a variety of dynamical
regimes such as periodic oscillations [13, 32, 33, 89], chaos [33, 34], or excitability
[35, 36]. DSs are unique once the system parameters are fixed, and they can
coexist with other DSs in the same region of parameters, and therefore they
exhibit multistability. DSs or LSs are common and have been shown to arise
in a wide variety of physical systems such as chemical reactions [32, 37, 38],
neural systems [39, 40], granular media [13, 41], binary fluid convection [42, 43],
ferrofluid driven by a homogeneous magnetic field [15], vegetation patterns [44,
45] and nonlinear optics [18, 46–52]. In particular when they appear in optical
cavities they are commonly referred to as cavity solitons (CSs).
Figure 1.3 shows observations of LSs or DSs in nature or in experimental setups
in six different systems. We discuss them shortly from left to right and from
top to bottom. The first one shows a localized oscillation in a layer of sand,
normally called oscillon, which alternately takes the shape of a peak and crater
as the sand is vibrated vertically [13]. The second photo shows the presence
of localized circular patches, called Fairy circles, in the Namibia desert. They
consist in land barren of plants, varying between 2 and 15 meters in diameter,
often encircled by a ring of stimulated growth of grass. The third image depicts
the formation of isolated or clusters of peaks formed on the surface of ferrofluid
when a spatially homogeneous, time-independent, vertical magnetic field is applied [15]. The fourth picture shows a spatially localized pattern generated on
the surface of a vertically vibrated container of fluid when one of its dimensions is
very thin in comparison with the other one [16]. The fifth photo shows a Morning Glory cloud formation, a rare meteorological phenomenon consisting of a
low-level atmospheric solitary wave and associated cloud, occasionally observed
in different locations around the world. The wave often occurs as an amplitudeordered series of waves forming bands of roll clouds. Finally the last picture
represents CSs in an active (amplifier) semiconductor system in a Fabry-Perot
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Figure 1.3: Examples of DSs in nature. From left to right and top to bottom we have: An
oscillon in a vibrated layer of sand [13]; the fairy circles of Namibia desert (photo by Stephan
Getzin and Thorsten Wiegand) [14]; isolated peaks on the surface of a ferrofluid driven by a
homogeneous magnetic field [15]; spatially localized patterns in a Faraday waves experiment
on the surface of a vertically vibrated container of fluid using a container that is very thin in
one direction [16]; A Morning Glory cloud formation between Burketown and Normanton [17],
Australia; spatial CS in an active (amplifier) semiconductor system in a cavity [18]

cavity [18].
The existence of LSs is directly related to the presence of bistability between
two states, let us say A and B in the system under consideration. A LS is then
interpreted as a pair of bound fronts between both states. These two fronts
typically interact with each other through the interior of the LS. Let us briefly
discuss the three main mechanism, related with the nature of states A and B,
i.e. if they are homogeneous or pattern solutions.
1. LSs can form when A is a homogeneous state and B is a pattern. In systems
where a homogeneous stable solution is destabilized in a modulational (or
Turing) instability, patterns can be created subcritically. In many cases,
a piece of a pattern (one or more peaks) embedded in a homogeneous
background can be stable, creating LSs or solitons. Here we refer to them
as a pattern element-LSs. We illustrate these type of LSs in Figures 1.4(a)
and (b).
2. LSs can form when A and B are two different homogeneous solutions or
domains, both of them stable. Bistable systems leading to the coexistence
5
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B

(a)

Pattern-element LSs
(b)

A
(c)

A

Front-locked LSs
B
Fd

Fu

Figure 1.4: Sketch of two different scenarios for LSs formation. (a),(b) Pattern element: a
connection between the low intensity homogeneous solution A and the periodic pattern B. (c)
The fronts Fd and Fu connecting the low A and high B intensity homogeneous solutions form
a stable connection.

of two equivalent homogeneous solutions represent a second large group of
systems that possibly allow the formation of LSs. The regions occupied
by different homogeneous states are also called domains, and the fronts
between the different domains are called domain walls. The formation and
stability properties of this kind of LSs are thus intimately related to the
general problem of front propagation or domain wall motion. Here we refer
to them as a locked fronts-LSs. Figure 1.4(c) illustrates the formation of
this type of structure.
3. Bistability between two different patterns A and B. In some cases a portion
of one pattern embedded in another pattern can be stable as well. We will
not consider this case in this thesis.
In two extended dimensions the curvature of the fronts connecting two homogeneous states can also generate the formation of LSs as shown in Refs. [19, 20].

1.2 Optical cavities and the Lugiato-Lefever model
In an optical cavity, or resonator, light can be confined through continuous
reflection in the material. When these cavities exhibit a nonlinear Kerr effect4
and are externally driven by a homogeneous beam of light, the dynamics of the
electromagnetic wave E in the cavity can be described by the Lugiato-Lefever
(LL) model.
The Kerr effect arises when the optical response of these materials is characterized by a polarization P with nonlinear susceptibility χ(3) , i.e. P = ε0 χ(3) |E|2 E.
Therefore, the refractive index n of the medium depends linearly on the local
4 Throughout

6

this thesis, we will suppose that this effect is instantaneous.

1.2. OPTICAL CAVITIES AND THE LUGIATO-LEFEVER MODEL

Figure 1.5: Example of a spatial nonlinear optical cavity. A ring-cavity resonator partially
filled with a nonlinear medium, typically a gas, is depicted. The presence of the mirrors
introduces losses in the system that must be balanced by injecting a driving field Ein . This
Figure has been taken from Ref. [54] with the permission of the authors.

light intensity I = |E|2 as
n(ω) = n0 (ω) + n2 I.

(1.1)

The LL model was originally derived in 1987 to describe a ring cavity (or a
Fabry-Perot resonator) with a transverse spatial extension, partially filled with
a nonlinear Kerr medium and driven with a homogeneous beam of light [53].
Figure 1.5 shows an example of such a cavity. In these cavities localized bright
light spots embedded in a background of a homogeneous light distribution were
found to exist at the output of the resonator [18]. These light spots are also
known as spatial cavity solitons (CSs), a particular type of LSs. Here the spatial
coupling is introduced by the diffraction in the system.
Later, in 1992, this model was also used in single-mode fiber cavities [55]. In this
case, the spatial coordinate in the LL equation for a spatially extended cavity
with diffraction is replaced by a time coordinate to model chromatic dispersion of
light in the longitudinal (temporal) direction. The LSs found here are localized
in time, and hence referred to as temporal CSs. In what follows, we will refer to
these cavities as temporal cavities.
Microresonators, as those shown in Figure 1.6, are yet another type of temporal
cavities that can be also described by the LL equation. When dealing with this
last type of cavities, two approaches are widely used in literature to describe the
intra-cavity optical field evolution. One approach is to use time as an evolution
variable and relies on the approximation of the modal dispersion through the
expansion of the frequency into a series in the modal number (propagation constant) [56]. Another approach is to use the distance along the cavity length as
an evolution variable and is thus based on the expansion of the modal number
as a function of the frequency [57]. This last approach will be the one adopted
7
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Figure 1.6: Examples of microcavities where FCs have been generated (from left to right):
chip-based silicon nitride (SiN) ring resonators and waveguides, ultrahigh Q toroidal microresonators on a silicon chip, and ultrahigh Q millimeter-scale crystalline resonators. This Figure
has been adapted from Figure 3 in Ref. [58]. See references therein.

within this thesis. The interest in modeling microresonators has recently attracted even more interest due to the potential application of frequency combs
(FCs) in a high finesse cavity [58].
The goal of this Section is to describe the functioning of temporal cavities. Fiber
cavities and microresonators, in contrast to spatial cavities that have two transverse dimensions, are guided-wave cavities, and therefore can be described by
the one-dimensional LL equation which will be derived here following Ref. [55].
In order to do that we first show how a pulse of light propagates in a Kerr type
of nonlinear wave-guided material. After that, we present the description of a
temporal cavity and its feedback mechanism. Later on, we analyze the behavior
of the cavity step by step when adding the effects of absorption, nonlinearity
and chromatic dispersion one by one. And finally, we will show that high finesse
cavities are described by the mean-field LL equation. In this Section we follow
closely Refs. [55],[59],[60] and [61].

1.2.1 Propagation of a pulse within a Kerr nonlinear medium
In this thesis we will focus on guide-wave cavities like those shown in Figure 1.6
that are made of a material with a Kerr type of nonlinearity. Therefore, before
describing the cavity it is necessary to understand how light behaves within such
type of material.
Here we will derive a nonlinear Schrodinger equation describing the propagation
of an electric field E(x, y, z, t) through a guiding structure that limits the power
to the (x, y)−plane. If one assumes that the field is quasi-monochromatic, propagating towards z with a phase constant β0 , and angular frequency ω0 , and that
maintains its linear polarization along the material, it can be written as:
E(x, y, z, t) = E(z, t)f (x, y)ei(β0 z−ω0 t) ,

(1.2)

where E is the envelope, the exponent is the carrier wave and f (x, y) represents
the shape of the field in the (x, y)−plane (transverse direction), and it does
not change during propagation because we assumed that the field is guided.
8
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Equation (1.2) corresponds to a wave-packet centered at the carrier frequency
ω0 whose Fourier transform reads
Z
E(x, y, z, ω − ω0 ) =
E(x, y, z, t)e−i(ω−ω0 )t dt = Ẽ(ω, z)f (x, y)eiβ0 z .
(1.3)
R

Inserting (1.3) into the Maxwell equations one obtains the Helmholtz equation
in the frequency domain
∇2 E + ñ2 (ω)k02 E = 0,
(1.4)
with
ñ(ω) = n(ω) + i

αi
,
2k0

(1.5)

being the complex refractive index, k0 the wavenumber associated to the carrier
wave, and αi the linear losses, or absorption, in the material.
The propagation constant can be written as:
ñ(ω)k0 = β(ω) = βlin (ω) + βnonlin + βlosses ,

(1.6)

with βlin (ω) being the linear contribution depending on ω, βnonlin = k0 n2 |E|2
the nonlinear contribution, and βlosses = iαi /2 the losses, that we consider independent of ω.
Due to the quasi-monochromaticity of the optical field, βlin (ω) can be expanded
in a Taylor series about the carrier frequency ω0 :
βlin (ω) =

∞
X
βj
j=0

j!

(ω − ω0 )j ,

(1.7)

with the dispersion coefficient
βj =

dj βlin
|ω−ω0 .
dω j

(1.8)

In general one truncates the series at up to second order in j
1
βlin (ω) = β0 + β1 (ω − ω0 ) + β2 (ω − ω0 )2 + O(3),
2

(1.9)

where β1−1 is the group velocity of light in the material, i.e. the speed of the pulse
envelope, and β2 is the second order group velocity dispersion (GVD) coefficient.
With this, one can write,
β(ω) = β0 +

∞
X
βj
j≥1

j!

(ω − ω0 )j + βnonlin + βlosses = β0 + ∆β(ω),

(1.10)

9

INTRODUCTION
and assume that ∆β is a small perturbation, i.e. |β0 |  |∆β(ω)|, which is
equivalent to consider that the nonlinearity is a small perturbation.
Inserting Eq. (1.2) in Eq. (1.4), and considering a slowly varying envelope (SVE)
approximation5 ,i.e.
|∂z2 Ẽ|  |β0 ∂z Ẽ|,
(1.11)
one gets the following two equations for f (x, y) and Ẽ(ω, z)[62]
(∂x2 + ∂y2 )f (x, y) + [n(ω)k02 − β 2 (ω)]f (x, y) = 0,

(1.12)

and
2iβ0

∂ Ẽ
+ [β 2 (ω) − β02 ]Ẽ = 0.
∂z

(1.13)

Taking into account that
β 2 (ω) − β02 =
= [β(ω) + β0 ][β(ω) − β0 ] = ∆β(ω)[2β0 + ∆β(ω)] ≈ 2β0 ∆β(ω), (1.14)
the field envelope is described by
i

∂ Ẽ
+ ∆β(ω)Ẽ = 0.
∂z

(1.15)

Now, if we apply the inverse Fourier transform one gets
∂E
β2 ∂ 2 E X βj
∂E
i
+ iβ1
−
+
∂z
∂t
2 ∂t2
j!
j≥3


j
∂
αi
i
E + i E + βnonlin E = 0,
∂t
2

(1.16)

where βnonlin = k0 n2 |E|2 = γ|E|2 , and γ = n2 ω0 /caeff is the nonlinearity coefficient due to the Kerr effect in the resonator, with aeff the effective modal area
of the resonator mode f (x, y)[62].
Considering the change of variables τ = t − β1 z, that describes the electromagnetic field envelope in the reference frame moving at the group velocity β1−1 , one
finally gets
X βj  ∂  j
∂E
αi
β2 ∂ 2 E
=− E−i
+
i
i
E +iγ|E|2 E.
∂z
2
2 ∂τ 2
j!
∂τ
j≥3
|
{z
}

(1.17)

HOD

The Eq. (1.17) is a (generalized) NLS equation that governs the propagation
of an optical signal through one round-trip of an optical cavity with losses and
Kerr nonlinearity.
5 Ẽ(ω, z)
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varies slowly with z and therefore one can neglect high-order derivatives.
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Ein
L
R,T
z=0

Figure 1.7: Nonlinear temporal optical cavities with Kerr-type of nonlinearity. It can be
either an all-fiber ring cavity or a ring-microcavity. Here L is the length of the cavity, R and
T are the reflection and transmission coefficients of the coupler respectively and the injected
field is a CW with envelope Ein .

Regarding the linear part contribution βlin to the propagation constant, β2 vanishes at a given wavelength, depending on each material, that is called the zero
dispersion wavelength λzd . For wavelengths λ0 such that λ0 < λzd , β2 > 0 and
the material is said to exhibit normal dispersion. In contrast, the opposite occurs in the anomalous dispersion regime in which β2 < 0. Around λzd high-order
dispersion (HOD) effects, such as the third order dispersion (TOD) β3 must be
taking into account. In general we will consider the HOD effects are not present
and then βj = 0, for j ≥ 3

1.2.2 Temporal cavity description
Figure 1.7 shows an example of a temporal cavity (guided wave cavity) that can
be either a microresonator or a fiber cavity. Light is injected in the cavity by
means of the input coupler. It propagates along the cavity where it suffers the
effects of the chromatic dispersion and the Kerr nonlinearity of the material,
as described by Eq. (1.17). At each round-trip in the cavity the light wave
undergoes losses due to the coupler and the material absorption, and at each
pass, the external pump or driving field is added coherently to the intra-cavity
field. This coherent superposition constitutes the feedback mechanism of the
cavity, that can be mathematically expressed by the map
√
√
Em+1 (0, τ ) = T Ein + REm (L, τ )eiφ0 ,
(1.18)
where Em+1 (0, τ ) is the envelope of the intra-cavity field at the beginning of the
(m+1)th round trip and Em+1 (L, τ ) is the field at the end of the mth round-trip.
Here L is the round-trip length of the cavity, and tR = β1 L is the cavity roundtrip time, i.e. the time necessary for the intra-cavity field to complete one cavity
round-trip. Ein is the envelope of the driving field injected into the cavity at the
coupler, which can a priori, have any temporal structure, although here we will
consider that it consists in a continuous wave (CW), unless otherwise stated. T
and R are the intensity transmission and reflection coefficients of the couplers,
11
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satisfying R+T = 1. Finally, φ0 is the linear cavity round-trip phase shift, i.e. the
linear phase acquired by the intra-cavity field after propagation over one cavity
round-trip, which for a monochromatic pump, is given by φ0 = β0 L = ω0 nL/c,
where n is the linear index of the material. This parameter controls the way
the intra-cavity and driving field interfere in the coupler, and is one of the main
parameters of the cavity dynamics. This phase contribution must be included
in Eq. (1.18) because Eq. (1.17) is an envelope equation that therefore does not
take into account the carrier of the light pulses. Equation (1.17) combined with
boundary conditions Eq. (1.18) form an infinite-dimensional map that describes
completely the dynamics of the cavity. This map is known as the Ikeda map
[63].

1.2.3 The linear cavity resonances
We begin our study of the temporal cavity by neglecting chromatic dispersion,
nonlinearity, as well as absorption in the material. In this configuration, the
only physical effect that remains present, is the cavity feedback, and we simply
have Em (L) = Em (0). Therefore the cavity boundary conditions reduce to a
simple two-dimensional map whose fixed points give the Airy function of optical
resonators
√
T Ein
,
(1.19)
Em (0) =
1 − Reiφ0
which in terms of beam intensities I = |Em |2 and Iin = |Ein |2 becomes
I
1
,
=
Iin
T (1 + F sin2 (φ0 /2))

(1.20)

with F = 4R/(1 − R)2 .
This last equation exhibits resonances at φ0 = 2πl with l ∈ N, where the intracavity field intensity exhibits its maximum value Imax = Iin /T . This intensity
is greater than the one of the injected beam and therefore the cavity behaves as
an energy accumulator.
When φ0 is a multiple of 2π, the intra-cavity field is in phase with the incident
driving field at the coupler, and therefore both waves interfere constructively
and energy is accumulated inside the cavity. This quantity can be controlled
for example by changing the frequency of the injected driving field f = ω0 /2π
according to the proportionality relation between φ0 and ω0 , namely ∆φ0 =
2π for ∆f = c/(nL). Then the position and width of the resonances can be
characterized either in terms of phase or in terms of driving field frequency.
Figure 1.8 shows the Airy function (1.20) for several values of the transmitted
coefficient of the coupler T , that is, the cavity losses. One can see that the resonance peaks get thinner when the cavity losses are decreased. This sharpness is
characterized by the cavity finesse parameter F which is a dimensionless number
12
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IT
Iin

2l

2(l-1)

2(l+1)

Figure 1.8: Resonances of the linear cavity with T equals to 0.7 in (a), 0.4 in (b), and 0.1 in
(c). The cavity finesse F is respectively ∼ 4.5, ∼ 8, and ∼ 30. This Figure has been adapted
from Figure 2.2 in Ref. [59].

equal to the ratio of the separation between two resonances at the full width at
half-maximum of the resonance peaks, which in our case reduces to
F'

π
.
T

(1.21)

Another parameter which characterizes the way a resonator confines energy is
the quality factor, Q−factor, typically used in the context of a hertzian resonator
(RLC circuit, RF oscillator, maser, laser, etc). The energetic definition of the
Q−factor reads
Estored
Q = 2π
,
(1.22)
Edissipated
where Estored is the energy stored by the resonator, and Edissipated is the energy dissipated during a cavity round-trip time tR . With this definition, the
finesse of the cavity is exactly equivalent to the quality factor Q. Indeed,
Q = 2πI/(2T I) = π/T = F.
The separation between two adjacent resonances is given by the free spectral
range (FSR) equal to c/(nL), and the spectral width of the resonances is determined by
F SR
∆φ0 '
.
(1.23)
F

1.2.4 Influence of the Kerr nonlinearity
It is easy to take into account the effect of the Kerr nonlinearity on the response
of the cavity (we still neglect the chromatic dispersion and the absorption of
the material). The Kerr nonlinearity comes into play through an additional
intensity-dependent phase shift γL|Em |2 acquired by the intra-cavity field over
the cavity length L. This phenomenon is known as self-phase modulation (SFM)
and it is a direct consequence of Eq. (1.1). Therefore, due to the SFM the
13
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IT
Iin

2l

2(l-1)

Figure 1.9: Resonances of the nonlinear cavity with T = 0.35 (F ' 9) and γLIin =
0.01, 0.2, 0.5, 1. Dotted lines indicate unstable states. This Figure has been adapted from
Figure 2.3 in Ref. [59].

cavity round-trip phase shift becomes φ = φ0 + φNL with φNL = γLI, which
once substituted in Eq. (1.20) gives a transcendental equation describing the
nonlinear resonances of the cavity
I
=
Iin


T

1 + F sin2

1


φ0 + γLI
2

 .

(1.24)

Due to the presence of the intensity in the phase term of the previous equation,
the resonance peaks will be displaced proportionally to the input intensity. This
displacement occurs only at the peaks, and for the other points of the resonances
the displacement is proportional to the intra-cavity intensity, which is lower than
Iin /T . In the wings of the resonances, the intra-cavity intensity is low and the
displacement is negligible. This explains that the nonlinear resonances are peaks
that are tilted proportionally to the input power. When the maximum phase
displacement −γLIin /T becomes larger than the resonance width ∆φ = 2π/F,
the response function becomes multi-valued and exhibits bistability. Therefore, a
nonlinear cavity is a bistable system like many others with positive feedback [64,
65]. Optical bistability cannot be derived analytically from Eq. (1.24) because
it is transcendental, and will be discussed in Chapter 2.

1.2.5 Influence of the chromatic dispersion
So far we have focused on the basic characteristics of a ring cavity resulting when
considering losses and nonlinearity, but neglecting the contribution of chromatic
dispersion. This last ingredient introduces spatial coupling between different
points in space allowing the emergence of complex behavior that is absent otherwise. To consider the effect of chromatic dispersion, we need to deal with the
infinite-dimensional Ikeda map made up of the nonlinear Schrodinger equation
14
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(1.17) and the boundary conditions (1.18).
In the context of high-F cavities the Ikeda map can be reduced, under certain approximations, to a mean-field model which is formally equivalent to the
Lugiato-Lefever equation derived in the context of spatial systems [53]. Our aim
here is to show step by step how to perform such simplification, and for that we
will follow closely Ref. [55].
In the limit of high finesse F  1, or equivalently for T  1 (low losses), one can
apply an approximation based on the fact that the intra-cavity field envelope
varies slightly round-trip after round-trip due to the small cavity losses. In
this situation, the resonances are narrow, and therefore the intra-cavity field is
non zero only when the round-trip phase is close to a multiple of 2π. In this
context one defines the cavity detuning as a small quantity of the first order
δ0 = 2πl − φ0  1, where l designates the nearest resonance of the cavity. As
done for the resonances, this parameter can be quantified also in terms of the
frequency of the driving field. In the same way the nonlinear phase shift φNL
must also be limited to a quantity of the first order so it has to stay in the
vicinity of the resonance peak at high pump power.
With all the previous approximations, one can consider that



√
δ02
T
T
−iδ0
1 − iδ0 −
+ · · · ≈ 1 − − iδ0 ,
1 − Te
= 1 − + ···
2
2
2
and hence, the boundary condition equation (1.18) can be written as


√
T
Em+1 (0, τ ) = T Ein + 1 − − iδ0 Em (L, τ ).
2

(1.25)

(1.26)

Together with the mean field approximation it is also necessary to assume that
the dispersion length LD ≡ ∆τ 2 |β2 |, with ∆τ 2 the initial pulse width, is larger
than the cavity length L, i.e. LD  L.
Under these conditions, the solution of Eq. (1.17) is approximated as
αi L
Em (0, τ )+
Em (L, τ ) − Em (0, τ ) = −
2
X βj L  ∂  j
i
i
Em (0, τ ) + iγL|Em (0, τ )|2 Em (0, τ ), (1.27)
j!
∂τ
j≥2

where the terms on the right hand side are all assumed to be small quantities.
By inserting Em (L, τ ), calculated from Eq. (1.27), into the Eq. (1.26), and while
keeping only first order terms, one obtains an equation describing the electric
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field at z = 0, namely
√
Em+1 (0, τ ) =


T Ein + Em (0, τ ) −


αi L + T
+ iδ0 Em (0, τ )+
2

X βj L  ∂  j
i
Em (0, τ ) + iγL|Em (0, τ )|2 Em (0, τ ). (1.28)
i
j!
∂τ
j≥2

Finally, introducing the slow variable t through the relation
E(t = mtR , τ ) = Em (z = 0, τ ),

(1.29)

and thinking of t as a continuous variable, one can write
∂E(t = mtR , τ )
Em+1 (z = 0, τ ) − Em (z = 0, τ )
≈
.
∂t
tR

(1.30)

Using this last equation one can write Eq. (1.28) as the generalized-LL equation
[55, 57],
tR

X βj L
∂E
= −(α + iδ0 )E + i
∂t
j!
j≥2


i

∂
∂τ

j

E + iγL|E|2 E +

√
T Ein ,

(1.31)

with E ≡ E(t, τ ). Here τ is the fast time describing the temporal structure of
the nonlinear waves while the slow time t corresponds to the evolution time scale
over many round-trips. We should note that τ is only defined on a finite interval
with the duration of the round-trip time, tR , and that t only has a rigorous
meaning whenever it is an integer multiple of tR . The evolution of the field
on the physical axis, and at a fixed position, can then be found by assembling
snapshots of the field E(t, τ ) at intervals that are separated by tR .
Although the approximations applied in the derivation of the mean field model
(1.33) may appear rather restrictive, comparison with the Ikeda map defined by
Eqs. (1.17) and (1.18), agrees for a large number of practical situations. However,
at large cavity detunings the cavity could switch to the so-called "period-2"
regime for which the LL model no longer holds. In this regime a mean field
model has been also developed [66].
Within this thesis we will work with the adimensional version of Eq. (1.31), that
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following the normalization used in Ref. [67] reads:
p
A(x, t0 ) ≡ E(t, τ ) γL/α
t0 ≡ αt/tR
x≡τ

p

ρ ≡ Ein

2α/(L|β2 |)

p

(1.32)

γLT /α3

θ ≡ δ0 /α
βj L
dj ≡
j!α



2α
|β2 |L

j/2

can be written as,
∂t A = −(1 + iθ)A + iν∂x2 A + i

X

j

dj (i∂x ) A + i|A|2 A + ρ,

(1.33)

j≥3

where we have dropped (0 ). Here θ and ρ are the normalized frequency detuning
of the cavity and the amplitude of the driving field, ν = ±1 with (+) for anomalous GVD regime and (−) for the normal one, and dj are the HOD normalized
coefficients. The equation is set to the self-focusing regime. In what follows, unless stated otherwise, we will focus on the study of the LL equation considering
dispersion effects up to second-order.

1.2.6 Comparison between temporal and spatial cavities
The LL equation was originally obtained through a mean-field approximation,
describing the dynamics of the slowly varying amplitude of the electromagnetic
field E(x, y, t) in the paraxial limit, where (x, y) are the spatial coordinates transverse to the propagation direction. It was derived in a ring-cavity [53] like the
one shown in Figure 1.5, filled with a Kerr nonlinear medium and driven by an
external field Ein to balance the losses generated by the mirrors. In this type of
system the LL equation, once normalized reads,
∂t A = −(1 + iθ)A + iα∇2⊥ A + iβ|A|2 A + ρ,

(1.34)

with A(x, y, t) the scaled slowly varying amplitude of the field. The first term
in the right-hand side (rhs) of Eq. (1.34) corresponds to the losses, ρ is the
input field used as a reference frequency, θ the frequency detuning, β = ±1
determining whether the nonlinearity is of the focusing (+) or defocusing (−)
type, ∇2⊥ ≡ ∂x2 + ∂y2 the transverse Laplacian modeling diffraction and α its
strength. Comparing Eq. (1.33) with dj = 0 for j ≥ 3 and Eq. (1.34) one can
17

INTRODUCTION
see that there is an immediate correspondence between temporal phenomena
arising in the longitudinal profiles of pulses circulating in a wave-guided cavity
under the influence of chromatic dispersion and spatial phenomena arising in
the transverse profile of CW beam propagating in a self-defocusing n2 < 0 (selffocusing, n2 > 0) Kerr cavity under the influence of diffraction.

1.3 Temporal structures and frequency combs in microresonators
In recent years, the LL equation has gained a renewed interest as it has been
re-derived to describe the formation and dynamics of Kerr frequency combs
(KFC) in high−Q microresonators [58, 68, 69]. A frequency comb consists in
a broad optical spectrum of sharp spectral lines with an equidistant frequency
spacing [70] that can be used to perform ultra-precise measurements of optical
frequencies, and which have numerous others applications to spectroscopy, optical clocks and waveform synthesis [71, 72]. In the type of Kerr cavities that
we study, combs are formed due to a parametric frequency conversion via a
four-wave mixing process. Although these effects are well known in nonlinear
optics, such processes have been demonstrated only recently in microresonators
[58]. The advantage of microresonators, together with the small size, is that the
threshold for the initiation of parametric oscillations can be strongly reduced
(because the threshold scales with the inverse Q−factor squared), implying that
high-Q can give a dramatic reduction in required optical power.
The interesting and essential point here is that these FCs correspond to the
frequency spectrum, i.e. the Fourier transform, of temporal structures (CSs and
patterns) circulating inside the cavity. Therefore, by studying these structures
one can obtain information about the dynamics and stability of the combs [73,
74].
Together with the LL equation which focuses on a time domain picture, one
can also study the FCs by using the coupled mode (CM) equations [75]. These
equations consist in a system of ODEs describing each l component (mode) of
the FC, i.e. they describe the dynamics of each of the coefficients of the Fourier
expansion of the temporal structure. The CM equations can be derived from
the LL equation (1.33) by assuming the simple modal expansion
E(t, τ ) =

N
X

Al (t)eiΩl τ ,

(1.35)

l

and projecting (1.33) onto each l component, where N is the number of modes
considered and Ωl is their frequency.
Instead of using the two time scale approach, usually adopted in the context
of nonlinear fiber ring cavities, it is possible to use the equivalent LL equation
18
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written in terms of time and the azimuthal angle ϕ, which follows the viewpoint
of cavity nonlinear optics [56]. This angle is related with the fast time τ by the
relation ϕ = 2πτ /tR .
Although both the CM equations and the LL equation are equivalent when
describing the formation of FCs, the CM equations approach is not computationally efficient when considering a large number of modes, as the time of
computation scales with N 3 . In contrast, the LL model approach allows the
description of the temporal dynamics using a PDE, that is faster to simulate
and easier for analytical investigations. This computational efficiency can be
achieved using the split-step numerical integration algorithm with fast Fourier
transforms. Moreover, stationary combs (i.e. stationary CSs) can be calculated
by using a multidimensional Newton-Raphson solver, providing results in a matter of seconds. The Newton method also provides information about dynamical
instabilities of Kerr combs through an eigenvalue analysis of the Jacobian of the
system, which is obtained at no extra cost.
In the next sub-sections we discuss the duality between temporal structures and
their corresponding FCs. In the rest of the thesis, when studying the LL equation
describing these cavities, we will focus on just the temporal structures, and we
refer to this Section to remind the reader of their close relation with FCs. The
results shown here have been published in Refs. [74, 76, 77].

1.3.1 Temporal structures and frequency combs in the anomalous regime
In the regime of anomalous GVD, the typical temporal structures that form
are patterns and temporal bright solitons, which can be considered as a pattern
element. Some of these structures and their corresponding KFCs are shown in
Figure 1.10. The LSs shown in panel (i) correspond to a time-localized pulse
circulating in the cavity, and in the same way such a light pulse corresponds to a
stable smooth frequency comb in the corresponding frequency domain, as shown
in the panel on the right hand side. The distance between all frequency modes is
given by the free-spectral range FSR = 1/L, where L is the cavity length, while
the exact shape of the frequency comb envelope is determined by the Fourier
transform of the profile of the LS itself. This equivalence has also been studied
in Refs. [56, 57].
A LS with five peaks is plotted in Figure 1.10(ii), with its corresponding frequency comb. It can be seen that the effect of adding extra peaks is to introduce an extra modulation of the frequency comb. The multiple peaks of LSs can
only coexist at well-defined separation distances d between them, determined by
the typical wavelength of the oscillatory tails of the individual peaks [78]. This
separation distance d therefore also determines the modulation distance 1/d observed in the frequency comb. The modulation depth becomes more pronounced
as more and more peaks are added to the solution. An example of a patterned
19
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Figure 1.10: Temporal profiles (left) and spectral intensities (right, in dB) of symmetric
bright solitons in the anomalous GVD regime. Here θ = 1.5 and ρ = 1.11445.

Figure 1.11: Single LS and its KFC for θ = 2.2, ρ = 1.5.

solution with 19 peaks is shown in Figure 1.10(iii). All frequency modes present
in the corresponding frequency comb are now separated by 1/d (or equivalently
19 FSR units). Although we have used the same distance d to denote the separation between various peaks in the pattern, we remark that this should not
necessarily be the case, as this might vary a bit depending on the exact cavity
length. We note also that LSs with L/d − 1 peaks can be interpreted as one
missing cell, or hole, in a periodic pattern.
In Figure 1.11 a single soliton for θ = 2.2 and its corresponding FC are plotted.
Comparing this state with the one shown in panel (i) of Figure 1.10 one can
appreciate that, when increasing the value of the detuning, oscillatory tails of
the solitons are damped and that the LSs become sharper. These changes in the
temporal structure can also be observed on the corresponding FC. CSs are the
preferred solutions for FCs because, in comparison with patterned ones, they are
stable over a wider parameter range and they lead to broader spectral bandwidth
[79].
In other parameter regions, mainly at higher values of the detuning, temporal
instabilities such as oscillations and chaos have been found [33, 74]. Oscillatory
solitons or breathers were experimentally first observed in all-fiber ring cavities
[33]. Recently breathers have been also observed in microresonators [80]. In this
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case the FCs oscillate in time with the same period as its corresponding breather
soliton.
(i)

|A|

(ii)

(iii)

Spectrum(dB)

Re[A],|A|

Re[A]

Figure 1.12: Temporal profiles (left) and spectral intensities (right, in dB) of symmetric dark
solitons in the normal regime. Here θ = 4.

1.3.2 Temporal structures and frequency combs in the normal regime
In the last years, due to the difficulty in obtaining anomalous GVD in some spectral ranges, generation of KFCs from normal GVD microresonators is now also
being sought and has recently been achieved experimentally by several groups
[81–83]. In this regime, the typical temporal structures arising are dark solitons,
formed by the locking of two fronts or switching waves between the stable HSS
solutions of the LL model. Some examples of this type of LSs are shown in
Figure 1.12. Panel (i) shows the profile of a dark soliton with a single spatial
oscillation and on the right its corresponding FC. Panels (ii)-(iii) correspond to
dark solitons with two and five spatial oscillations. Looking at the frequency
spectrum of these structures one can see how the FC acquires extra modulations
depending on the number of spatial oscillations present in the temporal profile.
For a particular region in parameter space there is multistability between a large
number of these dark states, and as in the anomalous regime, for large values of
detuning, oscillatory and chaotic dynamics exist [76, 77].

1.4 Variational formulation for the Lugiato-Lefever equation
In this Section we make an overview of the variational formulation for dissipative
systems [84–87] in the context of the Lugiato-Lefever (LL) equation that is, by
nature, dissipative.
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1.4.1 Main definitions for Lagrangian and Hamiltonian formalism
For a dissipative system, the action functional is defined by [88]
Z
Z
Z
S≡
e2t L[A, Ā]dt =
e2t L[A, Ā]dxdt,
R

R

(1.36)

R

where L is the Lagrangian density,
Z
L[A, Ā]dx,

L=

(1.37)

R

is the Lagrangian, and e2t is the factor modeling the losses.
For the LL equation the Lagrangian density was proposed in Ref. [89] and is
given by
L=



1
i
Ā∂t A − A∂t Ā − ν∂x A∂x Ā − iρ Ā − A − θAĀ + Ā2 A2 ,
2
2

where
K=


i
Ā∂t A − A∂t Ā
2

(1.38)

(1.39)

is its kinetic term.
The canonical momentum related with that Lagrangian are
π(x, t) =

δL
= iĀ/2,
δ∂t A

π̄(x, t) =

δL
= −iA/2,
δ∂t Ā

(1.40)

δ
is the functional derivative.6
δA
The Hamiltonian density of this system is given by the Legendre transform:
where

H = π∂t A + π̄∂t Ā − L,
6 Let

(1.41)

us consider the integral functional

Z
F [u(x)] =

F [u(x)]dx,
R

then the first order variation, or variational derivative, of F is defined as
du F [ũ] =

d
d

=0

F [u + ũ],

where ũ is the first order variation of u. From there we call functional derivative of F to δu F
defined by the relation:
Z
d
δF
F [u + ũ] =
ũdx.
d =0
δu
R
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and therefore

1
H = ν∂x A∂x Ā + iρ Ā − A + θAĀ − Ā2 A2 .
2
From here we can define the interaction Hamiltonian density by
1
HI = − A2 Ā2 ,
2

(1.42)

(1.43)

that couples the field A nonlinearly with Ā.
The corresponding Hamiltonian function is given by
Z
H=
H[A, Ā]dx.

(1.44)

R

Using variational calculus, we can get the LL equation by just calculating the
critical points (extremals) of the action functional S with respect to first order
variation of the field A or Ā, that is, solving the equation:
dA S[Ã] ≡

d
d

=0

S[A + Ã] = 0,

(1.45)

where Ã is the variation of A and  a small parameter 0 <   1.

1.4.2 Euler-Lagrange equation
In the Lagrangian formalism the LL equation corresponds to the Euler-Lagrange
equation derived from (1.45).
Z
Z
d
d
dA S[Ã] =
S[A
+

Ã]
=
dt
dxe2t L[A + Ã] = 0.
(1.46)
d =0
d =0 R
R
In terms of  we can expand the Lagrangian as
L = 0 L0 + 1 L1 + 2 L2 + O(3 ),

(1.47)

After inserting Eq. (1.47) into Eq. (1.46), taking derivative respect to , and
evaluating at  = 0, we obtain that
Z
Z
2t
dA S[Ã] =
e dt dxL1 [A, Ã] =
R
R


Z
Z
i
2t i
Ā∂t Ã − Ã∂t Ā − ν∂x Ã∂x Ā + iρÃ − θÃĀ + |A|2 AÃ =
dt e
2
2
R
ZR
Z


e2t dt dx −iĀ − i∂t Ā + ν∂x2 Ā + iρ − θĀ + |A|2 Ā Ã+
R
R
Z
Z
Z
Z




2t
e dtν
∂x Ã∂x Ā dx − dx ∂t e2t ĀÃ dt . (1.48)
R
R
|R
{z
}
|R
{z
}
=0

=0
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The last two terms represent the boundary terms of the problem and are both
zero at the boundaries. To obtain those terms we have integrated by parts in
(1.48).7
If A is a extremal of the action (1.36) then dA S[Ã] = 0 and therefore the EulerLagrange equation corresponding to the Lagrangian (1.38) reads:
− iĀ − i∂t Ā + ν∂x2 Ā + iρ − θĀ + |A|2 Ā = 0.

(1.51)

Multiplying by i and taking the complex conjugate of Eq. (1.51) one obtains the
LL equation.

1.4.3 Hamiltonian equations
In the Hamiltonian formalism the action reads,
Z
Z


S[A, Ā, π, π̄] =
e2t dt dx π∂t A + π̄∂t Ā − H .
R

(1.52)

R

Setting the variational derivative of (1.52) respect to A and π to zero, one obtains
the Hamiltonian equations for the LL model:
∂t A =

δH
,
δπ

∂t π = −

δH
− 2π.
δA

(1.53)

From Eqs. (1.53) one can derive the fundamental property of non-conservative
systems: the Hamiltonian is not a conserved quantity. In particular in dissipative
systems it decreases in time.
To see this we need just to derive H respect to t and use Eqs. (1.53):
∂t H =

δH ∂A δH ∂π
+
,
δA ∂t
δπ ∂t

(1.54)

and inserting Eqs. (1.53) one obtains
∂t H = −2π

7 We

δH
6= 0.
δπ

have used the identities:





∂x Ã∂x Ā = ∂x Ā∂x Ã − Ã∂x2 Ā,
and

(1.55)





e2t Ā∂t Ã = ∂t e2t ĀÃ − 2e2t ĀÃ − e2t ∂t ĀÃ.

(1.49)
(1.50)

The loses term −iĀ comes from the second term in the rhs of the equality (1.50), and therefore
from the exponent e2t .
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1.5. OTHER GENERIC MODELS FOR DISSIPATIVE LOCALIZED
STRUCTURES

1.5 Other generic models for dissipative localized structures
In this Section, we will briefly present two important model equations admitting
DS solutions that will be used in subsequent Chapters: the Swift-Hohenberg
(SH) equation and the Ginzburg-Landau (GL) equation. Both the SH equation
and the GL equation are generic amplitude equations that describe the universal
behavior near a bifurcation point.

1.5.1 The Swift-Hohenberg equation
The real Swift-Hohenberg equation has proved to be an invaluable model equation for systems undergoing a bifurcation to time-independent structured states
with a finite wavenumber at onset [90]. The equation was originally suggested
as a model of infinite Prandtl number convection [91] but finds application in its
simplest form in the theory of buckling [92], phase transitions [93] and nonlinear
optics [94, 95]. The equation is particularly useful for understanding LSs that
are commonly found in systems exhibiting bistability between two states, one of
which is homogeneous in space (the trivial state) and the other heterogeneous
or structured [90]. In this case the equation for a real field u in one spatial
dimension x takes the following form,
∂t u = − ∂x2 + k02

2

u + ru + f [u] ,

(1.56)

where f [u] denotes the nonlinear terms. Among the most common cases are,
f = f23 ≡ au2 − gu3 [96], f = f35 ≡ au3 − gu5 [97], with g > 0 to avoid
divergences. The case f = f2 ≡ au2 was also studied in Ref. [98].
Of particular interest for our purposes is that the SH equation is variational (for
periodic boundary conditions), or in other words the dynamics follows a gradient
[99]. This implies that the rhs of Eq. (1.56) can be written as the (functional)
derivative of a certain functional, namely
δFSH
∂u
=−
,
∂t
δu
with
Z
FSH =
0

L



1
1
dx − ru2 +
2
2

∂x2

+

(1.57)

k02


 2
u + V [u] ,

(1.58)

with the previous cases V = V23 ≡ − 31 au3 + 41 gu4 , and V = V35 ≡ − 14 au4 + 16 gu6 ,
such that f = δu V .
The dynamics in the SH equation are such that FSH decreases in time until
it reaches a local minimum, i.e. a steady state that minimizes FSH . As a
consequence, the SH equation cannot exhibit dynamical regimes different from
stationary states, i.e. this excludes oscillations and chaos.

25

INTRODUCTION

1.5.2 The Ginzburg-Landau equation
The Ginzburg-Landau-type of equations are amplitude equations that arise as
universal model equations near a bifurcation point [1, 100], and their form depends only on the nature of the bifurcation, but not on other details of the
system. This type of equations owe their name to a similar equation appearing in the Ginzburg-Landau theory of superconductivity, although in the last
case it does not deal with dynamics [101]. Nevertheless, apart from providing
a theory for superconductivity, a large number of pattern forming systems can
be described using this type of equations. They describe slow modulation in
space and time of a simple basic pattern that can be determined from the linear
stability analysis of the equation governing the system.
In this thesis we focus on the real GL equation of the form
∂t u = µu + ∂x2 u + f [u],

(1.59)

with u being a real scalar field, µ the gain parameter, and f [u] the nonlinearity.
If f [u] = f3 ≡ −u3 , Eq. (1.59) is commonly called cubic real GL equation
[1], which can be considered as a prototypical model describing a spatially ex√
tended system with two equivalent steady state solutions ± µ. This equation
arises naturally near any supercritical pitchfork bifurcation when the system
is translationally invariant and spatially reversible, i.e. invariant under transformations (x → −x), such as for example in Rayleigh-Bénard convection and
Taylor-Couette flow [102].
When f [u] = f35 [u] ≡ u3 − u5 , Eq. (1.59) is called quintic real GL equation and
it arises near any stationary subcritical bifurcation [1], with the homogeneous
steady state solutions u = 0 and the bifurcating states,
s
s
r
r
1
1
1
1
u=±
− µ+
, ±
+ µ+ .
(1.60)
2
4
2
4
Both cubic and quintic real GL equations have a Lyapunov functional,

Z 
1
2
FGL [u] =
(∂x u) + V [u] ,
2

(1.61)

with V [u] = V13 [u] ≡ −µu2 /2−u4 /4, and V [u] = V135 [u] ≡ −µu2 /2+u4 /4−u6 /6
being the potential. Hence, Eq. (1.59) can be written as
∂u
δFGL
=
.
∂t
δu

(1.62)

The homogeneous steady state (HSS) solutions minimize FGL , and therefore also
V [u].
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When the instability leads to traveling waves, that is, the pattern emerging is
time-dependent, the resulting amplitude equation generalizes to the complex GL
equation, that with the cubic nonlinearity reads
∂t A = µA + (1 + iα)∂x2 A − (1 + iβ)|A|2 A,

(1.63)

where A is complex scalar field, µ measures the distance from the oscillatory
instability threshold, and α and β represent the linear and nonlinear dispersion.
This equation, arises for example in hydrothermal waves, and various optical
systems, such as lasers, parametric amplifiers, Fabry-Perot cavities filled with
nonlinear material, and optical transmission lines [1, 100, 102].
Finally, we also mention the forced complex GL (FCGL) equation,
∂t A = (µ + iθ)A + (1 + iα)∂x2 A − (1 + iβ)|A|2 A + ρĀn−1 ,

(1.64)

which is the amplitude equation describing the dynamics of an extended system near the bifurcation to spatially homogeneous oscillations with natural frequency ω in the presence of spatially homogeneous forcing with frequency Ω. In
Eq. (1.64) µ represents the distance from onset of the oscillatory instability, θ
is the detuning from the unforced frequency, and α, β and ρ > 0 represent dispersion, nonlinear frequency correction and forcing amplitude, respectively. We
distinguish two regimes, µ < 0 in which spatially homogeneous oscillations decay
in the absence of forcing, and µ > 0 in which they grow. We refer to the former
as the damped regime and the latter as the self-exciting regime [103]. Particularly interesting is the behavior near strong resonances of the form Ω : ω = n : 1,
where n = 1, 2.
In the case n = 2 (2:1 resonance), the system is forced at twice the natural
frequency [104] and Eq. (1.64) has been used to describe a light sensitive form
of the Belousov-Zhabotinsky reaction [105], and finds applications in the optical vectorial Kerr resonator [106, 107] and the degenerate Optical Parametric
Oscillator (OPO) [107, 108].
The case n = 1, provides a universal description (or normal form) of 1:1 resonantly forced Hopf bifurcations in spatially extended systems. In particular, the
LL equation [53] is, at least formally, a specific case of Eq. (1.64) in the damped
regime (µ = −1) when the coefficients in the dispersion and nonlinearity terms
are purely imaginary, with α = ν and β = 1.

1.6 An overview of methods
The models that we study in this thesis, such as the LL equation, the SH equation
and the GL equation, are evolution equations of the form
∂t u(x, t) = F [u(x, t), ∂xj u; µ],

(1.65)
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with x ∈ R, t ∈ R+ , u a scalar field, real or complex, belonging to an infinite
dimensional functional space8 , and F a nonlinear functional acting on that space.
This type of equations can be understood as a dynamical system defined in a
infinite dimensional phase space. Thus, one can study such type of systems using
techniques from dynamical system theory (see Appendix A).
The nonlinear functional is usually defined by
X
F [u(x, t), ∂xj u; µ] ≡ a0 (µ)u(x, t) +
aj (µ)∂xj u(x, t) + N [u(x, t); µ],

(1.66)

j≥1

where we have separated the linear part from the nonlinear one N [u(x, t); µ].
Here the coefficients a0 and aj do not depend on the variables x and t but do
depend on the set of parameters µ ≡ (µ1 , ..., µp ) ∈ Rp .
The equations considered here are all invariant under translations x → x +
a, where a ∈ R, and are reversible in space9 (see Section A.4). Because of
reversibility the solutions of these equations are symmetric with respect to the
transformation x → −x (they are left/right symmetric).
The presence of the set of parameters µ in the equation makes it possible that
when modifying one of them, qualitative changes in the solution of Eq. (1.65) can
occur. This may involve the creation or destruction of solutions, or a change in
their stability and behavior, such as a stationary state that leads to a oscillatory
one. The point at which this type of transitions occur is called a bifurcation,
and can be related with the breaking of a given symmetry of system. The
bifurcations are called global when they depend on the nonlocal behavior of the
solutions. In contrast, local bifurcations can be analyzed entirely in terms of
the local behavior of the solutions near a steady state or periodic orbit. In this
case, center manifold reduction and normal form theory can be applied for their
study. In Section A.6 we present a detailed review of these techniques and the
main bifurcations appearing within this thesis.
The type of equations described here are non integrable, and direct numerical
integration is needed. Considering Eq. (1.65) as being equivalent to a finite set of
coupled ordinary differential equations (ODEs) allows the use of powerful mathematical concepts to help in the analysis of their solutions. The most efficient
algorithms to numerically solve this type of equations on a periodic domain are
known as spectral methods. To apply such methods, we perform a spatial Fourier
transform on the Eq. (1.65) and convert it into a system of ODEs. This ODE system can then be split into a linear part and a nonlinear part, the latter of which
can be evaluated by first transforming the current solution to physical space,
computing the nonlinear terms at the mesh points, and then transforming back
8 Within

the thesis we normally use u for a real scalar field and A for a complex one.
LL has this property when odd high-order dispersion terms are excluded from
Eq. (1.33). Otherwise the x−reversibility is broken.
9 The
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to Fourier space. A detailed review of this method is presented in Section B.2.
This will be the main tool when dealing with non stationary solutions, such as
oscillatory or chaotic states. However, these numerical simulations can be time
consuming and, by themselves, do not allow for a complete understanding of the
dynamics of a system.
In this work we are particularly interested in stationary dissipative structures
described by solutions us of Eq. (1.65) satisfying ∂t u = 0, i.e. solutions of the
ODE
F [us (x), ∂xj u; µ] = 0.
(1.67)
If us is homogeneous, i.e. does not depend on x, Eq. (1.67) can sometimes be
solve analytically. However, in general when spatial dependence is present, a
Newton-Raphson method can be used to find numerically stationary solutions
with arbitrary precision (see Section B.3), as well as continuation techniques to
track them as the parameters are varied (see Section B.4). In this way, one can
build bifurcation diagrams, which help to understand the bifurcation structure
and the organization of the different solutions of the system.
To determine the stability of these solutions one can proceed in the same way
as for finite dimensional dynamical systems (see Appendix A), and study the
linearization of Eq. (1.65) around those states, which is equivalent to characterize the dynamics of Eq. (1.65) arbitrary close to us (x), and hence to analyze
solutions of the form u(x, t) = us (x) + ξ(x, t). After introducing this ansatz in
Eq. (1.65), one arrives to a linear PDE for ξ(x, t) whose solution is given by
ξ(x, t) =

∞
X

Ai (µ)ψi (x)eiλi (µ)t ,

(1.68)

i=1

where Ai are the amplitudes of the eigenmodes ψ, and λi its associated eigenvalues obtained by solving a linear eigenvalue problem
L[us (x); µ]ψ(x) = λ(µ)ψ(x),

(1.69)

where L is the linearized operator associated to F . The eigenvalues comprise the
spectrum of the linear operator L[us (x); µ], which consists of two sets depending
on the symmetry of the eigenmodes, namely amplitude modes when they are even
functions (symmetric), and phase modes when they are odd (anti-symmetric).
In translationally invariant systems, like those studied here, there is always one
neutrally stable (i.e. with eigenvalue λ = 0) phase mode, the Goldstone mode
G, which can be identified as the first derivative of us with respect to the spatial
coordinate x, i.e. G(x) ≡ ∂x us (x).
For the numerical solutions us obtained with the Newton-Raphson method,
Eq. (1.69) can also being solved numerically. In this framework the linear operator L[us (x); µ] corresponds to the Jacobian matrix associated with the finite set
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Figure 1.13: Correspondence between LSs and orbits in spatial dynamics. In (a) we show
a front connecting states 0 and Ũ (bottom) and its corresponding heteroclinic orbit (top). If
another front connects back Ũ with 0, and both states have the same energy, a heteroclic cycle
is formed. This cycle corresponds to two fronts connected back-to-back with the HSS 0. Even
when the energies are different homoclinic orbits can bifurcate from the previous heteroclinic
cycle. This is the situation shown in (b) and these homoclinic orbits correspond to the pulse
shown in the bottom panel. This Figure has been adapted from Figure 3 of Ref. [109].

of coupled ODEs describing Eq. (1.67). Thus, the eigenvalues of this Jacobian
determine the stability of the solutions against perturbations that lie within the
same phase subspace. The extension of the stability analysis to arbitrary perturbations in the whole infinite phase space is not a trivial point. Finite wavelength
instabilities of patterns are examples of bifurcations that occur in directions of
the phase space not parallel to the subspace where the solution belongs to (see
Section 3.4).
Another approach, that will be used within this manuscript, consists in deriving
a set of equations for the spatial evolution (spatial dynamics) of the solutions of
Eq. (1.67). These equations form a special kind of dynamical system in which
space plays the role usually played by time. Then, defining a set of intermediate
variables y0 = u, and yi = dix u, for i = 1, ..., n − 1, where n is such that the
higher order spatial derivative in F is of order n, one obtains the following
n−dimensional spatial dynamical system
dx y0 = y1
dx yi = yi+1 ,
i = 1, n − 1
F (y1 , y2 , y3 , ..., yn−2 , dx yn−1 ; µ) = 0.

(1.70)

The last equation is an implicit equation for dx yn−1 . In all the cases studied
within this thesis the higher order derivative in F appears in an additive way,
and therefore the last equation can be written in an explicit form.
In this framework several correspondences between the stationary solutions of
Eq. (1.67) and solutions of this particular dynamical system can be established.
For example, the fixed point of the dynamical system (1.70) corresponds to
solutions of Eq. (1.67) which do not have any dependence on x, namely the HSS
solutions, and a pattern with a wavelength λP to a periodic orbit with spatial
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period λP . In the same fashion, a front or domain wall connecting two different
states, let us say 0 and Ũ , corresponds to a heteroclinic orbit like the one shown
in Figure 1.13(a), and a LS bi-asymptotic to the same HSS solution, in this case
0, when x → ±∞ can be understood as a homoclinic orbit to such fixed point
as depicted in Figure 1.13(b)10 .
This approach allows us to use the theory of homoclinic and heteroclinic orbits
to study the formation of LSs (see these definitions in Section A.5). Analyzing
the linearization of the dynamical system about a given HSS solution, one will
first identify the bifurcations that such point undergoes, and second, apply the
well known results of normal form theory (see Section A.6) to predict for which
values of the control parameter LSs or patterns can arise.
Arbitrarily close to such bifurcations a weakly nonlinear analytical approximation for the stationary solutions of Eq. (1.67) can be found by using perturbation
theory (see Section B.1). Performing an asymptotic expansion of the stationary
solution in the form
u = u0 0 + u1 1 + u2 2 + · · · ,
(1.71)
with 0 <   1, related with the onset of the bifurcation, and solving Eq. (1.67)
order by order in  one obtains, truncating at first order, the desired solution.
Here, the coefficients ui at each order in  can be functions of multiple spatial
scales x, X1 , X2 · · · . This analytical approximation can be used as an initial
guess in a continuation algorithm in such a way that one can track those states
to values of the parameters far from the bifurcations.

1.7 A brief summary of the various chapters
1. In Chapter 2, we analyze the necessary conditions for the existence of LSs
or DSs bi-asymptotic to the HSS solution in the LL equation. The stationary LL equation is recast into a four-dimensional reversible dynamical
system. In this context, LSs correspond to reversible homoclinic orbits to
a fixed point, i.e. the HSS solution. We perform a linear stability analysis
of this fixed point and we classify the different bifurcations that it undergoes as a function of the parameters of the system. Normal form theory
shows that, in the neighborhood of some of these bifurcations, LSs exist.
We discuss in detail the anomalous and normal GVD regimes, establishing
a solid base on which we will build in the following Chapters.
2. In Chapter 3, we study the pattern solutions in the anomalous GVD
regime. To start, we perform a linear stability analysis of the HSS solution. After that, we apply asymptotic perturbation methods to calculate a
first order approximation for the pattern solution, only valid in the neigh10 This type of homoclinic orbit bifurcates from a heteroclinic cycle, connecting first 0 with
Ũ , and then back Ũ with 0. For more information see definitions in Section A.5.
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borhood of a modulation instability. This solution is the starting point to
build up the complete skeleton for the different patterns coexisting in the
model. We show that, for certain values of detuning, patterns of a given
wavelength are connected with patterns with half of that frequency. The
connection takes place through a secondary bifurcation of one of the patterns. Moreover, there are many other such bifurcations where the pattern
becomes unstable to different wavelengths, or where they start to oscillate.
3. In Chapter 4, we expand previous studies on the bifurcation structure
and stability of bright soliton solutions in the anomalous regime. We show
that there are two regimes depending on the frequency detuning parameter for which the origin and bifurcation structure of such states differ. We
apply asymptotic techniques to obtain approximate solutions for those LSs
in both regimes. For low values of detuning (θ < 2), LSs can be formed due
to the bistability between the background field and a pattern state within a
range of parameters around the Maxwell point of the system known as pinning region. These states are organized in a snakes-and-ladders structure.
For high values of detuning (θ > 2), we find that the bifurcation structure
of the LSs differs from the one in the previous situation. In this regime, LSs
undergo oscillatory instabilities that make solitons oscillate in amplitude
with a single period. Varying the control parameters, those oscillations
undergo period doubling bifurcations starting a route to temporal chaos.
Moreover, the system also presents spatio-temporal chaos.
4. In Chapter 5, we study the LL equation in the normal GVD regime. In
this regime, the bistability of two homogeneous states allows the formation of fronts connecting them. In a region close to the Maxwell point,
two fronts with different polarities lock and form a dark LS. The asymptotic analysis performed here is the same as the one done in the anomalous
regime for θ > 2. In this case, dark solitons are organized in a structure
known as collapsed snaking. This implies the presence of a region in parameter space with a finite multiplicity of dark solitons. For high values of
detuning, dark solitons undergo oscillatory instabilities where they start
to oscillate in amplitude. The oscillatory states also undergo a period doubling bifurcation and start a route to temporal chaos. We characterize in
parameter space how the bifurcation structure is modified as a function of
the parameters of the system.
5. In Chapter 6, we focus on how high-order dispersion effects, in particular
third order effects, modify the bifurcation structure and stability of the
LSs in both the anomalous and normal dispersion regimes. In the two
cases, a common feature of including third order dispersion is that the
LSs, now asymmetric, drift with a constant velocity that depends on the
control parameters. We study how the bifurcation structure in both the
anomalous and normal GVD regimes is modified when considering this
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term. The drift is also responsible for the suppression of oscillatory and
chaotic dynamics, and for the stabilization of both bright and dark solitons
in the anomalous and normal regimes, respectively. In the last one, we also
find that third-order dispersion allows the formation of bright solitons due
to the modification of the tails of the fronts.
6. In Chapter 7, we investigate the formation of bound states of bright
solitons in the anomalous GVD regime. Due to the presence of oscillatory tails, solitons can lock at different separation distances, which are
determined by the wavelength of the tails. We derive effective potentials
describing the interaction and we relate their shape and periodicity with
the spatial eigenvalues of the system. In this way we can predict, given an
initial separation, all the stable and unstable separation distances allowed
for the bound states. We study the bifurcation structure for these new
states and discuss their existence as a function of the control parameters.
After that, we apply the same techniques to the study of the formation of
bound states in the presence of higher order dispersion effects, in particular
third and fourth order dispersion effects. In these two cases, we also study
how a noisy background can effect the stability of the new structures, and
we calculate the basins of attraction of the system.
7. In Chapter 8, we study how the presence of inhomogeneities (or defects)
and drift modify the dynamics of LSs in the LL equation. Without loss
of generality, we focus on the dynamics of a single bright soliton in the
anomalous regime, although the results can be extrapolated to the case of
dark solitons or even for configurations of several LSs. We show that the
competition between the defect, which pins the LSs, and the drift, which
pulls it out, leads to very rich dynamics such as oscillations and excitability. In order to better understand the system, we calculate the bifurcation
diagrams and identify the bifurcation involved in the appearance of previous dynamics. We perform this analysis considering both absorbing and
periodic boundary conditions.
8. In Chapter 9, we analyze in detail the mechanism introduced in Chapter
9 in a simpler model, the Swift-Hohenberg equation. We show that the
appearance of excitability (Type I and Type II) and oscillatory regimes
(localized small oscillations and train of solitons) for solitons when defects
and drift are present is generic and not just a feature of the LL model. We
find that all the dynamics of the system unfold from two codimension-two
Takens-Bodganov bifurcations that organize the complete scenario. The
study presented in this Chapter is mainly focused on the case where the
defect is injected (as in Chapter 8). However, we also show that the same
type of dynamics appears when it is added to the gain. In this last case
the scenario is much more complex than in the previous one.
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9. In Chapter 10, we introduce a new mechanism leading to excitability
based on just two ingredients: bistability between two HSS solutions and
spatial coupling. We show the existence of a threshold such that, while
sitting on one homogeneous state, sub-threshold perturbations decay fast
whereas super-threshold perturbations induce a long excursion mediated
by the emergence of a structure formed by two back-to-back fronts that
join the two homogeneous states. Furthermore, while in typical excitability the trajectory follows the remnants of a limit cycle, here reinjection is
provided by front interaction, so that fronts slowly approach each other until they eventually annihilate. This front-mediated mechanism shows that
excitability can exist in extended systems with no oscillatory regimes. We
perform this analysis when the HSS solutions are equivalent, as is the case
in the prototypical GL equation with cubic nonlinearity, and when they
are not equivalent, as in the real quintic GL equation. We also find that
this last situation also exists in the LL equation in the normal dispersion
regime.
10. In Chapter 11, we briefly revisit the results obtained in the previous
Chapters.
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Chapter 2

Homoclinic orbits to homogeneous
steady state solutions: Localized
structures
2.1 Introduction
In this thesis we study localized structures (LSs) arising in temporal cavities,
both in the anomalous and normal GVD regimes. In Chapter 1, we have seen
that in one extended dimension there are three main mechanisms behind the
formation of LSs, and all of them are related with the coexistence between two
different states. In terms of spatial dynamics, one can understand a LS as a
homoclinic orbit to an equilibrium point (see Section 1.6). Figure 2.1 shows an
example of a pattern-element LS (a) and its associated homoclinic orbit (b).
This particular LS is equivalent to a homoclinic orbit consisting in a trajectory
leaving the homogeneous steady state (HSS) solution (indicated as 0), turning
several times around the pattern (indicated by the cycle), and returning back to
the same HSS. Using the theory of dynamical systems and this correspondence
of LSs with homoclinic orbits, one can predict the parameter regions where LSs
could exist, identify the bifurcations of HSS from which LSs can arise, and obtain
an approximate description of the LSs close to these bifurcation points.
In Section 2.2, we discuss briefly the homogeneous steady state solutions of the
system. In Section 2.3, we derive the dynamical system associated with the
stationary LL equation and we study the linearization around the HSS for both
the normal and anomalous dispersion regimes. In this way, we classify all the
spatial bifurcations that occur in the system, which will be of great interest
for the coming sections. To continue, Section 2.4 provides an overview of the
normal forms and dynamics of the bifurcations previously identified. Thus, we
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(b)

(a)

Figure 2.1: Correspondence between a pattern-element LS and homoclinic orbit in the context of spatial dynamics of the LL equation. In (a) a pattern-element type of LS, with a
plateau of length L biasymptotic to the HSS 0 is shown. In (b) the associated homoclinic
orbit in the spatial dynamics. A trajectory leaves the HSS (0), turns several times around
the pattern (red cycle), and returns back to the HSS (0). This Figure has been adapted from
Figure 4 of Ref. [1].

can predict the existence of homoclinic orbits close to those bifurcations and
consequently, the appearance of LSs. Finally, in Section 2.5, we study the tails
of the LSs using the linearization previously performed. The shape of those tails
will be essential for the creation of LSs, both dark and bright solitons, and for
the formation of bound states.

2.2 The homogeneous steady state
In the following we will talk mainly about homoclinic orbits to the HSS solution,
which corresponds to the continuous wave (CW) solution in optical cavities. We
will use this mathematical object to study LSs arising in the context of the LL
equation, namely
∂t A = −(1 + iθ)A + iν∂x2 A + iA|A|2 + ρ.

(2.1)

Before starting with the study of homoclinic orbits, i.e. LSs, it is necessary to
take a look to the HSS solutions of the system. Any steady state of the LL
equation satisfies the ODE,
iν

d2 A
− (1 + iθ)A + i|A|2 A + ρ = 0,
dx2

(2.2)

or written in terms of the real variables U = Re[A] and V = Im[A],
−ν

d2 V
− U + θV − V (U 2 + V 2 ) + ρ = 0,
dx2

(2.3)

d2 U
ν 2 − V − θU + U (U 2 + V 2 ) = 0.
dx
The solutions of Eq. (2.2) can be either spatially uniform (HSSs) or spatially
nonuniform, consisting either of a periodic pattern, i.e. a spatially periodic
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(b)
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Figure 2.2: Panel (a) shows the HSS in the monostable regime for θ = 1.5 and in panel (b)
an example of the HSS solutions in the bistable regime (θ = 1.8) is plotted.

state, or spatially localized states, i.e. LSs, or spatial chaos [2]. The first two
types of solutions will be the main interest of our work. In this Section we focus
on the HSSs, A ≡ A0 , leaving for subsequent Sections the study of the other
states.
The A0 states are solutions of the classic cubic equation of dispersive optical
bistability, namely
I03 − 2θI02 + (1 + θ2 )I0 = ρ2 ,
(2.4)
where I0 ≡ |A0 |2 , that in real variables reads as


ρ


2
U0
 1 + (I0 − θ) 
(2.5)
=  (I0 − θ)ρ  .
V0
2
1 + (I0 − θ)
√
For θ < 3, Eq. (2.4) is√single-valued and hence the system is monostable (see
Figure 2.2(a)). For θ > 3, Eq. (2.4) is triple-valued as shown in Figure 2.2(b).
The transition between the three different solutions occurs via the two saddlenodes bifurcations SNhom,1 and SNhom,2 located at
2θ 1 p 2
±
θ − 3.
(2.6)
It,b ≡ |At,b |2 =
3
3
√
These two SNs arise from a Cusp bifurcation at θ = 3 that will be discussed
in the next Chapters.
In the following we denote the bottom solution branch (from I0 = 0 to Ib ) by
t
Ab0 , the middle branch between Ib and It by Am
0 , and the top branch by A0
(I0 > It ).
The linear stability of A0 is analyzed by considering the effect of finite wavelength
perturbations A = A0 +eΩt+ikx . Linearizing for small  one obtains for Eq.(2.1)
the dispersion relation,
q
Ω(k) = −1 ± 4I0 θ − 3I02 − θ2 + ν(4I0 − 2θ)k 2 − k 4 .
(2.7)
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Since Eq. (2.1) is symmetric under the transformation x → −x, the dispersion
relation fulfills Ω(k) = Ω(−k). This can also be seen in Eq. (2.7) as it depends
only on k 2 . The HSS A0 undergoes an instability if the maximum of Ω becomes
positive when varying a system parameter. In coming Chapters the linear stability of A0 is analyzed in the anomalous (Chapter 3) and normal (Chapter 5)
GVD regimes. In the first case, these patterns play an essential role in the formation of bright solitons (see Chapter 4). However, although patterns also exist
in the normal GVD regime, they are not at the origin of the formation of dark
solitons (see Chapter 5).

2.3 Stationary problem as a dynamical system
Within this thesis we will spend quite a few Chapters talking about localized
stationary states, i.e. LS solutions of Eq. (2.3). These states are biasymptotic
to the HSS A0 , that is, the field associated with that structure A(x) → A0 ,
as x → ±∞. This type of solutions corresponds to homoclinic orbits Γ to A0
[3–7], that lie in the intersection between the stable and unstable manifolds of
A0 , namely W s (A0 ) and W u (A0 ) (see Appendix A).
Due to this correspondence, one can apply the theory of homoclinic orbits to
obtain some insight about the existence and stability of LSs in our system. In
order to do this, one first writes the stationary LL equation (2.3) as a dynamical
system. We refer to this analysis as spatial dynamics of the LL equation.
Defining the new variables y1 (x) = U (x), y2 (x) = V (x), y3 (x) = dx U , and
y4 (x) = dx V , Eq. (2.3) can be recasted as the four dimensional dynamical system
given by
dx y1 = y3
dx y2 = y4

(2.8)
dx y3 = ν y2 + θy1 − y1 y22 − y13

dx y4 = ν −y1 + θy2 − y2 y12 − y23 + ρ .
T

Taking y(x) = [y1 (x), y2 (x), y3 (x), y4 (x)] , and the right-hand side of (2.8) as the
T
vector field, f (x) = [f1 (y), f2 (y), f3 (y), f4 (y)] , the system (2.8) can be written
in the compact form:
dy
= f (y(x); θ, ρ) .
(2.9)
dx
In this framework, the HSS solution A0 corresponds to the fixed point or equilibrium of the system (2.8), namely y0 = (y0,1 , y0,2 , y0,3 , y0,4 ) = (U0 , V0 , 0, 0).
This system is invariant under the involution transformation
R : (x, y1 , y2 , y3 , y4 ) 7→ (−x, y1 , y2 , −y3 , −y4 ),

(2.10)

and therefore, spatially reversible. In this case, the symmetric section is defined
by
S ≡ {(y1 , y2 , y3 , y4 ) : y3 = y4 = 0} .
(2.11)
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In the presence of reversibility, Γ is formed by the transverse intersection between W u (A0 ) and the 2-dimensional symmetric section S. If the equilibrium
A0 is hyperbolic, then W u (A0 ) is also two-dimensional, and therefore, Γ is of
codimenison-zero by dimension counting. Because of this, these orbits persist
under generic perturbations that preserve reversibility [8]. This will be important when studying homoclinic solutions of truncated normal forms (see Section
2.4), because if this condition is satisfied, any solution of a truncated normal
form will be also solution of the complete normal form.

2.3.1 Linearization
Our main interest focus on orbits homoclinic to y0 (i.e. to the HSS A0 ). Therefore, to study this type of orbits, it is first necessary to linearize (2.8) about
that point. Separating the field f (x) in its linear and nonlinear components, the
system (2.12) can be written as
d
y(x) = Df (y0 )y(x) + N [y(x)],
dx
where Df (y0 ) is the Jacobian

0
0

0
0
Df (y0 ) = ν 
 θ − y22 − 3y12
1 − 2y1 y2
−(1 + 2y1 y2 ) θ − y12 − 3y22

ν
0
0
0

(2.12)


0
ν 

,
0 
0 y=y

(2.13)

0

and with N [y(x)] representing the nonlinear terms.
The linear dynamics of the system (2.12) about y0 gives a lot of information
about the nature of the equilibrium points, changes in the dynamics around those
points (when a bifurcation takes place), and the way in which the manifolds
W u (A0 ) and W s (A0 ) approach or leave A0 . Thus, one can understand the
behavior of homoclinic orbits very close to A0 , and what is the same, predict
the shape of the tails of the LSs.
The four eigenvalues of Df (y0 ) satisfy the biquadratic equation
λ4 + νc2 λ2 + c0 = 0,

(2.14)

with c0 = θ2 + 3I02 − 4θI0 + 1 and c2 = 4I0 − 2θ. This equation is invariant
under λ → −λ and λ → λ̄, and leads to eigenvalue configurations symmetric
with respect to both axes, as depicted in Figure 2.3. The form of this equation
is a consequence of spatial reversibility [8–10].
The eigenvalues satisfying Eq. (2.14) are
r
λ=±

(θ − 2I0 )ν ±

q
I02 − 1.

(2.15)
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Region II

Region I

DC

Region III

Region IV

Figure 2.3: Sketch of the possible organization of spatial eigenvalues λ satisfying the
biquadratic equation (2.14) for a spatially reversible system. The names corresponding to the
different labels are explained in Table 2.1.

According to the control parameter values, one can identify four qualitatively
different eigenvalue configurations:
1. the eigenvalues are real: λ1,2 = ±q1 , λ3,4 = ±q2
2. there is a quartet of complex eigenvalues: λ1,2,3,4 = ±q0 ± ik0
3. the eigenvalues are imaginary: λ1,2 = ±ik1 , λ3,4 = ±ik2
4. two eigenvalues are real and two imaginary: λ1,2 = ±q0 , λ3,4 = ±ik0
A sketch of these possible eigenvalue configurations is shown in Figure 2.3, and
their names and codimension are provided in Table 2.1. The crossing from one
of the regions to the next one occurs via the following bifurcations or special
transitions:
• A Belyakov-Devaney (BD) [4, 5, 8] transition occurs within the move from
region I to region II. Here, the spatial eigenvalues are λ1,2 = ±q0 , λ3,4 =
±q0 .
• The transition from region II to region III is via a Hamiltonian-Hopf (HH)
bifurcation [5, 11], with λ1,2 = ±ikc , λ3,4 = ±ikc .
• The transition from region I to region IV is via a reversible Takens-Bogdanov
(RTB) bifurcation with eigenvalues λ1,2 = ±q0 , λ3 = λ4 = 0 [4, 5].
• The transition from region III to region IV is via a reversible TakensBogdanov-Hopf (RTBH) bifurcation with eigenvalues λ1,2 = ±ik0 , λ3 =
λ4 = 0 [4, 5].
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Cod
Zero
Zero
Zero
Zero
One
One
One
One
Two

(λ1,2,3,4 )
(±q0 ± ik0 )
(±q1 , ±q2 )
(±ik1 , ±ik2 )
(±q0 , ±ik0 )
(±q0 , 0, 0)
(±ik0 , 0, 0)
(±q0 , ±q0 )
(±ikc , ±ikc )
(0, 0, 0, 0)

Name
Saddle-Focus
Saddle
Double-Center
Saddle-Center
Rev.Takens-Bogdanov
Rev.Takens-Bogdanov-Hopf
Belyakov-Devaney
Hamiltonian-Hopf
Quadruple Zero

Label
SF
S
DC
SC
RTB
RTBH
BD
HH(MI)
QZ

Table 2.1: Nomenclature used to refer to different transitions in the spatial eigenspectrum.

The unfolding of all these scenarios is related to the quadruple zero (QZ) codimension -two point with λ1 = λ2 = λ3 = λ4 = 0 [4, 5, 13].
In regions I and II of Figure 2.3, A0 is hyperbolic, i.e. Re[λ] 6= 0, and therefore, homoclinic orbits to A0 are of codimension zero, so as we said before, if
the intersection between the unstable manifold of A0 and the symmetric section S is transverse then homoclinic orbits must persist under small reversible
perturbations.
The configurations of the eigenvalues for the normal and anomalous dispersion
regimes are shown in Figures 2.4 and Figures 2.6. Figures 2.5 and 2.7 show the
different regions I-IV for each eigenvalue configuration described in Figure 2.3
in the parameter space (θ, ρ) for both regimes.
The condition I0 = 1 defines, in terms of the (θ, ρ), the line
p
ρ = 1 + (1 − θ)2 .

(2.16)

For the normal GVD regime, this line corresponds to a BD transition when θ < 2
and a HH bifurcation when θ > 2. In contrast, in the anomalous case the HH
and BD are exchanged, and now the BD transition occurs for θ > 2 and the HH
bifurcation when θ < 2.
In the next Section, we discuss briefly the linear dynamics derived from the
normal forms around each of the bifurcation lines RTB, RTBH, HH and BD
shown in Figure 2.3, and we see what may be gleaned from those normal forms
concerning the existence of homoclinic orbits.
In this particular case, one can have two different, but similar, unfoldings when
considering the normal or anomalous GVD regimes of the LL model.
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2.3.2 Relation between the spatial eigenvalues and the dispersion relation
The spatial stability analysis of the linearized system associated with (2.12)
is equivalent to studying the linear stability of Eq. (2.1) considering spatial
perturbations of the form A(x) = A0 + eλx , where in general λ is complex.
Since the linearization is around the same state as in the temporal stability
analysis, and since the perturbations are the same as the ones considered there
replacing ik by λ, the spatial eigenvalues λ satisfy
Ω(−iλ) = 0,

(2.17)

expression that is equivalent to Eq. (2.14).
This result allows obtaining information about the temporal dynamics of the
system through the spatial dynamics approach. For example, if the spatial eigenvalue configuration consists on two purely imaginary eigenvalues ±ik1 and ±ik2 ,
then Ω(k1,2 ) = 0 for real k1 and k2 . As a consequence, Ω(k) must be positive for
k1 < |k| < k2 , and therefore, A0 is unstable to perturbations with wavenumber
within this range. This situation corresponds to region II of Figure 2.3, where
the HSS is a DC.

2.3.3 Spatial eigenvalue configurations in the normal regime
In the normal GVD regime, the configuration of the spatial eigenvalues
√ is the
one shown in Figure 2.4. Panel (a) shows the situation for θ = 1.4 < 3 just in
the monostable regime. Here, the single HSS branch is initially a saddle-focus
(SF ). Increasing ρ, the imaginary parts of these complex conjugate eigenvalues
approach Im[λ] = 0 until they reach it at the BD transition, and for ρ values to
the right of the BD, A0 has become a saddle (S). Figure 2.5 shows the projection
of the different bifurcation lines for this regime in the (θ, ρ)−parameter space.
Increasing further the value of θ, we cross the cusp bifurcation (C), and A0
becomes√trivaluate. This situation corresponds to the diagram shown in panel
(b) for 3 < θ = 1.8 < 2. For this value, both SNhom,1 and SNhom,2 are
√ RTB
t
bifurcations. Am
3.
0 is a saddle-center (SC) and A0 a S for any value θ >
√
When θ = 2 (see panel (c)), all the lines meet at the QZ point at (θ, ρ) = (2, 2),
where the BD becomes a HH bifurcation, and SNhom,1 changes from a RTB to
a RTBH bifurcation.
When θ > 2, Ab0 is a SF until reaching HH where it becomes a focus that
persists until SNhom,1 , where it becomes a SC. Figure 2.5 (b) shows a zoom
(not to scale) of the panel (a) around QZ, where we can appreciate the unfolding
of this bifurcation.
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DC

√
Figure
2.4: Spatial eigenvalues of A0 for several values of θ. (a) θ = 1.4 < 3; (b)
√
3 < θ = 1.8 < 2; (c) θ = 2; (d) 2 < θ = 4. The different labels are explained in Table 2.1.
Solid (dashed) lines indicate stability (instability) in time.

(a)

SNhom,2

(b)

RTBH
HH

HH

RTBH

QZ

SNhom,1
BD

QZ
C

RTB
RTB

RTB
C

BD

Figure 2.5: In (a), spatial bifurcation lines are shown in the parameter space (θ, ρ) for the
normal dispersion regime. In (b) we show a zoom, not to scale, of panel (a) around QZ where
one can observe the unfolding of that bifurcation. Here we just show the regions regarding
the first branch Ab0 , where the unfolding of the QZ bifurcation takes place.

2.3.4 Spatial eigenvalue configurations in the anomalous regime
The situation regarding the anomalous case is shown in Figure 2.6. The values
for the control parameter θ are the same those in Figure 2.4, although now the
eigenvalue configuration is different. In the monostable regime (see panel (a)),
A0 is a SF for I0 < 1 and a DC resonance for I0 > 1. Thus, for I0 > 1, A0 is
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(b)

(a)

A0t

DC
A0

DC
SNhom2(RTBH)

SC

A0m
MI(HH)

SNhom1(RTBH)

SF

SF

MI(HH)
A0b

(d)

(c)
A0t

DC

SNhom2(RTBH)

A0t

SNhom2(RTBH)
SC

DC
A0m

A

SC

A0m

SNhom1
(RTB)

S
SF

A0b

SF
SNhom1(QZ)

A0b

BD

Figure
√ 2.6: HSS
√ and their spatial eigenvalue configuration for several values of θ. (a) θ =
1.4 < 3; (b) 3 < θ = 1.8 < 2; (c) θ = 2 and (d) θ = 4. Here, RTBH stands for reversible
Takens-Bodganov-Hopf, RTB stands for reversible Takens-Bodganov, HH is a HamiltonianHopf, BD a Belyakov-Devaney transition and QZ a quadruple zero codimension-two point.

unstable√to perturbations with a wavenumber within the range k1 < |k| < k2 .
At θ = 3, A0 becomes trivaluate at C, splitting itself in three √
branches (see
panel (b)). Now At0 is a DC and Am
3. Here, in
0 a SC for any value θ >
contrast to the normal regime, SNhom,2 is a RTBH bifurcation. Taking a look
to the bottom branch and the SNhom,1 , one can see that there is an inversion
in the order of appearance of the HH bifurcation and the BD transition with
respect the normal regime. In this case, the HH exists for θ < 2 and the BD for
θ > 2. At the QZ, as before, these branches meet, and the SNhom,1 , that is a
RTBH for θ < 2, becomes a RTB for θ > 2. Figure 2.7 shows the projection of
all these lines into the parameter space.

2.4 Unfolding of the quadruple-zero codimension-2 point
As we already said, the HH, RTB, and RTBH bifurcations and the BD transition previously introduced emerge from a codimension-two bifurcation known
as quadruple-zero (QZ) point with spatial eigenvalues λ = 0 with algebraic mul-
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(a)

SNhom,2
RTB

(b)

RTB

BD
SNhom,1

QZ
HH

C

RTBH

BD
QZ
RTBH

RTBH
C

HH

Figure 2.7: Same as in Figure 2.5, but for the anomalous case. The bifurcation lines are
now the reverse of the situation in to Figure 2.5.

tiplicity four and with geometric multiplicity one1 , as depicted in the sketch
shown in Figure 2.3. In Ref. [13] G. Iooss derived a normal form for this point
in a general fourth-order vector field where the origin is a persistent symmetric
fixed point. Despite of that, the study of this bifurcation is widely open.
Here, we review some aspects about the dynamics of the system around the
codimension-one bifurcations and the BD transition shown in Figure 2.3. To
do that we will follow closely Ref.[4] and the references therein. All the normal
forms associated with the codimension-one bifurcations HH, RTB and RTBH are
integrable, and they all lead to the existence of homoclinic orbits, and therefore,
to the existence of LSs. Our aim in this Section is only didactical and the
normal forms presented here have not been derived directly from the dynamical
system (2.8), but they refer to a general four dimensional reversible vector field.
However, this Section will be useful to understand, at least qualitatively, the
unfoldings shown in Figures 2.5 and 2.7.

2.4.1 Normal form near the reversible Takens-Bodganov bifurcation
In the RTB bifurcation the spatial eigenvalues are λ1,2 = ±q0 , and λ3 = λ4 = 0.
The eigendirections associated with λ1,2 = ±q0 are unimportant in describing
the bifurcating solutions, and therefore, the center manifold theorem can be
applied to reduce (2.8) to a planar system (see Section A.6). Once reduced
to the center manifold, the normal form analysis gives the nonlinear oscillator
system [14]
w10 (x) = w2 (x)
(2.18)
X
w20 (x) =
cj (µ)w1j (x)
1 With geometric multiplicity of an eigenvalue λ of a matrix M we refer to the dimension of
the subspace spanned by the eigenvector associated with it, i.e. the dimension of Ker(M − λI).
In contrast, the algebraic multiplicity of λ corresponds to the number of times that λ appears
as a root of the characteristic polynomial of M .
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A single parameter µ unfolds the degeneracy, with µ > 0 corresponding to the
near-zero eigenvalue being real (region 2). Upon truncation to lowest order, and
after applying a rescaling, w1 and w2 become O(µ), and 2.18 reduces to
w10 (x) = w2 (x)
(2.19)
w20 (x) = ±µw1 − 32 w12 ,
which for µ > 0 possesses a single symmetric homoclinic orbit Γ : w1 (x) =
sech2 (x/2). This solution profile has monotonic tails and is sometime referred
to as the Korteweg-de Vries(KdV)-type soliton.
In presence of an up-down symmetry w1 → −w1 , the truncated normal form is
w10 (x) = w2 (x)
(2.20)
w20 (x) = ±µw1 − βw13 ,
where β = ±1. If β = −1, there is a pair of homoclinic orbits Γ± : w1 (x) =
±sech(x) related by the up-down symmetry for µ > 0. For the other sign there
are no homoclinic solutions.
For the planar normal forms (2.19) and (2.20) it is possible to prove that the
homoclinic orbit persists for µ > 0 against perturbations restoring the original
system [14, 15].
Our system does not have up-down symmetry, therefore one does not expect the
last type of solutions to occur. On the contrary, as we will see in Chapter 4 and
Chapter 5 the LL equation supports KdV-type of solitons in both the anomalous
and normal regimes.
In the anomalous case, these solitons are bumps bifurcating from the SNhom,1 for
θ > 2. In the normal case, this type of homoclinic
orbits arises in both, SNhom,1
√
for θ < 2, and SNhom,2 for any value θ > 3. In the first case, they are bumps,
and in the second one holes. Chapter 4 will be devoted to the understanding
of the bifurcation structure and stability of these bump states in the anomalous
regime. Chapter 5 will be focused on the study of these structures in the normal
regime. In both cases, we apply weakly nonlinear analysis around the RTB and
we confirm the existence of KdV-type of states.

2.4.2 Normal form near the reversible Takens-Bodganov-Hopf bifurcation
For the RTBH bifurcation the spatial eigenvalues are λ1,2 ± ik0 , and λ3,4 = 0.
The normal form (Iooss-Kirchgassner normal form [14]) about this point is a
four dimensional ODE completely integrable in two real variables w1 and w2 ,
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and a complex one z, that reads
w10 (x) = w2 (x),
w20 (x) = M (µ, w1 (x), |z(x)|2 ),
(2.21)
z 0 (x) = iz(x)N (µ, w1 (x), |z(x)|2 ),
z̄ 0 (x) = −iz(x)N (µ, w1 (x), |z(x)|2 ),
where M and N are arbitrary order polynomials in their arguments. Truncating
this normal form considering
M (µ, u1 , |z|2 ) = c1 (µ)w1 + c2 (µ)w12 + d2 (µ)|z|2 ,

(2.22)

N (µ, w1 , |z|2 ) = b0 (µ) + c1 (µ)w1 ,

(2.23)

and
one can find two types of homoclinic solutions. The first type is a sech2 orbit
Γ homoclinic to A0 , now a SC in region IV. The problem here is that A0 is
not hyperbolic and therefore, in general, one does not expect these solutions to
persist under small reversible perturbations to the truncated normal form. In
Hamiltonian systems it was proved that given a primary homoclinic orbit to a
SC, symmetric respect the involution, there are, under certain conditions, Npulses or N-homoclinic orbits occurring at isolated parameter values. The second
type of solutions are homoclinic orbits to periodic orbits (known as generalized
solitary waves) with a sech2 core and exponentially small tails. The amplitude
of the periodic orbit is an exponentially small function of µ and can not be
captured by the normal form (2.21) truncated at any order. In our system we
have not found, so far, any of these two types of solutions.

2.4.3 Normal form near the Hamiltonian-Hopf bifurcation
At the HH bifurcation (also known as double-Hopf with 1:1 resonance, or Turing
bifurcation in temporal dynamics), the eigenvalues are λ1,2,3,4 = ±ikc , ±ikc
and the normal form (known as Iooss-Peroueme [11, 12])2 is a 4 dimensional
completely integrable ODE expressed in terms of two complex variables z1 (x)
and z2 (x) that reads
z10 = ikc z1 + z2 + iz1 P (µ, |z1 |2 , 2i (z1 z̄2 − z̄1 z2 )),
z20 = ikc z2 + iz2 P (µ, |z1 |2 , 2i (z1 z̄2 − z̄1 z2 )) + z1 Q(µ, |z1 |2 , 2i (z1 z̄2 − z̄1 z2 )).
(2.24)
2 Although

it was originally derived in [12].
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Here P and Q are arbitrary order real polynomials in their arguments, and µ
is the unfolding parameter, with µ < 0 corresponding to region II, where A0 is
a SF , and µ > 0 corresponding to region III, where A0 is a DC. A truncated
normal form can be derived by replacing P and Q by the first-order terms of
their Taylor expansions, namely,
P (µ, y1 , y2 ) = p0 µ + p2 y1 + p2 y2 ,

(2.25)

Q(µ, y1 , y2 ) = q0 µ + q1 y1 + q2 y2 .

(2.26)

and
As Hopf bifurcation, the HH can be either supercritical or subcritical. By further
reduction to polar coordinates, it is possible to find in the subcritical regime
(for q2 < 0) a one-parameter family of homoclinic solutions that bifurcates for
µ < 0. These solutions are of the form Γϕ : z1 (x) = Asech(Bx)exp(ikc x + ϕ)
for constants A, B and k related with the coefficients of the normal form. This
family is parametrized by an arbitrary phase ϕ. However, terms beyond all
algebraic orders (absent in any truncated normal form) select generically two
values ϕ = 0 and π from the circle [0, 2π) [16, 17]. The resulting solution
profiles have oscillatory tails and are sometimes referred as nonlinear Schrodinger
(NLS)-type solitons or envelope solitons. In contrast, for the supercritical case
the bifurcation of homoclinic orbits to periodic orbits occurs for µ > 0. In the
presence of up-down symmetry, there are four possible values ϕ = 0, π/2, π or
3π/2 selected. In all cases Γ is homoclinic to a SF .
Near the codimenison-two transition between the super and subcritical cases,
i.e. a degenerate HH point (dHH), there exist homoclinic orbits that wind arbitrary many times around a (reversible) periodic orbit. These homoclinic orbits
are organized into bifurcation curves called homoclinic snaking [18]. We will
analyze in detail this type of homoclinic orbits and their bifurcation structure in
Chapter 4, when studying the LL equation in the anomalous dispersion regime.
There, the HH bifurcation exists for θ < 2. The bifurcation structure and stability of patterns emerging also from HH in the anomalous regime will be studied
in Chapter 3.
In the subcritical case, these orbits exist in a region of parameter space where
A0 is a SF , and therefore, hyperbolic. Hence, we should expect that transverse
homoclinic solutions to the normal form 2.24 with the truncated terms 2.25
persist against reversible perturbations. Nevertheless, due to the size of the
terms ignored in the truncated version (2.25), which are not small compared
with the bifurcation solution, the prove is not trivial [11]. It is also possible to
prove that given the existence of a primary homoclinic orbit, there are initially
many N -pulses homoclinic orbits for each N > 1.
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2.4.4 Dynamical behavior near the Belyakov-Devaney transition
This line does not correspond to a bifurcation, because the equilibria A0 remains
hyperbolic (Re[λ] 6= 0) and only changes between a S (region I) and a SF (region
II). This is the reason to refer to it as a BD transition [8, 19]. Because of this,
all finite amplitude homoclinic orbits should persist across the BD transition
line. Nonetheless, infinitely many orbits homoclinic to the SF can be created
by a dramatic non-local bifurcation at the BD. This bifurcation has been called
broom bifurcation [20] owing to the infinite number of homoclinic orbits emerging
from it. In our context, this phenomenon arises for bright LSs in the anomalous
GVD regime when θ > 2. In that scenario Im[λ] → 0 as ρ approaches the BD,
and therefore the wavelength of the oscillatory tails of the LSs goes to infinite.
Hence, in a infinite domain, two DSs will increase infinitely their separation as
approaching the BD transition. However, in a periodic system with period L
the maximum separation that they can reach coincides with L/2. We will talk
more about this in Section 4.4.

2.5 Linearization of the homoclinic orbits around the equilibrium point A0
In the previous Section, we have analyzed the linear dynamics of the system
about the different bifurcation points appearing. In the coming Chapters, we
will see that the tails of these LSs are quite relevant to understand the formation
of bound states of solitons or soliton molecules (see Chapter 7) and the formation
of dark solitons (see Chapter 5). In both cases, the formation of these structures
comes from the interaction of single solitons in the first case and fronts with
different polarities in the second one.
Regarding the interaction of solitons, it can be attractive or repulsive as a function of the separation. Moreover, when the tails have oscillations around A0 ,
the structures can lock at different distances that differ by the wavelength of the
oscillations. In contrast, if the tails are monotonic, that locking does not occur
and the structures approach or separate infinitely.
The nature and shape of the tails around A0 can be explained by the linearization
of the dynamical system (2.8) around A0 . As we have seen before, in principle,
in this system one could have homoclinic orbits in four different regions. In this
work we just focus on two of them, region II where A0 is a SF , and region I
where A0 is a S. In region III and IV A0 are DC and SC resonant points. In
region IV LSs are possible, although difficult to observe. However, in region III,
A0 is a DC and homoclinic orbits to that point cannot exist due to the absence of
strong stable/unstable manifolds. Nonetheless, the dynamics in a neighborhood
of the origin may be quite complex and orbits homoclinic to a periodic orbit, or
equivalently orbits homoclinic to an equilibrium in a suitable Poincaré map, are
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(a)
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S
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Figure 2.8: Localized states for the LL equation. In (a) a NLS-type of bright solitons arising
in the anomalous dispersion regime for θ = 1.5 and ρ = 1.11445. In (b) a KdV-type dark type
of solitons occurring in the normal dispersion regime for θ = 4 and ρ = 2.29129. In (c) a front
or SW also in the normal dispersion regime for θ = 4 and ρ = 2.3252908. As we can observe,
structure (a) has oscillatory tails, (b) monotonic ones and (c) both.

still expected. In Chapter 3 and Chapter 5 we will show that pattern solutions
arise from those resonant points in the anomalous dispersion regime.
Figure 2.8 shows three types of LSs which will be studied in this thesis. In panel
(a) a bright soliton occurring in the anomalous dispersion regime is shown. This
is an envelope-type of soliton, and in spatial dynamics terms, a homoclinic orbit
to a SF equilibrium Ab0 . Consequently, the tails of this state are oscillatory.
Panel (b) shows a dark soliton arising in the normal dispersion regime. This is
a KdV-type of soliton that corresponds to a homoclinic orbit to a S equilibrium
At0 and then its tails are monotonic. Finally, in panel (c) a front, domain wall or
switching wave (SW) solution connecting the top HSSs At0 with the bottom one
Ab0 is plotted. In the spatial dynamics terminology, this state would correspond
to a heteroclinic orbit connecting a S equilibrium with a SF . Therefore, its tails
are monotonic close to At0 and oscillatory close to Ab0 .
The linearization of (2.12) about A0 = y0 is given by
d
y(x) = Df (y0 )y(x) + O(|y|2 ),
dx

(2.27)

and its solution reads as
y(x) = exDf (y0 ) y0 ,

(2.28)

where y0 = [U0 , V0 , 0, 0]T .
Considering the change of variables given by y(x) = M−1 ỹ(x), with M a given
linear transformation (a matrix), the solution (2.28) can be written as
ỹ(x) = MexDf (y0 ) M−1 ỹ0 = exA ỹ0 ,

(2.29)

with A being the linear normal form of Df (y0 ).
The normal form depends on the eigenspectrum of Df (y0 ), and therefore on the
nature of the HSSs A0 . In the following we focus on the linearizations around
A0 in the cases where it is a saddle-focus (region I) and a saddle (region II).
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Figure 2.9: Projection of the soliton shown in Figure 2.8(a) into three set of variables of the
phase space: (y1 , y3 ) in (a), (y2 , y4 ) in (b), and (y2 , y3 ) in (c). The saddle-focus nature of Ab0
is appreciated in the oscillatory way in which W u (Ab0 ) and W s (Ab0 ) leave and approach to it.
Here θ = 1.5 and ρ = 1.11445.

2.5.1 Region II: The saddle-focus case
In this region, A0 is a SF , i.e. λ1,2,3,4 = ±q0 ± ik0 . With this spectrum it is
possible to find a transformation M (see Ref.[21]) where the normal form reads
as


q0 −k0 0 0
 k0 q0

0 0
,
A=
(2.30)
 0 0
q0 −k0 
0 0
k0 q0
and therefore, the solution of the system around A0 (in the linear regime) is
given by
y˜1 = eq0 x cos(k0 x)ỹ0,1 − eq0 x sin(k0 x)ỹ0,2
y˜2 = eq0 x cos(k0 x)ỹ0,1 + eq0 x sin(k0 x)ỹ0,2
(2.31)
y˜3 = e−q0 x cos(k0 x)ỹ0,3 − e−q0 x sin(k0 x)ỹ0,3
y˜4 = e−q0 x cos(k0 x)ỹ0,3 + e−q0 x sin(k0 x)ỹ0,3
This orbit leaves and approaches A0 in an oscillating way with frequency equal
to k0 and damped or amplified by q0 . From here one can deduce that, in this
regime, the tails of the LSs, associated with the homoclinic orbit, are oscillatory,
with a wavelength equal to 2π/k0 , and a decay rate given by q0 .
The bright solitons studied in Chapter 4 correspond to this type of homoclinic
orbits. Projecting this structure into the phase space {(y1 = U, y2 = V, y3 =
dx U, y4 = dx V )} one obtains the orbit shown in Figure 2.9, which dynamics
around A0 are described by (2.31). As shown in Figure 2.10, the tails of this
soliton are oscillatory, and they can be described by y1 (x) and y2 (x). Both of
them are linear combinations of the harmonic functions sin(x) and cos(x), and
can be simplified to
y1,2 (x) − y0;1,2 = a1,2 eq0 x cos(k0 x + ϕ1,2 ),

(2.32)
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(b)

y1-y0,1

y2-y0,2

(a)

Figure 2.10: Oscillatory tails of the bright soliton shown in Figure 2.8(a) around the saddlefocus point Ab0 . We show both the actual tail of the soliton and its fitting with Eq. (2.32), for
the real (panel (a)) and imaginary (panel (b)) parts of the field. The fitting is plotted in red
line. The parameters for the fitting are (a1 , ϕ1 ) = (1.4550216 · 10−7 , −0.053020265) for panel
(a) and (a2 , ϕ2 ) = (5.1106923 · 10−8 , 2.0644709) for panel (b). Here I0 = 0.96812475.
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Figure 2.11: Real and imaginary parts of the spatial eigenvalue λ as a function of θ and ρ
in the anomalous dispersion case. In the normal regime the labels Re[λ] and Im[λ] must be
interchanged.

being a1,2 and ϕ1,2 combinations of y0 elements. These coefficients can be also
calculated by fitting the actual oscillatory tails shown in Figure 2.10 using as
ansatz (2.32). The fitting using Eq. (2.32) is quite good, showing that the linear
analysis done around A0 can describe the shape of the oscillatory tails.
In the anomalous regime, the real and imaginary parts of λ, i.e. q0 and k0 are
given by
q
√
1
q0 = √
c0 + θ − 2I0 ,
(2.33)
2
and

1
k0 = √
2

q
√

c0 − (θ − 2I0 ).

(2.34)

In the normal one, the real and imaginary parts of λ for the SF Ab0 are inversed.
In Figure 2.11 these parts are plotted as a function of θ and ρ.
In Chapter 7 we will come back to these figures to understand the interaction
between bright solitons.
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Figure 2.12: Projection of the dark soliton of Figure 2.8(b) into subspaces (y1 , y3 ) in (a),
(y2 , y4 ) in (b), and (y2 , y3 ) in (c). As we can see, now the stable and unstable manifolds of At0
are monotonic.

2.5.2 Regime I: The saddle case
In this region, A0 is a S, i.e. λ1,2 = ±q1 ,
Df (y0 ) is given by

q1 0
 0 −q1

A=
0 0
0 0

λ3,4 = ±q2 , and the normal form for
0
0
q2
0


0

0
,

0
−q2

(2.35)

and therefore,
y˜1 = eq1 x ỹ0,1

y˜2 = e−q1 x ỹ0,1

y˜3 = eq2 x ỹ0,3

y˜4 = e−q2 x ỹ0,3 .

(2.36)

Now, the trajectories leave and approach A0 monotonically. In the anomalous
regime, this region is found for θ > 2, where Ab0 is a saddle between the BD line
and the SNhom,1 . In the normal regime, this is the configuration for At0 for any
value of θ, and for Ab0 for θ < 2, between the BD and SNhom,1 .
Figure 2.12 shows the projection of the KdV-type dark soliton shown in Figure 2.8(b), into three different phase subspaces. Here, W u (At0 ) and W s (At0 )
leave and approach the equilibrium point monotonically.

2.6 Conclusions
In this Chapter, we have studied how localized structures or dissipative solitons
biasymptotic to the HSSs A0 can be understood as homoclinic orbits in a suitable
phase space defined by {(y1 , y2 , y3 , y4 )}. In these variables, the stationary LL
equation can be recast into a four order dynamical system, i.e. a system of 4
ODEs where the variable is the space x instead of the time t. A particularity
of this equation is that it is reversible, i.e. invariant under the transformation
x → −x, and therefore the dynamical system as well. Using this feature it is
possible to apply existing results of homoclinic orbits in reversible systems to
obtain some insight of our case.
After linearizing the problem, we have classified the different bifurcation points
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and transitions in both the anomalous and normal GVD regimes. In both
cases, the different bifurcation lines meet in a codimenison-two point known
as a quadruple zero, responsible for the linear dynamics of the system.
Later, we have presented an overview of the linearization and normal forms of
the different bifurcation appearing in this case. The theory predicts the existence
of homoclinic orbits about some of these points. In particular, in this thesis we
will study the bifurcation structure and stability of homoclinic orbits or LSs
arising from a Hamiltonian-Hopf bifurcation (see Section 4.3), and from a RTB
bifurcation (see Section 4.4 and Section 5.3). For these two cases, we will confirm
the previous results performing a weakly nonlinear analysis in a neighborhood of
these points. The linearization of these orbits around A0 gives the shape of the
LSs’ tails very close to the HSS solution. The understanding of how these shapes
are modified through the different dynamical transitions in parameter space will
allow us to predict the formation of bound states of LSs or the creation of dark
solitons.
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Chapter 3

Pattern states in the anomalous
group velocity dispersion regime
3.1 Introduction
Modulated states, spatially periodic or pattern solutions have been studied
widely since the Lugiato-Lefever (LL) model was proposed in 1987 [1] in both
temporal and spatial systems [2–7].
In the LL model, patterns arise through a Turing instability, also known as
modulational instability (MI) in the context of optics [8–11]. In this type of instability the homogeneous steady state (HSS) solution initially becomes unstable
to perturbations with a given wavelength, leading in this way, to the formation
of an ordered modulated structure: a pattern. An example of this mechanisms is
shown in Figure 3.1, where an initial noisy background develops after a certain
time of evolution, a periodic state with a fixed wavelength.
In both, one and two extended dimensions, the pattern can be supercritical
or subcritical depending on the values of the detuning parameter [1, 5]. In
particular, in the subcritical regime, the bistability between the HSS solution and
the stable pattern allows the formation of localized states (LSs) by the locking
of two fronts with different polarities connecting the HSS with the pattern and
vice versa [12–15]. These types of LSs are studied in Chapter 4.
The different patterns arising in this model undergo secondary bifurcations that
make them unstable to patterns with different wavelengths (Eckhaus bifurcation), oscillate in time and in space (wave instabilities), or unstable to finite
wavelength perturbation leading to patterns with half the wavelength (finite
wave instability).
In this Chapter we focus on the patterns arising in the LL model in the anomalous
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Figure 3.1: First stage of the temporal evolution of an initial condition consisting on the
background HSS solution plus white noise. After certain amount of time the noisy background
develops a periodic ordered structure: a pattern. The range of x is [−L/2, L/2] and the range
of t is [0, 40]. Here I0 = Ic , θ = 1.5 and L = 160.

GVD, and we present a detailed analysis of their bifurcation structure.
The Chapter is organized as follows, in Section 3.2 we analyze the linear stability
of the homogeneous solutions against non-uniform perturbations obtaining the
threshold for the formation of patterns via a MI. Later, in Section 3.3 we apply
weakly nonlinear analysis to calculate the pattern solution around the MI, from
where it bifurcates. In Section 3.4, starting from this perturbative solution, we
apply numerical continuation techniques to calculate the solution branches for
patterns as a function of ρ, the driving field amplitude, for a fixed value of the
frequency detuning (θ = 1.5). After, in Section 3.5 we extend this analysis to
any value of detuning θ < 2, and we map the different types of patterns and
their bifurcations to the parameter space (θ, ρ). In Section 3.6 we identify the
secondary bifurcations that occur to patterns, in particular to the P2k pattern
branch with wavevector 2k, being k the wavenumber of the pattern emerged
close to threshold. In this Section we show that this pattern undergoes Eckhaus
(EC), finite wavelength (FW), and FW Hopf, or wave instabilities. Finally, in
Section 3.8 we discuss briefly the case for θ > 2 where LSs can be understood
as a single peak pattern.

3.2 Temporal stability analysis and unfolding of patterns
In this Section we analyze the linear stability of the HSS solutions in the anomalous case in detail. The study of how patterns appear in the LL model has been
widely studied since it was proposed in 1987 [1–3, 5]. Here we will follow the
steps done in these pioneering works and we will analyze how the MIs change
when modifying the detuning θ.
The LL equation in the anomalous regime is given by
∂t A = −(1 + iθ)A + i∂x2 A + iA|A|2 + ρ,
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that in terms of the real variables U = Re[A] and V = Im[A] is written as
∂t U = −∂x2 V − U + θV − V (U 2 + V 2 ) + ρ,
(3.2)
∂t V = ∂x2 U − V − θU + U (U 2 + V 2 ).
To start we first study the linear stability analysis of the HSS solution (U0 , V0 )
to small perturbations of the form

 



U
U0
u1 (x, t)
=
+
+ O(2 ).
(3.3)
V
V0
v1 (x, t)
We consider that any pattern solution of Eq. (3.1) can be described by the ansatz

 

u1
ak
=
eikx+Ωt + c.c.,
(3.4)
v1
bk
with ak , bk the real amplitudes associated to the mode with wavenumber k.
Inserting this ansatz in Eq. (3.2) the problem, at first order in , reduces to
study the linear eigenvalue equation,




u1
u1
L(A0 )
=Ω
,
(3.5)
v1
v1
with


L[A0 ] ≡

−(1 + 2U0 V0 )
θ − U02 − 3V02 − ∂x2
2
2
2
−1 + 2U0 − V0
−(θ − V0 − 3U0 − ∂x )


,

(3.6)

being the linear operator associated to the right-hand side of Eq. (3.2) evaluated
at A0 , and u1 , v1 the eigenvectors associated with the eigenvalue Ω.
If any of the eigenvalues positive the HSS will be unstable. Furthermore, the
eigenvector associated to this positive eigenvalue indicates the spatial profile of
the growing perturbation and therefore the shape of the pattern.
This problem can be solved analytically and we find that the growth rate Ω is
given by
q
(3.7)
Ω(k) = −1 ± 4I0 θ − 3I02 − θ2 + (4I0 − 2θ)k 2 − k 4 .
In the linear approximation, the superposition principle applies and therefore,
any pattern solution of the problem can be written as the linear combination,


X  ak 
u1
=
eikx+Ωt + c.c.
(3.8)
v1 (x,t)
bk
k

Depending on the sign of Ω for a given wavenumber k, the different eigenmodes
will grow, if Ω(k) > 0, or decay if Ω(k) < 0, and therefore the HSS solution will
be stable or unstable against perturbations like those given by Eq. (3.4).
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In Figure 3.2 we show the growth rate Ω(k) for θ = 1.5 and for I0 = 0.9, 1.0 and
1.1. The growth rate corresponding to I0 = 0.9 is negative for any value of k
and therefore, perturbations (3.4) will decay for any value of k. When I0 = 1.1,
there is an interval of wavenumbers [k − , k + ], where Ω(k) > 0, and therefore any
mode with k ∈ [k − , k + ] will grow. Within this set of modes the most unstable
one, labeled by ku , will be the dominant. Therefore, it will grow faster than
any other mode, forming a pattern state characterized by ku . The transition
between these two situations, happens at a critical value k = kc and defines a
bifurcation known as, Turing [8–11] or modulational instability.
The condition Ω(k) = 0, gives the equation
k 4 − (4I0 − 2θ)k 2 + 3I02 + θ2 − 4I0 θ − 1 = 0,

(3.9)

and determines the points of intersection between the growth rate curve and the
horizontal axis, that we have labeled as k − and k + . On the contrary, Ω0 (ku ) =
dΩ
dk |ku = 0, corresponds to the equation
p

(3.10)
k k 2 − (2I0 − θ) = 0 ⇔ k = 2I0 − θ,
whose solution gives the value of k with maximal growth rate,
√ or equivalently,
the most unstable mode. In the following we will write ku = 2I0 − θ.
The MI occurs when the maximum of Ω is tangent to the horizontal axes, and
therefore when both conditions are satisfied simultaneously, namely
Ω(kc ) = 0,
dΩ(k)
|kc = 0.
dk
√
This occurs at the critical wavenumber kc = 2 − θ and I0 = Ic = 1.

(3.11)
(3.12)

The condition I0 = Ic defines a line in the parameter space (θ, ρ) given by
p
ρc = 1 + (1 − θ)2 .
(3.13)
The critical wavenumber kc is only defined when θ < 2 (in the other case it would
be imaginary), and therefore MI only happens for θ < 2. MI corresponds in
terms of spatial dynamics to a Hamiltonian-Hopf (HH) bifurcation [16, 17] from
which the pattern with kc is born. When θ > 2, ρc becomes a Belyakov-Devaney
(BD) transition [18], and therefore no pattern bifurcates from ρc anymore. The
point θ = 2, where this transition occurs, corresponds to a quadruple zero (QZ)
bifurcation from which both MI and BD lines arise [19]. Throughout this thesis
we will use either MI or HH.
The situation is more complex than it appears because together with the critical
pattern bifurcating from ρc when θ < 2, there is a continuous family of patterns
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k-

kc

ku

I0=0.9

k+

1

1.1

Figure 3.2: Growth rate Ω as a function of the wavenumber k for θ = 1.5 and three different
values of I0 , namely I0 = 0.9, I0 = 1 and I0 = 1.1.

with k ∈ [k − , k + ] arising from the HSS solution for I0 > Ic . The bifurcating
point of those patterns corresponds to resonances (non-hyperbolic points) that
can be either a saddle-center SC or a double-center (DC) (see Section 2.3).
In this Chapter, we will focus on the study of the bifurcation structure and
stability of the pattern arising from MI, and then we will restrict ourselves to
θ < 2. The case for θ > 2 will be briefly discussed in Section 3.8.
Knowing the range of wavelengths [k − , k + ], for different values of the control
parameters would be useful to estimate the regions of stability of the HSS solutions against perturbation (3.4). For a fixed value of θ, the set of points k −
and k + determines a curve known as marginal or neutral instability curve. As
we know, those points satisfy Eq. (3.9) that can be also written as
I0± (k, θ) =

2
1p 2
(θ + k 2 ) ±
θ + k 4 + 2θk 2 − 3.
3
3

(3.14)

Marginal instability curves are shown in the left side of Figure 3.3 for different
values of θ. In the right side of the figure the HSS solutions at the same detuning
values are plotted. The solid (dashed) lines represent the HSS solutions that are
stable (unstable) against perturbations of the form (3.4).
For a fixed value of θ, marginal instability curves, show the values of I0 for which
the HSS is stable or unstable. For a given mode k 0 , the HSS solution is unstable
for I0− (k 0 , θ) < I0 < I0+ (k 0 , θ) and stable otherwise. For uniform perturbations,
i.e. perturbations with k = 0, we find that in the monostable regime the HSS
solutions A0 are always stable. For a given wavenumber k a pattern with that
wavenumber emerges from I0± (k, θ). These precise points are marked for kc and
its harmonics in Figures 3.3 as MI±
k.
In terms of spatial dynamics, MI−
kc is always a HH bifurcation. In contrast,
±
±
+
MIkc , MI2kc and MI4kc are resonances that can be either a saddle-center or a
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Figure 3.3: On the left marginal instability curves for θ = 1.1 (a), θ = 1.5 (b), θ = 1.8 (c)
and θ = 2.0 (d). On the right the HSS solutions corresponding to the same values of θ. Solid
(dashed) lines represent when the HSS is stable (unstable) against perturbations like (3.4).
The different MI±
instabilities are indicated with points and between brackets. The dashed
k
line in the marginal instability curves represents the most unstable mode ku for each value of
θ.

(a)

HH (b)

MI+kc (c)

MI-2kc

(d)

MI+2kc

Figure 3.4: Spatial eigenvalues associated with the MI±
and MI±
for θ = 1.1 (see Figkc
2kc
ure 3.3(a)). Panel (a) is a Hamiltonian-Hopf bifurcation. Panels (b)-(d) are DC resonances
(non-hyperbolic points).
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double-center depending on the control parameters of the system. The spatial
eigenvalues of these points are shown in Figure 3.4 for θ = 1.1.
Let us take a look at Figure 3.3. For θ = 1.1, a pattern with wavenumber kc
bifurcates from the modulational instability MI−
kc at Ic and for large values of I0
reconnects with the HSS at the DC resonant point labeled by MI+
kc . In the same
fashion, a pattern with 2kc arises initially from MI−
and
reconnects
at MI+
2kc
2kc ,
being both of them DC. The pattern with 4kc undergoes the same process.
For θ = 1.5 (see panel (b)) the situation is similar to the previous one despite
of the fact that now, the different instability points for kc and their harmonics
come closer, and the tongue of unstable modes shifts to lower values of k. The
approaching of the instabilities can be easily observed in Figure 3.5(a) where
we plot the instability lines in the parameter space (θ, I0 ). Together with these
lines we have also added the saddle-nodes of the HSS solution, namely SNhom,1
and SNhom2 .
In most of the chapters of this thesis we work in terms of the driving field
amplitude ρ. Therefore we also show in Figure 3.5(b), the same lines but in
terms of (θ, ρ). Figure 3.5(c) is a zoom of Figure 3.5(b).
√
stable against uniform perturbations (k = 0). In
For θ < 3, A0 is always
√
contrast, when θ > 3, i.e. when the HSS becomes trivaluate, the HSS
√ is
unstable for uniform perturbations between I0− (k, θ) and I0+ (k, θ). So, for 3 <
θ < 2, Ab0 and At0 branches are stable against k = 0 perturbations and Am
0
unstable. This is the reason why this regime is known as the bistable regime.
This situation corresponds to panel (c) of Figure 3.3 for θ = 1.8, where the
tongue starts now at k = 0.
Finally, increasing even more θ, the MI±
k points approach each other until all
collapse at k = 0 for θ = 2 (see panel (d)). This situation corresponds to the
codimension-two point QZ (see panels (b) and (c) of Figure 3.5) and at this
point the MI disappears.
To summarize, there are two distinct regions in parameter space where patterns
have a different nature:
1. For θ < 2 the HSS loses first its stability at the MI−
HH
kc instability (spatial
√
bifurcation) at I0 = Ic = 1 to a pattern with wavenumber kc = 2 − θ.
These patterns bifurcate supercritically if θ < 41/30, and subcritically for
θ > 41/30 (see Ref. [5]), and reconnect with HSS at MI+
kc (a double-center)
(see Figures 3.3). For values of the intensity above I0 = Ic , there is a one
parameter family of patterns, defined by the wavenumber k, and initially
+
bifurcating from the HSS at MI−
k and reconnecting with the HSS at MIk .
2. For θ > 2 the HH bifurcation at I0 = Ic becomes a BD transition. Now
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(b)

MI-4kc MI+4kc
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-
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Figure 3.5: In (a) the instability lines MI±
and the saddle-nodes of the HSS solution are
kc
plotted in parameter space (θ, I0 ). In (b) we plot the same lines but now considering (θ, ρ).
(c) represents a zoom of (b) around the C bifurcation of the HSS solutions. Labels SR11:2 and
SR21:2 stand for the spatial resonance at 1:2 with O(2) symmetry that occurs when MI+
and
k
c

MI−
, both DC resonances, meet. QZ stands for quadruple zero codimension-two bifurcation
2kc
point.

the instability takes place for values I0 > Ic , and always with critical
wavenumber kc = 0.
As mentioned before, in this Chapter we will focus on the first case: the region
θ < 2. In the next chapter we will then study what happens with pattern
solutions and LSs for θ > 2. There we will see how, in periodic systems, a LS
can be understood as a large wavelength pattern with k ∼ 0.

3.3 Weakly nonlinear analysis around HH
The LL equation is non integrable, however it is possible to obtain approximative
analytical solutions in the neighborhood of certain bifurcation points. In this
Section we compute weakly nonlinear patterns using multiple scale perturbation
theory near the HH bifurcation, corresponding to MI−
kc in the temporal dynamics.
These calculations are detailed in Appendix C. Throughout this Section we use
the HH notation instead of MI−
kc for referring this bifurcation.
First, we fix the value of θ and suppose that patterns at ρ ≈ ρc , where ρ = ρc
corresponds to the HH bifurcation,
p
ρc = 1 + (1 − θ)2 ,
(3.15)
are captured by the ansatz


U
V




=

U
V

∗


+

u
v


,

(3.16)

where U ∗ and V ∗ represent the HSS Ab0 , and u and v capture the spatial dependence. We next introduce appropriate asymptotic expansions for each variable
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in terms of a small parameter  defined through the relation ρ = ρc + 2 δ (see
Appendix C).
Then, the asymptotic expansion for each variable can be written in the form

∗ 



U
Uc
U2
=
+ 2
+ ...,
(3.17)
V
Vc
V2
and



u
v




=

u1
v1



2

+



u2
v2


+

3



u3
v3


+ ...

(3.18)

The scaled variable is X = x, and we will consider all the components of the
fields to be functions of x and X, i.e. ui = ui (x, X(x)) and vi = vi (x, X(x)).
Then the differential operator ∂x on any of those fields will be
∂x ui (x, X(x)) = ∂x ui + ∂X ui ,

(3.19)

2
∂x2 ui (x, X(x)) = ∂x2 ui + 2∂x ∂X ui + 2 ∂X
ui .

(3.20)

and therefore

Inserting the ansatz given by Eq. (3.16) in Eq. (3.2) we can calculate the different
variables solving the system order by order in .
At order O(0 ) we find that,

ρc
2
 1 + (Ic − θ) 
=  (Ic − θ)ρc 
1 + (Ic − θ)2




Uc
Vc



At order O(1 ), we need to solve the equation

  
u1
0
L
=
v1
0

(3.21)

(3.22)

with L = L[A0 ] the linear operator defined by Eq. (3.6). In order to do that we
consider the ansatz

 


u1
a
=
φ(X)eikc x + φ̄(X)e−ikc x ,
(3.23)
v1
b
with a, b ∈ R and φ ∈ C r (R, C).
The solvability condition for this equation with the previous ansatz gives that
q
p
(3.24)
kc = ± (2Ic − θ) ± Ic2 − 1.
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We have to mention that (3.24) is solution of the Eq. (3.9) which was obtained
in the linear stability analysis in Section 3.2, and that Ic was also calculated
there. However, in the present calculation, the value Ic will be determined at
next order in .
With the previous condition satisfied, we find




θ − 2Vc2 − Ic + kc2
a
.
=
1 + 2Uc Vc
b
1

(3.25)

At O(2 ), we obtain, from the solvability condition related with the HSS contribution that,






U2
1 − 2Uc Vc
Ũ2
= δdc
,
(3.26)
=
δ
V2
2Uc2 + Ic − θ
Ṽ2
with
dc = 1 + θ2 + 3Ic2 − 4θIc .

(3.27)

And from the solvability condition of the equation regarding the spatial dependence another constraint for kc , namely
kc2 = 2Ic − θ

(3.28)

Equation (3.24) together with Eq. (3.28) give the condition
Ic = 1,

(3.29)

as we already showed in Section 3.2.
Finally, at O(3 ), the solvability condition for the equation at this order gives
the amplitude equation, or normal form, for the functions φ(X), namely
α1

d2 φ(X)
+ δα2 φ(X) + α3 |φ(X)|2 φ(X) = 0,
dX 2

(3.30)

where αi , i = 1, 2, 3 are functions of the control parameters (see Appendix C).
To solve Eq. (3.30) we consider the ansatz φ(X) = Aeiϕ , with A ∈ R+ . With
this ansatz two kind of solutions can be found depending on the fact that A
depends on X or does not.
If A 6= A(X), then Eq. (3.30) becomes
δα2 A + α3 A3 = 0,
(3.31)
p
with
r solutions A0 = 0 and A± = ± −δα2 /α3 . Then the solution is φ =
δα2 iϕ
−
e , with ϕ arbitrary (due to the translational invariance).
α3
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Consequently at leading order in  we find that from HH a spatially periodic
solution (pattern) of the form

 
 


r
α2
U
Uc
Ũ2
a
− (ρ − ρc )cos (kc x + ϕ) ,
=
+
(ρ − ρc ) + 2
V
Vc
1
Ṽ2
α3
(3.32)
arises. Moreover, if α2 /α3 > 0, the pattern bifurcates subcritically toward ρ < ρc
and when α2 /α3 < 0 it does supercritically towards ρ > ρc . The transition between supercritical and subcritical takes place at the value of θ where α2 /α3 goes
from negative to positive. This occurs for θ = 41/30 as was already calculated
in Ref. [5] (first page).
These perturbative solutions are only valid in the neighborhood of HH. Nevertheless, applying continuation methods, we can track these solutions for parameter
values far from HH, and therefore we can calculate the bifurcation diagrams of
these states. The understanding of the bifurcation structure and instabilities of
patterns (3.32) bifurcating from HH is the goal of the coming Section.
The case A = A(X) has a LS solutions of sech type bifurcating together with
the previous pattern from HH [15, 16]. These LSs will be studied in detail in
Section 4.4.

3.4 Bifurcation structure of patterns
In Section 3.3, we have calculated a perturbative solution for the pattern emerging from the HH. This solution is only valid in the neighborhood of the HH point,
and we wonder how these patterns look like far from that point and moreover
how their bifurcation structure is. These questions are addressed in this Section.
First, we analyze the bifurcation structure for the critical pattern for a fixed
value of the detuning. This pattern is connected with other patterns whose
wavevectors are even harmonics of the critical one, i.e. the pattern with λc is
connected to a pattern with λc /2, the latter with one with λc /4 and so on. Later,
we will show that for any pattern arising for I0 > Ic (from spatial resonances)
the scenario is analogous. In order to proceed we fix throughout this section
θ = 1.5 and a domain size L = 16λc , just a multiple of the critical wavelength
λc .
In Figure 3.6 we can see the bifurcation diagram for the pattern state emerging
from the HH bifurcation with the critical wavelength λc = 2π/kc . As bifurcation
measure we choose the L2 −norm,
Z
1 L/2
2
|A(x)|2 dx.
(3.33)
||A|| =
L −L/2
In the following we will label those patterns as Pkc . For this value of detuning,
a small amplitude pattern Pkc (see Figure 3.7(i)) bifurcates subcritically from
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(a)

(vii)
MI-2kc
FW1 (vi)
DC

(i)
SN1

Pkc
HH

(viii)
P2kc

(v)
SN2
(iv)

(iii)

(ii)

(b)
(xii) P4kc
(xi)
MI-4kc

DC

SN3
Pkc

FW2

P2kc

Figure 3.6: Bifurcation diagram of patterns with wavenumbers kc , 2kc , and 4kc for θ = 1.5.
Panel (a) shows the bifurcations of Pkc and how it connects with P2kc at FW1 . Panel (b)
shows a broader region of the bifurcation diagram. Here the pattern P2kc connects with P4kc
at FW2 . A zoom of this connection is shown in the inset.

Figure 3.7: Profiles of patterns corresponding to the bifurcation diagrams shown in Figure 3.6. Panels (i)-(vi) correspond to Pkc , panels (vii)-(x) to P2kc , and (xi)-(xii) to P4kc .

HH at I0 = Ic . Decreasing the value of ρ the pattern increases its amplitude
until reaching the saddle-node SN1 (see Figures 3.6(a)) where it becomes stable.
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(a)

HH

(b)

MI-2kc

(c)

MI-4kc

for θ = 1.5 (see Figand MI−
, MI−
Figure 3.8: Spatial eigenvalues associated with MI−
4kc
2kc
kc
ure 3.6). Panel (a) is a Hamiltonian-Hopf bifurcation. Panels (b), and (c) are DC resonances.

(a)
MI-2kc
-

MI 2k1
MI-2k2 FW1

FW1

FW1

MI-2k3
MI-2k4
SN3
DC

MI-ki
SN1

Pk3

Pk2

SN2

Pk1

Pkc

Pk4

SF

(c)

(b)
MI-k4
MI-k3
MI-k2
MI-k1
MI-kc

MI-2k4
SN3
FW1

(d)

MI-2k3

SN3
SNi1

FW1

Figure 3.9: In (a) bifurcation diagram for patterns with different wavenumbers bifurcating
from the HSS solution at MI−
, and MI−
points. The wavenumbers are kc = 8.88, k1 =
k
2k
9.38577, k2 = 9.88577, k3 = 10.3858 and k4 = 10.8858. In (b) a zoom of the panel (a) around
the MI−
unfoldings. Panel (c) and panel (d) show the birth of P2k3 and P2k4 from MI−
k
2k
i

3

and MI−
respectively. FW1 stands for finite wave instability, DC is a double-center and SF
2k4
is a saddle-focus.

The pattern is the one shown in panel (ii) of Figure 3.7. Profiles (ii)-(iv) of the
same figure show how the pattern increases its amplitude for larger values of ρ
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until reaching SN2 where it becomes again unstable. Once the fold is passed
and ρ is decreased, spatial oscillations (SOs) start to appear in between peaks as
we can appreciate looking at the real part of profile (v). These SOs correspond
to the growth of the second harmonic 2kc of the pattern wavenumber. These
peaks grow in amplitude (see panel (vi)) until Pkc merges with the pattern P2kc
which has a wavenumber 2kc . This merging occurs at a finite wavelength FW1
instability of P2kc at a double of its wavelength.
This new pattern bifurcates from MI−
2kc , which corresponds to a double-center
DC as we can see by looking at its spatial eigenvalues shown in Figure 3.8.
Initially, this pattern arises supercritically and unstable (see panel (vii)), but its
amplitude grows increasing ρ (see panel (viii)) until reaching SN3 where it folds
back.
Continuing after the fold, several SNs come up in pattern branches P2kc and
as before, SOs in between peaks grow before the pattern coalesces at the FW2
point with another branch denoted by P4kc , and with characteristic wavenumber
4kc . This new pattern bifurcates again supercritically, unstable and with small
amplitude (see panel (xi)of Figure 3.7) from the HSS at MI−
4kc , that is also a
DC in spatial dynamics (see Figure 3.4 (c)). Increasing ρ the same behavior as
in the previous cases is found (see panel (xii) of Figure 3.7).
As we already mention, for I0 > Ic , patterns with different wavelength also arise
from the HSS at non-hyperbolic points that we label as MI±
k . Therefore, on top of
the bifurcation diagram shown in Figure 3.6, we also have to consider an infinite
number of similar bifurcation structures for each of these patterns. Figure 3.9(a)
shows bifurcation diagrams corresponding to different wavenumbers for θ = 1.5.
For each pattern we have chosen the domain size L to be equal to just one
pattern wavelength, L = λ. Here, branches for five different wavenumbers, kc
and ki with i = 1, ..., 4 for increasing values of k, are plotted. The broader
diagram corresponds to kc , already shown in Figure 3.6. As the wavenumber is
increasing, two main different features happen. First, the bifurcation structure is
preserved and patterns Pk are also connected with their even harmonics P2k via
FW instabilities. Second, all the Pk patterns bifurcate subcritically from their
respective MI−
k bifurcations (see Figure 3.9(b)). On the contrary, as we can
see in Figure 3.9(a) and 3.9(c)-(d), P2k patterns bifurcate supercritically from
−
−
−
−
MI−
2kc and MI2k1 , but subcritically from MI2k2 , MI2k3 , and MI2k4 . Third, the
bifurcation structure, although preserved, shrinks increasing the wavenumber.
In the next Section we analyze the modification of the bifurcation structure for
patterns as a function of θ and we map these changes into the (θ, ρ)-parameter
space.
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SR2:1
VI

MI+kc
VI

FW1
II

MI-kc(HH)

MI-2kc

SNhom,2

SN2

III

C

IV

SNhom,1

V
V

dHH

SN1
I

Figure 3.10: Parameter space (θ, ρ). SR2:1 is a condimension-two point where MI−
and
kc
MI22kc (both DCs) meet. From this point a FW1 instability line (red) is born. For clarity we
exclude the line corresponding to SN3 . Different cuts of this space for a fixed value of θ are
shown in Figures 3.11 and 3.12.

3.5 Patterns in the (θ, ρ) plane
In the previous Section we have studied the bifurcation scenario for the particular
value of detuning θ = 1.5, where the pattern is known to be subcritical. In this
Section we analyze how the bifurcation structure is modified when changing
the value of θ. In order to do that we will focus on the pattern with critical
wavenumber Pkc . To have a complete understanding of the dynamics of the
pattern we project the bifurcation points, calculated for each value of θ, in the
parameter space (θ, ρ) shown in Figures 3.10.
For low values of θ the situation is like the one depicted in the diagram of
Figure 3.11(a) for θ = 1.1 < 41/30. As we can see, the pattern Pkc (red line)
bifurcates supercritically from the HH bifurcation at I0 = Ic , and returns back to
the HSS at MI+
kc (a DC resonance). Meanwhile P2kc (blue line) bifurcates from
MI−
(another
DC point), and extends to higher values of ρ until connecting
2kc
again with the HSS at MI+
2kc .
−
Increasing a little bit θ, MI+
kc and MI2kc encounter each other in a 2:1 spatial
resonance with O(2) symmetry (SR2:1 ) [20–22], a codimension-two bifurcation
point of the HSS which organizes the bifurcation scenario in the (θ, ρ)−parameter
space. This point can be calculated analytically by the condition I0+ (kc , θ) =
−
I0− (2kc , θ), standing for the collision between MI+
kc and MI2kc in the parameter
space (θ, ρ).

Increasing further the value of θ we cross the point SR2:1 (see Figures 3.10) and a
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(a)

MI-2kc
P2kc
DC
MI-2kc
MI+kc

Pkc
SF

MI-kc(HH)

(b)

P2kc

MI-2kc
MI-2kc

DC

FW1

Pkc
SF

MI-kc(HH)

(c)
P2kc

MI-2kc
DC

MI-2kc

Pkc

FW1

SF MI- (HH)
kc
(d)
DC
P2kc

-

MI 2kc
MI-2kc
MI kc(HH )
SF

Pkc

FW1

Figure 3.11: Bifurcation diagrams corresponding to θ = 1.1 (a), θ = 1.2 (b), θ = 1.3 (c), and
θ = 1.4 (d). As before, the red lines correspond to Pkc and the blue lines to P2kc . Panel (a)
and (b) show the situation before and after crossing SR2:1 . FW1 stands for finite wavelength
instability. Panel (b) and (c) show the changing of pattern Pkc from supercritical to subcritical
at the degenerate HH at θ = 41/30. The subpanels show a zoom around the FW1 instability.

bifurcation line FW1 emerges from it. All along this line, Pkc and P2kc patterns
connect. This situation can be observed, for instance, at θ = 1.2 and θ = 1.3 in
Figures 3.11(b)-(c), where both patterns emerge supercritically from the HSS.
At θ = 41/30, the pattern Pkc undergoes a degenerate HH (dHH) where it
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(a)

FW1

MI-2kc
b

SN1

DC

MI-kc(HH)

P2kc

a

SN2

Pkc

SF
(b)

MI-2kc

P2kc

SN3
DC
FW1

SN2

MI-kc(HH)
Pkc
SN1

SF

(c)

SC
FW1
SN3

SN1

MI-kc(HH)

MI-2kc
P2kc
SN2

Pkc
SF

Figure 3.12: Bifurcation diagrams corresponding to θ = 1.5 in (a), θ = 1.72 in (b) and
θ = 1.8 in (c). In the subpanels we zoom in some parts of the diagrams. For θ = 1.5 (panel
(a)), P2kc bifurcates supercritically from the HSS at MI−
. On the contrary, for θ = 1.72,
2kc
P2kc rises subcritically. In panels (b) and (c) we can observe how the FW1 instability moves
forward SN3 .

becomes subcritical for θ > 41/30. This new regime is shown in Figures 3.11(d)
for θ = 1.4. Here patterns bifurcate initially unstable from HH and become
stable at the saddle-node SN1 (orange dashed line in Figures 3.10). This branch
of solutions (Pkc ) extends until FW1 , where it connects with P2kc . In this regime
A0 and Pkc , both stable, coexist and therefore LSs arise in terms of a homoclinic
snaking structure [14, 15], that will be analyzed in the next Chapter.
At θ = 1.5 (see Figures 3.12(a)) the most relevant change in the bifurcation
structure is that Pkc bifurcates subcritically from FW1 , i.e. initially the pattern
emerges unstable from FW1 and gains stability at SN2 (also in orange dashed
line in Figures 3.10). The transition between super and subcritical happens in
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a degenerate FW1 bifurcation. The pattern Pkc is stable between SN1 and SN2
and unstable between FW1 and SN2 . The stability of the branch P2kc is more
complex and involves the appearance of Hopf and Eckhaus bifurcations.
For θ = 1.72 (see Figures 3.12(b)) P2kc becomes also subcritical in another
degenerate MI−
2kc point. Due to this, a new saddle-node bifurcation SN3 appears
(not shown in Figures 3.10). In this saddle-node, the pattern, that initially
emerges unstable from HSS, becomes stable.
In the subpanels of Figures 3.12(b) and (c) we can see a zoom of the region
around FW1 for θ = 1.72 and θ = 1.8 respectively. In the top panel of (b)
we see that the unstable pattern Pkc meets P2kc at FW1 . Increasing θ, the
FW1 point approaches more and more SN3 until, eventually, they meet in a new
degenerate point. This is for example the situation shown in the bottom panel
corresponding to θ = 1.8.
We distinguish four main dynamical regions, labeled I-VI in the phase diagram
in Figure 3.10, in terms of the existence of HSS solutions and patterns:
• Region I: The HSS solution A0 is stable. This region spans the parameter
space ρ < ρc .
• Region II: The pattern Pkc is stable and A0 unstable. This region spans the
parameter space ρ in-between ρc and MI+
kc for θ < θSR2:1 and ρ in-between
−
−
MIkc and MI2kc for θ > θSR2:1 .
• Region III: Bistability between Pkc and the HSS A0 . This region spans for
θ > 41/30 and for ρSN1 < ρ < ρc .
√
• Region IV: Bistability region for the HSSs. For θ > 3, Ab0 and At0 coexist
in region ρt < ρ < ρb 1 .
• Region V: Coexistence between P2kc , bifurcating from MI−
2kc , and Pkc
bifurcating from MI−
(HH).
kc
• Region VI: Coexistence between the P2kc , bifurcating from MI−
2kc , and the
unstable A0 .
In the parameter space shown in Figures 3.10 we only focus on the region around
the FW1 point, and therefore on the bifurcations related only with Pkc and P2kc .
However, a similar configuration takes place between the patterns P2kc and P4kc ,
P4kc and P8kc , and so on. These lines and their intersections were already shown
in Figures 3.5(b) and (c). As we can observe in those figures, there is a sequence
of SR1:2 bifurcation points occurring.
1ρ
b
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and ρt represent the position of the SNhom,1 and SNhom,2 respectively.

3.6. SECONDARY BIFURCATIONS OF PATTERNS
On top all this picture, for the critical pattern and their even harmonics, a
similar organization of patterns occurs for a dense family of patterns for each
wavenumber k ∈ R+ , which implies that the scenario is quite complex.

3.6 Secondary bifurcations of patterns
In this Section we analyze numerically the stability of the pattern solutions
Ap = (Up , Vp ) against perturbations with wavenumber q, i.e. perturbations of
the type ∼ eiqx . In this way we can find and characterize all the secondary
bifurcations that the pattern undergoes for different values of ρ and θ.
First of all, we present the technique that has been used in this analysis. After
that, we show the results regarding the stability of P2kc for a fixed value of
detuning, in particular θ = 1.5. We demonstrate that P2kc undergoes three types
of instabilities, Eckhaus (EC) instabilities, finite wavelength (FW) instabilities
and finite wavelength Hopf (FWH) instabilities. This last type of instability is
responsible for the oscillation of the pattern in time and space, and is also known
as wave instability (WI) [11, 23–26].

3.6.1 Linear instability of patterns
This method is a generalization of the technique described in [27]. First, we linearize Eq. (3.1) around a stationary pattern Ap = (Up , Vp ), and we calculate the
eigenspectrum of the linearized operator for different values of the wavenumber
q. In other words, we have to solve the eigenvalue problem
L[Ap ]ψ = λψ,

(3.34)

where now we consider the linear operator L[Ap ] = LC [Ap , Āp ] written in function of complex variables, namely


−(1 + iθ) + 2i|Ap |2 + i∂x2
iA2p
C
L [Ap , Āp ] ≡
,
−iĀ2p
−(1 − iθ) − 2i|Ap |2 − i∂x2
(3.35)
being ψ the eigenmode associated with the eigenvalue λ.
If any of the eigenvalues is positive the pattern will be unstable. Furthermore,
the eigenvector associated to this positive eigenvalue indicates the spatial profile
of the growing perturbation.
Due to the periodicity of L[Ap ], we can apply the Bloch theorem and write the
eigenmodes as a superposition of Bloch waves,


eiqx f (x, q)
,
(3.36)
ψ(x, q) =
e−iqx f¯(x, −q)
where
f (x + λp , q) = f (x, q),

(3.37)
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and λp is the wavelength of Ap .
Both f and Ap can be written as the Fourier expansion:
f (x, q) =

N
−1
X

fm (q)eikm x ,

(3.38)

m=0

and
Ap (x) =

N
−1
X

am eikm x ,

(3.39)

m=0

with km = 2πm/λp , and N the number of Fourier modes considered in the
analysis.
Inserting Eq. (3.38) and Eq. (3.39) in Eq. (3.35) we get the discretized problem
L(am , q)Σn (q) = λn (q)Σn (q),

(3.40)

with Σn ≡ (f0 (q), · · · , fN −1 , f¯0 (q), · · · , f¯N −1 ) and λn (q) the eigenmode and
eigenvalue associated with the matrix L(am , q). For more details see Refs. [27–
29].
Then, the stability analysis of Ap (x) reduces to find the 2N eigenvalues λn (q)
of the matrix L(am , q) for each value of q. The eigenvalues for a given q determine the stability of the pattern against perturbations containing any set of
wavenumbers km ± q. To know the stability of the solutions against any possible
perturbation it sufficient to consider only the q values inside the first Brillouin
zone. Any perturbation with wavenumber q 0 outside the Brillouin zone is equivalent to another with q = q 0 + km . In solid state physics this representation is
described as the reduced zone scheme [30].
Using this technique we characterize how the eigenspectrum of L(Ap ) changes
as a function of q for each set of values (θ, ρ), and therefore, we can predict
instabilities to patterns of any wavelength.
We find that patterns Pkc only change its stability through saddle-node bifurcations, as we can observe in Figure 3.11 and Figure 3.12.
Figure 3.13 shows a portion of the bifurcation diagram for θ = 1.5 with the
branches corresponding to Pkc (in red), and P2kc (in blue), and as usual, solid
(dashed) lines represent stable (unstable) solutions. Regarding the P2kc three
bifurcation occur along its solution branch. From left to right, the first instability
that appears is a FW instability, where P2kc connects with Pkc . In second place
a EC instability occurs, and finally a Hopf bifurcation (H) takes place. The
pattern P2kc is stable between H and EC. For values of ρ on the left of EC
patterns are unstable against long-wavelength perturbations (q ∼ 0), and for
this reason this instability is also known as long-wavelength (LW) instability
[11, 23].
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MI 2kc
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(ii)

(iii)
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P24

P25

H
P28

DC
P22

HH
SF

Figure 3.13: Bifurcation diagram for θ = 1.5. In red, the pattern branch Pkc bifurcating
from HH. In blue, the branch of P2kc that arises from MI−
. Labels (i)-(iv) correspond to
2kc
the unstable patterns analyzed in Figure 3.15. This pattern with initially 32 rolls evolves to
patterns with a different number of rolls depending on the value of ρ. The correspondence is
signaled by an arrow, and the new pattern branches (in gray) are labeled with Pn , being n
the number of rolls of the new state.

(a)

(b)

q1

(c)

1

Figure 3.14: Modification of the eigenspectrum around the EC instability. In this figure we
plot Re[λ(q)] at θ = 1.5 for different values of ρ. (a) ρ = 1.57, (b) ρ = ρEC = 1.58, and (c)
ρ = 1.59. Only the leading eigenvalue λ1 is shown.

3.6.2 Eckhaus or long-wavelength instability
When a Eckhaus instability takes place, there is one branch of eigenvalues λ1 (q)
that, for small q, has a parabolic shape centered at q = 0, namely Re[λ1 (q)] ∝
|q|2 . The EC instability is characterized by a change in the convexity of this
eigenvalue.
This type of change can be observed in Figure 3.14 where we have plotted the
eigenvalue of the leading mode of the complete eigenspectrum as a function of
q for three different values of ρ, namely ρ = 1.57, ρ = 1.58, and ρ = 1.59. The
range of q studied belongs to the first Brillouin zone, [0, k 0 /2], being k 0 = 2kc .
In panel (c) ρ = 1.59, and Re[λ1 (q)] is negative. Therefore, the pattern P2kc
is always stable no matter the wavelength of the perturbation. In panel (b)
(ρ = 1.58), the branch of eigenvalues flattens around Re[λ(q)] = 0. This value
corresponds to the EC or LW instability, and we label it as ρEC = 1.58. Finally
in (a), the branch of eigenvalues has changed its convexity, and the pattern
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Figure 3.15: Re[λ(q)] at θ = 1.5 in the region Eckhaus unstable and temporal evolution of
the initial pattern to patterns of different wavelengths. These patterns are shown in gray in
Figure 3.13. The initially 32 rolls pattern, evolves to P28 in (iv) for ρ = 1.5, P25 in (iii) for
ρ = 1.4, P24 in (ii) for ρ = 1.3, and P22 in (i) for ρ = 1.2.

is unstable to perturbations with q ∈ [0, q1 ]. We have found that P2kc is EC
unstable all the way from EC until MI−
2k where it emerges from the HSS. On top
of these instabilities the patterns exhibit a FW instability that will be studied
in detail in the next Section.
Figure 3.15 shows how the unstable pattern P2kc behaves depending on its eigenspectrum for different values of ρ between MI−
2kc and EC. The labels (i)-(iv) correspond to different point along the pattern branch P2kc plotted in Figure 3.13.
The left column of Figure 3.15 shows the real part of the eigenspectrum Re[λ(q)],
and the middle column represents a detailed view of the leading eigenvalue λ1 (q).
The right column shows the temporal evolution of the initial patterns from (i)
to (iv).
For ρ = 1.5 (see panel (iv) of Figure 3.15), P2k is unstable to perturbations with
q in between 0 and q1 , being the most unstable mode the one corresponding to
the maximum of the curve. The evolution of this pattern is shown in the right
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(b)
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Figure 3.16: Modification of the eigenspectrum around the FW instability. Here we show
the eigenspectrum Re[λ(q)] at θ = 1.5 for different values of ρ. (a) ρ = 1.176, (b) ρ = ρF W =
1.17715 (c) ρ = 1.178.

panel of (iv). In the first stage of the simulation the pattern seems to be stable,
although after a large amount of time, the wavelength of the pattern suddenly
increases to the wavelength of the most unstable mode. Thus our pattern, which
initially had 32 rolls, becomes a pattern with 28 rolls that we name as P28 . This
new pattern can be tracked back and forward on ρ and as result one obtains the
solution branch plotted in Figure 3.13.
Decreasing the value of ρ, λ1 moves upward (see middle panel (iii) Figure 3.15
for ρ = 1.4), increasing the region of unstable modes. Reducing even farther
the value of ρ, the pattern becomes unstable to any q ∈ [0, k 0 /2] (see panel (ii))
for ρ = 1.3. As we can also observe, the maximum of λ1 , the most unstable
mode, becomes larger as decreasing the value of ρ (see middle panels from (iv)(i)), and therefore the amount of time needed to destabilize the pattern P2k
decreases with ρ, as we can observe in the right panels of Figure 3.15.
We can always track the final state of the simulation in ρ and obtain the corresponding solution branches plotted in Figure 3.13. Each new branch is labeled
with Pn , being n the number of rolls of the final pattern. The correspondence
between the pattern branch P2k and the new branches of patterns is indicated
by arrows.

3.6.3 Finite wavelength instability
Here we characterize the points that previously we have labeled as FWi , with
i = 1, 2, .... At these points a solution branch corresponding to a pattern with a
wavenumber k, let us say Pk , connects the branch of a pattern with wavenumber
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2k, i.e. P2k . This instability is a specific type of bifurcation occurring at a finite
wavenumber q, and therefore they are called finite wavelength instabilities.
In our case, it is the pattern P2k , with wavenumber k 0 = 2k, the one that
undergoes a particular type of FW instability happening at q = k 0 /2. Indeed,
this corresponds to a wavenumber q = k, and therefore P2k becomes Pk . This
bifurcation is characterized by a branch of eigenvalues λ(q) having a parabolic
shape centered at q = k 0 /2, i.e. Re[λ(q)] ∝ |q−k 0 /2|2 , which crosses Re[λ(q)] = 0
at q = k 0 /2.
This transition is shown in Figure 3.16 for the value of detuning θ = 1.5 for three
values of ρ around FW1 , namely ρb = 1.176, ρF M = 1.17715, and ρa = 1.178,
so before the FW1 , at the FW1 , and after. The position of these three values is
shown in Figure 3.12(a) and in Figure 3.13.
Figure 3.16(a) shows the situation for a value ρ < ρF W . In the bottom panel we
see a zoom of the eigenspectrum centered at zero. As we can observe there are
two relevant eigenvalues λ1 (q) and λ2 (q). Re[λ1 (q)] is positive for all the range
q ∈ [0, k 0 /2 = k], and therefore the pattern P2k is unstable to any perturbation
∼ eiqx with q ∈ [0, k 0 /2 = k]. For all this range, the maximum of Re[λ1 (q)]
corresponds to the wavenumber of the most unstable mode. The other relevant
eigenvalue is λ2 (see bottom panel). This branch of eigenvalues, as we said before,
is centered at q = k 0 /2 and is positive. Panel (b) shows the eigenspectrum at
the FW1 instability occurring at ρ = ρF W . At this value the branch λ2 (q) is
negative and tangent to Re[λ(q)] = 0 at q = k 0 /2. Finally, panel (c) shows the
situation at ρa = 1.178, where the branch λ2 (q) is completely negative.
For these values of ρ the pattern is always unstable to any perturbation with
q ∈ [0, k 0 /2 = k], and therefore one can not observe the FW instability. However,
this bifurcation signals the connection of the branches of patterns P2k and Pk .
As one can appreciate in Figure 3.10 this instability emanates from a spatial 1:2
resonance with O(2) symmetry, namely SR1:2 .

3.6.4 Hopf instability
Here, we analyze the last bifurcation that we have found along the branch of
patterns P2kc . As shown in Figure 3.13, the pattern P2kc is stable between
EC and the Hopf (H) bifurcation at ρ = 1.87. This bifurcation diagram can
be re-plotted in terms of the extrema of |A|2 , i.e. max(|A|2 ) and min(|A|2 ), as
shown in Figure 3.17. As usual, solid (dashed) lines represent stable (unstable)
stationary states, and the crosses represent simulations. Moreover, the Hopf
bifurcation is supercritical.
In the context of patterns, two types of Hopf bifurcations can occur. The first
type corresponds to an amplitude instability occurring at q = 0, and it is known
as homogeneous Hopf bifurcation. In this bifurcation the real part of two complex
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Pkc

FW1

EC

P2kc

H

Figure 3.17: Bifurcation diagram for θ = 1.5. Here we plot the extrema of |A|2 , i.e. max(|A|2 )
and min(|A|2 ). In blue crosses we represent the oscillatory states. The time evolution of some
of these states is shown in Figure 3.19.

eigenvalues with q = 0, λ2 (0) and λ3 (0) becomes zero at the critical point, with
an imaginary part different from zero. When the real part of the eigenvalues
becomes positive the pattern starts to oscillate uniformly with a period T = 2/ω,
being ω = Im(λ2 (0)) = Im(λ3 (0)).
The second type of Hopf bifurcation occurs with q 6= 0, and is known as finite
wavelength Hopf (FWH) or wave instability (WI) [11, 23–26]. The pattern that
becomes unstable through this type of bifurcation does not oscillate uniformly,
contrary to the previous case, but it oscillates in time and in space. The Hopf
indicated in Figure 3.17 is indeed a FWH instability.
The three leading branches of eigenvalues are plotted in the top panels of Figure 3.18 for the values ρ = 1.84 in panel (i), ρ = 1.87 in panel (ii) and ρ = 1.9 in
panel (iii). In panel (i) the branches of eigenvalues λ2 (q) and λ3 (q) are bellow
zero and their maxima correspond to q = k 0 /2 = kc . In the bottom of panel (i)
we plot the eigenspectrum of the pattern at q = kc , and as we can observe λ2 (kc )
and λ3 (kc ) are complex conjugates. When ρ = 1.87 (see panel (ii)) the real
part of these two complex conjugate eigenvalues becomes zero, and therefore a
Hopf bifurcation at q = k 0 /2 = kc occurs. Finally, in panel (iii) the real part of
the eigenvalues becomes positive and the pattern starts to oscillates, although
now not only in time but also in space.
In Figure 3.19 we show the contour plots of these oscillatory states for three
values of ρ. For ρ = 1.9 (see panel (i)), the pattern oscillates in time but not
uniformly. Thus there are regions where the pattern has different oscillation
amplitudes. Increasing a bit more ρ, the pattern undergoes some oscillations in
space, where some peaks move from left to right (see panel (ii) for ρ = 2.11).
For ρ = 2.41 (panel (iii)), the pattern exhibits much complex dynamics where
peaks merge and separate. The complete description of the dynamics of these

87

PATTERN STATES IN THE ANOMALOUS GROUP VELOCITY DISPERSION
REGIME
1
1

1
2

3
2

3

2

3

2(k'/2)
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Figure 3.18: Hopf bifurcation at q = k/2. Re[λ(q)] at θ = 1.5 for different values of ρ. (a)
ρ = 1.84, (b) ρ = 1.87 (c) ρ = 1.9. In the bottom panels eigenvalues of the pattern at q = k/2.

Figure 3.19: Time evolution of the oscillatory patterns for θ = 1.5. In (i) ρ = 1.9, (ii)
ρ = 2.11 and (iii) ρ = 2.41. Labels correspond to Figure 3.17.

oscillatory states in time and space is beyond the scope of this Chapter and will
be studied elsewhere.

3.7 Discussion
In this Chapter we have focused on the bifurcation structure and stability of
patterns for θ < 2. For θ > 2 the HH bifurcation at I0 = Ic becomes a BD
transition, and the first instability takes place for values I0 > Ib , being Ib the
position of SNhom,1 , and always with kc = 0. In this case, in addition to the
new bifurcating homogeneous solution Am
0 (k = 0), one can consider that above
Ib pattern solutions with very large wavelength (k ∼ 0) exist.
In finite systems with periodic boundary conditions A(0) = A(L), being L the
spatial period, the largest possible wavelength corresponds to λ = L. If the
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bifurcation is subcritical, and the pattern is highly nonlinear, this pattern can
be interpreted as a single localized structure.
When k = kc = 0, the instabilities MI±
kc =0 are given by
I0± (k = 0) =

1p 2
2
θ±
θ − 3 ≡ Ib,t ,
3
3

(3.41)

that in fact represents the positions of SNhom,1 at Ib (with the − sign) and
SNhom,2 at It (with +). The pattern with k = ∆k = 2π/λ = 2π/L appears
at MI−
∆k , which is closer to SNhom,1 the larger the system is, and disappears at
MI+
∆k close to SNhom,2 .
−
−
Due to the accumulation of all the MI−
∆k , MI4∆k , MI4∆k , ... to SNhom,1 and
+
+
+
MI∆k , MI2∆k , MI2∆k , ... to SNhom,2 (see Figure 3.3(d) for θ = 2), this single
peak pattern and their harmonics will bifurcate together.

In terms of spatial dynamics SNhom,1 is indeed a reversible Takens-Bodganov
(RTB) bifurcation, and theory predicts that a sech type of LS bifurcates from
it. This state, in the context of patterns previously discussed, corresponds to a
single-peak pattern. In Chapter 4 we will show that this state can be calculated
asymptotically in the neighborhood of the RTB point, and that its bifurcation
diagram keeps some similarities with the diagram shown in Figure 3.12(c) for
θ = 1.8.
As we already mention in Chapter 2, the emergence of the different type of LSs
and patterns is organized through a quadruple-zero (QZ) point in the spatial
dynamics context. Applying weakly nonlinear analysis about the QZ point (θ =
2) we have recently found that the dynamics of the system around that point can
be described by a Swift-Hohenberg equation with only quadratic nonlinearity.
This type of equation was already studied in the 90’s by Buffoni et al. [31],
and we think that these results can be fundamental to understand the transition
between the two previous scenarios.

3.8 Conclusions
In this Chapter we have studied the bifurcation structure and stability of patterns arising in the LL model in the anomalous GVD dispersion regime. We
have restricted to the range of detuning parameter θ < 2, where patterns first
arise from a Hamiltonian-Hopf (HH) bifurcation [16]. The scenario for θ > 2 is
more complex and it will be studied in detail in Chapter 4.
Linear perturbation theory predicts that the HSS solution becomes modulation√
ally unstable at I0 = Ic = 1 to a pattern with a critical wavenumber kc = 2 − θ,
namely Pkc [1, 5]. A weakly nonlinear analysis has allowed us to obtain a perturbative solution of this pattern in the neighborhood of the HH bifurcation. From
this calculation one can also predict that Pkc emerges supercritically if θ < 41/30
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and subcritically if θ > 41/30, being θ = 41/30 a degenerate Hamiltonian-Hopf
bifurcation.
This analytical approximation for the pattern Pkc around HH has been used
as initial seed in a numerical continuation algorithm that have allowed us to
calculate the bifurcation states for parameter values far from the bifurcation
point.
Consequently, we can build up the bifurcation structure for patterns as a function
of ρ for any value of θ. We have found that patterns arising from the HH
bifurcation reconnect with the HSS for larger values of I0 at MI+
kc , and that
their even harmonics P2kc also bifurcate from the HSS at the instabilities MI±
2kc .
Changing the control parameters these two types of patterns connect in a finite
wavelength (FW) instability. In the same manner, the pattern P4kc is connected
with P2kc by another FW instability and so on. This behavior occurs not only
for the pattern characterized by kc , but for any pattern emerging from the HSS
solution at I0 > Ic . We have characterized the complete parameter space-(θ, ρ)
and we have found that the FW instability arises from a spatial resonance at 2:1
with symmetry O(2) [20–22].
Patterns can experience several dynamical instabilities which infer very rich
and complex dynamics. In particular P2kc , endure Eckhaus instabilities, wave
instabilities and finite wavelength instabilities.
In the following Chapters, we will see that patterns are corner stones in the formation of LSs when bistability between the HSS solution and the previous ones
is achieved [12, 14, 15]. Consequently, this study will be useful for understanding
the complete bifurcation scenario regarding LSs.
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Chapter 4

Bright solitons in the anomalous
group velocity dispersion regime
4.1 Introduction
In this Chapter we study in detail the dynamics, stability, and bifurcation structure of bright solitons appearing in the one-dimensional LL equation describing
temporal cavities in the anomalous GVD regime. These localized structures
(LSs) can be seen as localized spots of higher intensity light embedded in a homogeneous surrounding. This regime has been widely studied in one and two
transverse dimensions for θ < 2 [1–3].
As shown in Chapter 3, for θ < 2, a pattern Pkc emerges from the HamiltonianHopf (HH) bifurcation, supercritically if θ < 41/30, and subcritically, if θ >
41/30 [2]. In the subcritical case, the bistability between the pattern and the
stable bottom branch of the homogeneous steady state (HSS) solution Ab0 can
lead to the formation of bright solitons organized in a bifurcation structure
known as homoclinic snaking [4, 5]. A detailed study about the bifurcation
structure of these solitons can be found in Ref. [7].
However, for θ > 2, bright solitons bifurcate from the SNhom,1 (a reversible
Takens-Bodganov (RTB) bifurcation in spatial dynamics), and they are KdVtype of solitons. In Ref. [9], the authors showed that in this regime bright
solitons undergo oscillatory instabilities, temporal chaos, and spatio-temporal
chaos. Nevertheless, a complete understanding of the bifurcation structure and
the stability of these states was still lacking. Our main goal in this Chapter is
to revisit and complete previous studies in this regime [11, 12].
As we will see, for θ > 2, bright solitons are organized in a bifurcation structure
that has a different morphology and origin than homoclinic snaking type of
bifurcation diagrams, and that we will refer as foliated snaking following Ref. [10].
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The Chapter is organized as follows. In Section 4.2, we summarize the main
results regarding the spatial dynamics of the HSS solution in the anomalous
GVD regime, identifying the bifurcations from where one could expect the origin
of LSs. Later, in Section 4.3, we analyze the birth of bright solitons from the HH
bifurcation for θ < 2. First, we perform a perturbative analysis around the HH
bifurcation obtaining a first order approximation for a bump solution, only valid
in the neighborhood of the HH point. After that, using continuation techniques,
we build up the bifurcation diagram for these states. In Section 4.4, we study the
appearance of bright solitons which emerge from the SNhom,1 , a RTB bifurcation
in spatial dynamics, for θ > 2. Later, in Section 4.5, we expose the organization
of solitons in the parameter space (θ, ρ) showing the regions of existence of these
states. In Section 4.6, we study the oscillatory and chaotic regimes that bright
solitons undergo for high values of θ, and finally, in Section 4.7, we end the
Chapter with some conclusions.

4.2 Overview of spatial dynamics in the anomalous regime
Here we shortly review the spatial dynamics of the LL equation in the anomalous
GVD regime, already studied in Chapter 2. The stationary LL equation in this
regime, namely:
− V 00 − U + θV − V (U 2 + V 2 ) + ρ = 0,
(4.1)
U 00 − V − θU + U (U 2 + V 2 ) = 0,
with 0 standing for the derivative respect to x, can be recast into a four dimensional dynamical system. In this case the spatial eigenvalues, i.e. the eigenvalues
associated with the dynamical system at the HSS, have the configuration given
in Figure 2.6.
In Figure 4.1 we have partially reproduced two panels of that diagram representing the two configurations which are relevant in this Chapter. Panel (a) shows
the situation for θ < 2, and panel (b) for θ > 2.
From Eq. (2.4) with ν = 1 one derives that the condition I0 = Ic = 1 defines
the following curve in parameter space:
p
(4.2)
ρ = ρc ≡ 1 + (1 − θ)2 ,
which is a Hamiltonian-Hopf (HH) bifurcation with eigenvalues λ1,2 = ±ikc ,
λ3,4 = ±ikc , for θ < 2, and a Belyakov-Devaney (BD) transition with λ1,2 = ±q0 ,
λ3,4 = ±q0 for θ > 2. Together with these lines, we also have found that SNhom,1
is a reversible Takens-Bodganov-Hopf (RTBH) bifurcation with λ1,2 = ±ik0 ,
λ3 = λ4 = 0 for θ < 2, and a reversible Takens-Bodganov (RTB) bifurcation
with λ1,2 = ±q0 λ3,4 = 0 for θ > 2. In contrast, SNhom,2 is always a RTBH
bifurcation for any value of θ.
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A0b
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Figure 4.1: Spatial eigenvalues configuration for several values of θ. (a)
and (d) θ = 4 > 2.

√

3 < θ = 1.8 < 2

Thus, we expect LSs bifurcating from the HH point in the configuration shown in
Figure 4.1(a), and from the RTB bifurcation in the configuration of Figure 4.1(b).
For θ = 2 the BD, HH, RTB and RTBH lines meet at the quadruple zero (QZ)
point (see Section 2.3).
In Section 4.3 we study LSs bifurcating from the HH point for θ < 2, and in
Section 4.4 those bifurcating from the SNhom,1 (RTB) for θ > 2.

4.3 Bifurcation structure and stability of bright solitons for
θ<2
In this Section we study the existence, stability and bifurcation structure for LSs
arising from the HH bifurcation present for θ < 2. In this regime it is well known
that there is a large number of states coexisting for the same set of parameters.
First, we show that the amplitude Eq. (3.30) has two branches of LSs, one with an
odd number, and another with an even number of peaks, both bifurcating from
the HH. These states have oscillatory tails and are NSL-type of solitons. Later,
using continuation techniques, we continue these states to values of parameters
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far from the HH point, confirming that the solution branches of these LSs are
organized in a homoclinic snaking bifurcation structure [4, 7, 8]. After that, we
also show that there exist asymmetric states interconnecting these branches of
solutions.

4.3.1 Summary of weakly nonlinear analysis around HH for localized
states
In Section 3.3, while studying the pattern solution arising from the HH, we have
found that the spatial dependent amplitude φ(X) of the first order perturbative
solution around the HH bifurcation, namely

 


u1
a
φ(X)eikc x + φ̄(X)e−ikc x ,
(4.3)
=
v1
b
was solution of the amplitude equation
α1

d2 φ(X)
+ δα2 φ(X) + α3 |φ(X)|2 φ(X) = 0,
dX 2

(4.4)

where αi , i = 1, 2, 3 are complex functions of the control parameters (see Appendix C).
To solve Eq. (4.4) we consider the ansatz φ(X) = Aeiϕ , with A ∈ R+ . With this
ansatz two kinds of solutions can be found depending on whether A is a function
of X or not. The situation A 6= A(X) gives the pattern type of steady solution
of Eq. (4.4). On the contrary, in the subcritical regime, i.e θ > 41/30, LSs can
also be found if one consider that A = A(X). In this case Eq. (4.4) becomes
d2 A(X)
= β1 A(X) + β2 A3 (X),
dX 2

(4.5)

with β1 = −δα2 /α1 and β2 = −α3 /α1 , and this equation has a solution (see
Appendix C)
s
p

−2β1
φ(X) =
sech
β1 (X − X0 ) eiϕ ,
(4.6)
β2
and therefore, at leading order, the LS perturbative solution around HH is

 
 



U
Uc
Ũ2
u1
=
+
(ρ − ρc ) +
,
(4.7)
V
Vc
v1
Ṽ2
with



96

u1
v1




=2

a
1

s

s

2α2 (ρc − ρ)
α
(ρ
−
ρ)
2 c
sech 
x cos(kc x + ϕ).
α3
4α1

(4.8)
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The parameters are the same than in Section 3.3 and are given in the Appendix C.
This solution is only valid in the neighborhood of HH, therefore just when
 ∝ (ρ − ρc ) → 0. Like the spatially periodic states, this family of localized
solutions is parameterized by ϕ ∈ S 11 , which controls the phase of the pattern
within the sech(·) envelope. Within this asymptotic approximation this phase
remains arbitrary, and there is no locking between the envelope and the underlying wavetrain at any finite order in . However, it is known that this is no
longer the case once terms beyond all orders are included [17–19]. These terms
break the rotational invariance of the envelope equation and result in a weak
flow on the circle S 1 . This flow in turn selects specific values of the phase: ϕ = 0
and ϕ = π. Moreover these phases are the only two phases that preserve the
reversibility symmetry (x, A) 7→ (−x, A) of Eq. (4.1).

4.3.2 Homoclinic-snaking structure
As we said before the weakly nonlinear LS solutions, calculated previously, are
only valid for  → 0, and therefore in the neighborhood of the HH bifurcation.
Nevertheless, using continuation techniques it is possible to track these states to
values of the control parameters far from this point. In this way, two branches
of solutions are found: one branch is associated with ϕ = 0 and includes profiles
with a local maximum in A at the midpoint, and the other branch is related
with ϕ = π and includes profiles with a local minimum in A at the midpoint.
We refer to the former branch as L0 and the latter as Lπ .
These two branches of LSs persist to finite amplitude where they undergo homoclinic snaking: sequence of saddle-node bifurcations that cause the branches to
intertwine as they oscillate back and forth across a parameter range called the
snaking or pinning region [4, 8]. This type of structure is shown in Figure 4.2
for domain size L = 160 and for a fixed value of detuning θ = 1.5. Here we use
as bifurcation parameter ρ, although the same type of diagrams appears if ρ is
fixed and θ is modified, as shown in Ref. [11].
The diagram obtained corresponds to panel (a) of Figure 4.2. With this quantity
it is not so easy to appreciate the different branches of solutions. Because of this
in Figure 4.2(b) the same diagram is shown, but removing the background field
(HSS) A0 from the norm. In this way the unfolding of the different branches is
much more clear.
The two branches of symmetric LSs that bifurcate subcritically from HH, enter the snaking or pinning region, in which they undergo repeated saddle-node
bifurcations as they snake across the region. These saddle-nodes converge exponentially, rapidly and monotonically to a pair of values ρ− and ρ+ (here shown
1 The

unit circle defined as S 1 := {eiϕ : 0 ≤ ϕ < 2π}.
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Figure 4.2: Homoclinic snaking bifurcation diagram for θ = 1.5 and L = 160. In panels (a)
we plot the diagram using ||A||2 , and in panel (b) we have removed the HSS solution A0 . The
labels correspond to the profiles shown in Figure 4.3.

with vertical lines), representing the boundaries of the snaking region.
A sequence of profiles corresponding to L0 solutions is shown in Figure 4.3,
for panels (i)-(xv). Initially these states emerge unstably and with a small
amplitude (see profile in panel (i)) from HH. The amplitude of the bifurcating
state increases as decreasing the value of ρ and entering in the pinning region
(profile in panel (ii)). Once reaching SN1 the state becomes stable and increases
its amplitude as increasing ρ. One example of this profile is shown in panel (iii).
At SN2 , near ρ+ , the LS becomes again unstable and nucleates a pair of peaks
or rolls, one on either side of the central peak (see profile in panel (iv)). As one
proceeds up the branch to the next fold on the left ρ− , the new rolls grow to the
height of the coexisting periodic state P (see profile (v)) and the branch turns
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Figure 4.3: Bright solitons profiles for the ϕ = 0 (labels (i)-(xv)), and the ϕ = π (labels
(xvi)-(xxiv)) families of solution branches, i.e. states with an odd and even number of peaks
respectively, corresponding to labels shown in Figure 4.2.

around to repeat the process.
In this way as one proceeds up the L0 branches, the LSs repeatedly add rolls on
either side symmetrically each back-and-forth oscillation, increasing the width
of the state by two wavelengths 2π/kc as we can appreciate in panels from (vi)
to (xv) of Figure 4.2. The Lπ family of solutions shown in panels (xvi)-(xxiv)
of Figure 4.3 undergoes the same process.
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In an infinite system this process continues indefinitely as both branches approach the periodic state Pkc that arises from the HH bifurcation together with
L0,π . In contrast, in a finite size domain, like the one shown in Figure 4.2
(L = 160), both families of solutions L0,π connect with the pattern at a finite
value of the norm. Thus, different configurations can occur. One of these phenomenon is that the L0,π states, instead of arising from the HH, do it directly
from a secondary bifurcation of the pattern. Moreover, if the domain size is also
small, the L0,π branches can end at different patterns, as it is actually our case,
where the L0 family ends at the pattern P18 , and Lπ in P19 with respectively
18 and 19 rolls each.
How the size of the spatial domain affects the structure of the homoclinic snaking
is very interesting not only from a theoretical point of view, but also from a experimental one. In experiments the size of the optical cavities, either fiber cavities
or microresonators, is always finite, and therefore, studing how the existence and
stability of LSs are modified as a function of the domain size is of great interest.
For the interested reader we recommend Ref. [20], where the authors study this
kind of phenomenon in the prototypical Swift-Hohenberg equation.

4.3.3 Snakes-and-ladder structure
Figure 4.4 shows a close-up view of the bifurcation diagram shown in Figure 4.2(b), although here L = 80. This diagram also includes a sequence of
so-called rung states branches which connect the L0 and Lπ branches of solutions in pitchfork bifurcations located near the saddle-node bifurcations and
cross-link the two snaking branches.
The profiles on the rung branches are similar to those on the snaking branches,
but they are not symmetric with respect to the reflection x → −x. This asymmetry can be observed in the panels (i)-(ix).
The LL model does not have gradient dynamics, and therefore any asymmetric
solution, such as the rung states, drifts with a constant velocity. These states are
stationary solutions of Eq. (3.1) in the moving reference frame obtained through
the transformation x → x − ct, i.e. solutions of
− c∂x A = −(1 + iθ)A + i∂x2 A + iA|A|2 + ρ.

(4.9)

The velocity as a function of ρ for these rung states is plotted in Figure 4.5,
and it is calculated as part of the solution of Eq. (4.9), i.e. it is a nonlinear
eigenvalue. The rungs are created at pitchfork bifurcations, which break the
A(x) → A(−x) symmetry of the L0,π states. Consequently, each rung in the
figure corresponds to two states related by reflection symmetry, and hence, of
identical L2 -norm.
Profiles from (iii) to (i), on branch (a), show how close to the SN2 the single peak
state belonging to the L0 -branch starts to nucleate an extra peak on its right
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Figure 4.4: Bifurcation diagram showing the snakes-and-ladders structure for θ = 1.5. Together with the ϕ = 0, and ϕ = π families of solutions branches shown in Figures 4.3, there are
extra branches of asymmetric states that connect both types of snaking through a Pitchfork
bifurcation P.

that grows in amplitude as decreasing ρ, until reaching the same height of the
initial peak at the SN3 , where it connects with Lπ −snaking. The velocity of these
states is negative (see Figure 4.5) and becomes zero at the pitchfork bifurcations.
The behavior is similar for the states (vi)-(iv) on branch (b). Together to the
previous states, there are also branches of asymmetric rung states, where the
nucleated peak occurs on the left of the initial one. An example of such type
of states (branch (c)) is shown in panels (vii)-(ix). Here, on the contrary, the
velocity is positive as shown in Figure 4.5.
This type of structure is known as snake-and-ladders structure [21]. As we
will see in Chapter 6, when the reflection symmetry is broken the pitchfork
bifurcations become imperfect and the degeneracy of the rungs states disappears
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P3
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c
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(a)

Figure 4.5: Velocity of the rung states as a function of ρ corresponding to the branches
(a)-(d) of the snakes-and-ladders diagram shown in Figure 4.4. The velocity becomes zero at
the pitchfork bifurcations Pi , i = 1, ..., 4, and is positive or negative depending on the side at
which the extra peak is nucleated.

leading to the breaking up of the snaking in a stuck of isolas [22, 23].

4.3.4 Heteroclinic tangles and homoclinic snaking
So far we have discussed the morphology of the homoclinic snaking and the
stability of its different states. Behind this structure there is a very rich and
complex phenomenon that can be understood in terms of geometrical objects
as it was proposed in Refs. [4, 5] in the context of reversible systems. Here,
following these works, we discuss briefly this mechanism. It is based on the
heteroclinic tangles that are formed between the stable and unstable manifolds
of the HSS Ab0 , and a family of pattern solutions P. The heteroclinic tangles are
not only behind the formation of LSs, but also explain the way in which these
states are organized in terms of a homoclinic snaking structure.
To start let us consider a Poincaré section for the system (2.8) containing the
symmetry section S ≡ fix(R)2 . This section allows us to display trajectories and
to depict the intersections of the stable and unstable manifolds with each other,
and with S. Adapted from Ref. [4], Figure 4.6 shows schematically the Poincaré
section for different values of one control parameter of the system (here we fix
the value of θ and we allow ρ to vary)3 .
2 As we have seen in Appendix A, the symmetric section is the subspace defined by the
points of the phase space which are invariants under the involution R, i.e.

S ≡ fix(R) = {x ∈ Rn : R(x) = x}.

(4.10)

In particular for the LL model the involution is given by (see Section 2.3):
R : (x, y1 , y2 , y3 , y4 ) 7→ (−x, y1 , y2 , −y3 , −y4 ).

(4.11)

3 The system described in Ref. [4] has gradient dynamics. In contrast, the LL equation
does not. Thus the way in which the invariant manifolds intersect in the later case, is not
completely the same as the one depicted in Figure 4.6.
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Wu(A0b)
Ws(A0b)
Wu(P)
A0b

P Ws(P)

Figure 4.6: Schematic Poincaré section showing the heteroclinic tangle that generates the
formation of an standard homoclinic snaking. It has been adapted from Ref. [4]. Panel (a)
shows the situation before the heteroclinic tangle. In (b) the first tangency between the stable
and unstable manifolds of Ab0 and P occurs. This is known as outer tangency and corresponds
to ρ− in Figure 4.2, where the snaking is created. In panel (c) the full tangle occurs and the
homoclinic orbits are created. Panel (d) shows the inner tangency at ρ+ . Lately (see panel
(f)) the invariant manifolds become disjoint ones more.

In this picture the HSS Ab0 and the periodic orbit (pattern) solution P have
been reduced to two saddle-type equilibria on the symmetric section S (see
Figure 4.6(a)).
The Poincaré section intersects the pattern in two points, one corresponding to
its maximum and the other to its minimum, although in Figure 4.6 we only show
one of them, let’s say the one corresponding to the maximum. The intersection
with the minimum would occur, in this picture, to the left of the fixed point Ab0 .
Figure 4.6 also shows the tangle between the (two dimensional) unstable and
stable manifolds of Ab0 , i.e. W u (Ab0 ) and W s (Ab0 ), and the (three dimensional)
collection of stable and unstable manifolds of the periodic orbit P, i.e. W s (P)
and W u (P).
On variation of ρ, the manifold W u (Ab0 ) will generically intersect W s (P) transversally creating a heteroclinic connection between Ab0 and one of the periodic orbits,
let’s say P 0 of P. At this point the homoclinic snaking is created. Just before
this intersection, both manifolds are tangent as shown in Figure 4.6(b), and in
terms of homoclinic snaking this situation would correspond to one of the limits
of the pinning region, for instance ρ− , known as outer tangency.
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Increasing a bit further the value of ρ leads to the full heteroclinic tangle shown
in Figure 4.6(c) where W u (Ab0 ) intersects S in the region of the periodic orbit. By
reversibility, the intersection of W u (Ab0 ) with S also implies the intersection of
W s (Ab0 ) with S, and therefore, the intersection of W u (Ab0 ) with W s (Ab0 ). Hence,
the occurrence of these intersections corresponds to the formation of homoclinic
solutions to Ab0 , but passing close to P 0 , i.e. a LSs that belong to the set of
snaking branches L0 (with a maximum in its center). Each homoclinic solution
has one more oscillation near the periodic orbit P.
The formation of LSs of the Lπ -type, i.e. those with a minimum in their middle
point, follows the same process around the other intersection of P 0 with S.
In a system with gradient dynamics, as the SH equation, the asymmetric rung
states are stationary, and therefore, described by the spatial dynamics. They are
formed due to non generic intersections occurring outside the symmetric section
S. In contrast, in the LL equation, which does not have gradient dynamics,
the rung states drift, and they are not solutions of the dynamical system (2.8).
Because of this, their formation is not described by this mechanism.
Although not shown in Figure 4.6, close to Ab0 homoclinic connections to the
periodic solutions can also occur, which would resemble patterns containing
holes [5, 6] (see Figure 2 in Ref. [6]).
Varying ρ even further leads, eventually, to the disappearance of the homoclinic
connections, and therefore to the disappearance of LSs. Figure 4.6(d) represents
the inner tangency between the manifolds of Ab0 and P where the homoclinic
snaking disappears at the boundary ρ+ . Finally, increasing further ρ, the invariant manifolds become disjoint again as we can see in Figure 4.6(f). Each
tangency point between manifolds in Figures 4.6(b) and (d) represents a SN
along the ρ− and ρ+ boundaries of the pinning region.

4.4 Bifurcation structure and stability of bright solitons for
θ>2
For θ > 2, the HH bifurcation, from where the LSs and patterns used to emerge,
becomes a BD transition for θ > 2, from where no LSs bifurcate. Another
important change is that SNhom,1 , that was a RTBH for θ < 2, becomes a
RTB that now admits KdV-type of soliton solutions. Moreover, in this regime,
there are patterns bifurcating from resonances, such as double-center (DC), or
saddle-center (SC) points, which are relevant in the new organization of the
solutions.
The bifurcation structure found here is new, although it shares some similarities
with the one found in Ref. [10], where the authors study the forced real GinsburgLandau equation. In that case, they called it foliated snaking and it is the term
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that we will also use here.
In what follows we first apply perturbative techniques to calculate an approximate solution for the LS around the RTB point. As we will see, the resulting
solution has a sech2 (·) shape, as it was already predicted by the normal form
theory in Section 2.4. After that, we apply continuation techniques to build up
the bifurcation diagrams which show the multistability of these type of states.

4.4.1 Weakly nonlinear analysis around RTB
In this Section we compute weakly nonlinear LSs using multiple scale perturbation theory near the RTB bifurcation corresponding to SNhom,1 . Following
Ref. [24], we fix the value of θ and assume that the LSs at ρ ≈ ρb , where ρ = ρb
corresponds to the SNhom,1 bifurcation, are captured by the ansatz

 
∗ 

U
U
u
=
+
,
(4.12)
V
V
v
where U ∗ and V ∗ represent the HSS A0 , and u and v capture the spatial dependence.
The SNhom,1 occurs at
Ib =

p
1
(2θ − θ2 − 3),
3

(4.13)

or in terms of ρ, at
ρb =

q

Ib3 − 2θIb2 + (1 + θ2 )Ib .

The Taylor expansion of ρ about Ib




dρ
1 d2 ρ
ρ(I0 ) = ρ(Ib ) +
(I0 − Ib ) +
(I0 − Ib )2 + · · · ,
| {z }
dI0 Ib
2 dI02 Ib | {z }
| {z }
|
{z
}
ρb
2
=0

(4.14)

(4.15)

δb

defines the small parameter  that measures the deviation from the bifurcation
point.
Because ρb has a maximum at Ib , we have


dρ
= 0,
dI0 Ib
and
1
δb =
2



d2 ρ
dI02

√


=
Ib

θ2 − 3
< 0.
2ρb

Hence, the small parameter  written in terms of ρ reads
r
ρ − ρb
=
.
δb

(4.16)

(4.17)

(4.18)
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We next introduce appropriate asymptotic expansions for each variable as a
function of  as follows:

∗ 





U
Ub
U1
U2
=
+
+ 2
+ ...,
(4.19)
V
Vb
V1
V2
for the HSS solutions, and






u
u1
u2
2
=
+
+ ...,
v
v1
v2

(4.20)

for the space-dependent terms.
We also
√ allow the fields u1 , v1 , u2 , and v2 to depend on the long scale variable
X ≡ x.
The next step would be to calculate first, the HSS terms and next, the spacedependent terms. These calculations are detailed in the following subsection and
in Appendix D.

Asymptotics for the uniform states
Inserting the ansatz (4.19) in Eq. (4.1), we obtain the correction to the HSS A0
at any order in .
At order O(0 ) we obtain expressions for Ub and Vb as a function of θ.

ρb
2
 1 + (I0 − θ) 
=  (Ib − θ)ρb  .
1 + (Ib − θ)2






Ub
Vb

(4.21)

At order O(1 ) we have

L
where


L=

U1
V1




=

0
0


,

0
0
−(θ − Ib − 2Ub2 ) −2

(4.22)

(4.23)

is a singular linear operator.
Equation (4.22) has an infinite number of solutions that can be written in the
form




U1
1
=µ
,
(4.24)
V1
η
where
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and µ is obtained by solving the next order system.
At O(2 ) we obtain the equation

 

U2
2U1 V1 Ub + (2V12 + I1 )Vb − δb
L
=
,
V2
−(2U12 + I1 )Ub − 2V1 U1 Vb

(4.26)

where I1 ≡ U12 + V12 .
Because L is singular, the previous equation has no solution unless a solvability
condition is satisfied. This condition is given by
s
δb
.
(4.27)
µ = µb ≡ −
3η 2 Vb + 2ηUb + Vb

Asymptotics for the space-dependent states
To calculate the space-dependent component of the weakly nonlinear state, we
proceed in the same fashion. We insert the full ansatz for the asymptotic state,
namely Eq. (4.12), into the system (4.1) and obtain, at order O(1 ),

  
u1
0
L
=
.
(4.28)
v1
0
The general solution of this equation is

 

u1
U1
=
ψ(X),
v1
V1

(4.29)

with ψ(X) a function to be determined at the next order in .
At O(2 )

L

u2
v2




= −P1

with the linear operators

−(2Ub V1 + 2U1 Vb )
P1 =
2
ν∂X
+ 6Ub U1 + 2Vb V1
and


P2 =

u1
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− P2

Ub
Vb


,

2
−(ν∂X
+ 6Vb V1 + 2Ub U1 )
2Vb U1 + 2Ub V1

−2v1 u1
3u21 + v12

−(3v12 + u21 )
2v1 u1

(4.30)


,

(4.31)


.

(4.32)

Because L is singular, Eq. (4.30) has no solution unless another solvability condition is satisfied. In the present case, this condition reads








u1
Ub
1 0 P1
+ 1 0 P2
= 0.
(4.33)
v1
Vb
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After some algebra, Eq. (4.33) reduces to an ordinary differential equation for
ψ(X),
d2 ψ(X)
α1
+ α2 ψ(X) + α3 ψ 2 (X) = 0,
(4.34)
dX 2
where
α1 = −νV1 , α2 = −2δb , α3 = −δb .
(4.35)
The solution of this equation (see Appendix D) corresponds to,

 r
α2
1
− (X − X0 ) ,
ψ(X) = −3sech2
2
α1

(4.36)

which represents a hole located at X = X0 , hereafter at X0 = 0.
r
√
ρ − ρb
the corresponding spatial correction of the
Since X ≡ x and  ≡
δb
solution at first order in  is given by
" r


1/4 #



α 2 ρ − ρb
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1
2 1
−
x .
(4.37)
= −3µb
sech
v1
η
2
α1
δb
Then we have found that the LSs around the SNhom,1 , at first order in , can be
approximated by
r
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ρ − ρb 1
1
U
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2
−
=
+ µb
1 − 3sech
x
,
V
Vb
η
δb
2
α1
δb
(4.38)
a bump solution on top the background HSS solution.

4.4.2 Foliated snaking
In this Section we analyze the bifurcation structure associated with the bump
solution calculated previously (see Eq. 4.38) in the neighborhood of the SNhom,1
(RTB) bifurcation. As we did in other sections, we take this approximated
solution as initial guess in a predictor-corrector algorithm [25] (see Appendix B),
that allows us to build up the different solution branches emerging from SNhom,1 .
Together to this single bump, there are states with several bumps also arising
from SNhom,1 , or nearby as we will confirm.
The bifurcation diagram that one obtains has the morphology shown in Figure 4.7(a), where the L2 -norm, as a function of ρ for a fixed value of detuning
θ = 2.5, is plotted. Panel (b) is a close-up view of panel (a) around the BD point.
The unfolding becomes clear if instead of ||A||2 we plot ||A − A0 ||2 as done in
Figure 4.8(a). One can appreciate that the morphology of this diagram is quite
different to the homoclinic snaking one. Here, there is a sequence of branches of
solutions which bifurcate from SNhom,1 or nearby, and which are interconnected
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Figure 4.7: (a)Bifurcation diagram showing the L2 -norm, ||A||2 as a function of ρ for θ = 2.5.
In Figure 4.8 we show the same branches when removing the background field A0 . (b) Close-up
view of panel (a) around the BD point.

in a similar fashion as patterns were connected in Chapter 3. One can also see
that this diagram is very similar, at least in shape, to the one shown in Ref. [10],
and therefore we will call it, as therein, foliated snaking.
Figure 4.9 shows the different states associated with the branches of Figure 4.8.
Initially, the bump emanating from the RTB bifurcation, i.e. SNhom,1 , has the
shape shown in panel (i) of Figure 4.9. As the state proceeds up in the branch,
that is decreasing ρ, it grows in amplitude (see panel (ii)) until reaching SN1 ,
where it becomes stable. This state continues growing in amplitude all the way
up on the stable branch until reaching SN2 . At the end of this branch the state
has the shape shown in Figure 4.9(iii).
In SN2 , the single peak connects with the structure of panel (iv) that is unstable.
In this structure, another peak starts to grow at half of the domain size of the
previous one, i.e. at L/2, and its amplitude grows as moving toward the left of
that branch (see panel (v)) until reaching the amplitude of the former one. This
branch connects on the left with two branches close to the SN3 .
One of these branches is unstable and goes down as increasing the value of
ρ. Along this branch the state with two-peaks decreases (see panel (vi)) in
amplitude until reaching SNhom,1 from where it rises. The other branch, goes
up and its states, like the one of panel (vii), are stable until reaching SN4 . After
this fold the state (vii) loses stability and, as shown in panel (viii), two new
peaks start growing in-between the initial two, resulting in a state with four
peaks separated by L/4 each. Again, moving to the left on this branch, the new
peaks grow in amplitude until reaching SN5 (see panel (ix)) where it connects
from below with a branch of unstable states like the one shown in panel (x), and
from the top with a high amplitude state like the one shown in panel (xi).
The nucleation of new peaks in-between the old ones is repeated each time that
crossing the SN bifurcations on the right of the diagram, until filling with peaks
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Figure 4.8: Same bifurcation diagram as the one shown in Figure 4.7 when removing the
HSS solution A0 . Solid lines represent stable solutions and dashed lines unstable ones. The
labels correspond to the profiles in Figure 4.9.

all the domain.
As we have mentioned before, the structure with two peaks bifurcates from
SNhom,1 together with the single soliton. However, the structures with more
peaks (xi) with 4, (xv) with 8, (xvii) with 16, and (xviii) with 32, behave as
patterns and arise from the resonances SC all along the HSS solution Am
0 .
Initially the points of birth of these states are very close to SNhom,1 but, as adding
more peaks, they move up in the Am
0 branch. This situation can be observed in
the diagram shown in Figure 4.7. This type of nucleation and reconnection of
branches resembles the organization of patterns studied in Chapter 3, where it
was found that there exist a sequence of FW instabilities reconnecting patterns
whose wavelengths are half the wavelength of the previous one. We will come
back to this point later on this Section.
Figure 4.10 shows two other examples of foliated snaking that exists on top of
the one shown in Figure 4.8. In the diagram (a) the branches corresponding to
the states shown in subpanels (i)-(vi) are plotted in blue together with those of
Figure 4.8 which are plotted in grey for comparison. Here, the initial block is
a 3-peak state that undergoes the same type of nucleation that the one shown
before. In panel (b), the branches in green correspond to states (vi)-(viii) where
the initial block is a state with 5 peaks. Hence, we can deduce that any state
with an odd number of equidistant peaks will behave in the same way, and that
each one will end in a different final pattern.
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Figure 4.9: Profiles corresponding to the solution branches shown in Figure 4.7 and Figure 4.8.

The broom bifurcation
At this point we can ask the question of how this new type of snaking is related,
or connected, with the homoclinic snaking studied previously for θ < 2. In order
to answer this, one can continue numerically any of the LSs of the homoclinic
snaking shown in Figure 4.3 to higher values of θ, and see how they fit with the
bifurcation skeleton shown in Figure 4.8.
For example, we choose a 2-peak state for θ = 1.5, like the one in panel (xvi)
in Figure 4.3, and we continue it in ρ and θ until reaching θ = 2.5. Once
this value is reached, we track in ρ the complete branch of solutions, and we
plot it on the top of the diagram shown in Figure 4.8. The result is shown
in panel (a) of Figure 4.11. In red we show the foliated snaking that we have
calculated previously, and in blue the two branches corresponding to the 2-peak
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(vi)
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(vi)

(vii)
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U,V
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U,V
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Figure 4.10: In (a) the branches (in blue) of the foliated snaking corresponding to the states
shown in panels (i)-(vi). In (b) the snaking (in green) associated with the states (vii)-(ix). In
both the gray branches represent the foliated snaking previously shown in Figure 4.2.

state connected with the homoclinic snaking. The branches for this state have
the same norm as the branches of the two peaks separated by L/2.
The continuation of the top blue branch close to the SN4 was numerically difficult to do already for parameter values far from it. To clarify this situation we
decided, instead of plotting the norm, to plot the separation distance between
peaks for both, the blue branches (I), and (II), and the branch (III) corresponding to the asymmetric states like those shown in Figure 4.9(v). The result can
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FOR θ > 2
(a)

(b)

SN4

(III)

BD

BD
(I)

SN4

(i)

(ii)

(III)
(II)

(II)

(iii)
(c)

BD

SN2

(iii)

SN3

(II)
(I)

(i)

SN1

(I)
(ii)

(i)

(ii)

(iii)

Figure 4.11: In panel (a), the red branches correspond to the foliated snaking already shown
in Figure 4.8 at θ = 2.5, and the blue ones to the 2-peak LSs tracked from the homoclinic
snaking at θ = 1.5. Panels (b) and (c) show branches (I),(II) and (III) but now using the
separation between peaks d as bifurcation measure. As we can observe branches (II) and
(III) are now distinguishable from each other. In (i) ρ = 1.425, in (ii) ρ = 1.763 and in (iii)
ρ = 1.802.

be seen in Figures 4.11(b) and (c). In panel (b), the separation distance for the
states on the branch (III) remains almost constant with ρ. However, in branch
(II), it increases drastically when approaching the value of ρ at which the BD
occurs. This phenomenon can be appreciated by looking at panels (i)-(iii). Although the complete continuation of this branch was not possible, its tendency
suggests that it could collide with branch (III) at the BD point and around the
separation d ≈ 80 . Panel (c) shows a close-up view of branches (II) and (I).
When approaching the BD transition, the imaginary part k0 of the complex
spatial eigenvalue of Ab0 goes to zero, i.e. k0 ≡ Im[λ] → 0 and therefore, the
wavelength of the oscillatory tails of the soliton’s profile goes to infinity. As a
result, in an infinite domain, two single-peak LSs will separate infinitely when
approaching the BD. In contrast, in a periodic domain, they will separate until
reaching L/2 at the BD transition, which is the situation that one can observe
in Figure 4.11(b) and (c). This phenomenon corresponds to a dramatic non113
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local bifurcation known as broom bifurcation, at which an infinite number of
homoclinic orbits emerge [27].
In the same way, one can track any of the several-peak LSs from low detuning (see
Figure 4.2) to a larger value and obtain the same divergence in the separation
between peaks.
Understanding bright solitons via patterns
We can try to understand the structure of the diagrams shown in Figure 4.7 and
Figure 4.8 in terms of patterns and their bifurcation structure (see Chapter 3).
For θ > 2 the HH bifurcation at I0 = Ic = 1 becomes a BD transition, and
now the first instability takes place for values I0 > Ib 4 , and always with critical
wavenumber kc = 0. In addition to the new bifurcating homogeneous solution
Am
0 (at k = 0), one can consider that above Ib pattern solutions with very large
wavelength (k ∼ 0) exist.
In finite systems with periodic boundary conditions A(0) = A(L), being L the
spatial period, the largest possible wavelength corresponds to λ = L. If the
bifurcation is subcritical, and the pattern is highly nonlinear, this pattern can
be interpreted as a single LS.
When k = kc = 0, the instabilities MI±
kc =0 are given by
It,b (kc = 0) =

1p 2
2
θ±
θ − 3,
3
3

(4.39)

that in fact represents the positions of SNhom,1 (with the − sign) and SNhom,2
(with +). The pattern with k = ∆k = 2π/λ = 2π/L appears at MI−
∆k , which
is closer to SNhom,1 the larger the system is, and disappears at MI+
∆k close to
SNhom,2 . Nevertheless, as discussed above, this pattern seems to reconnect with
another pattern with k = 2∆k (λ = L/2) as we can observe in Figure 4.8 and
Figure 4.9(iv)-(v).
In this case, the branches of LSs corresponding to states (i)-(ii), and (iii) in
the bifurcation diagram of Figure 4.8 have to be compared with the branches
of patterns Pkc (in red) in Figure 3.12(c). After SN2 , the state shown in Figure 4.9(iv)-(v) appears, and here, another peak separated from the previous one
by L/2 starts to grow.
For decreasing ρ, the state (v) collides in a FW1 instability to λ = L/2 very close
to SN3 , with the branches corresponding to states (vi) and (vii). These last two
states in Figure 4.8 would be analogous to P2kc (in blue) in Figure 3.12(c).
In the same fashion, the branch corresponding to the state (vii) undergoes a
SN4 where again two new peaks separated by L/4 start to grow (see panel (viii)
4I
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corresponds to the value at which SNhom,1 occurs.

4.5. BRIGHT SOLITONS IN THE PARAMETER SPACE

SN1
SNhom,1
STC

GG
H-

BD

III
IV
dHH QZ
C
HH

H-

GG

II

SNhom,2
SN2

I

Figure 4.12: Phase space in (θ, ρ)-parameters. The bifurcation lines: SN1,2 represent the
region of existence of bright solitons; SNhom,1,2 are the saddle-node bifurcations of the HSS
solution, also labeled as ρb,t ; H− stands for supercritical Hopf bifurcation that emerges from
the GG (Gavrilov-Guckenheimer) codimension-two bifurcation; HH is a Hamiltonian-Hopf
bifurcation or a MI in temporal dynamics; dHH is a degenerate HH bifurcation occurring
at θ = 41/30, where the pattern becomes subcritical; BD represents a Belyakov-Devaney
transition; QZ is a quadruple-zero bifurcation; C a cusp bifurcation for the HSSs and STC
the onset of the spatio-temporal chaos. The different dynamical regions I-IV are described in
Section 4.5. The inset represent a close-up view of the unfolding of the H− bifurcation from
the GG point.

Figure 4.9). Decreasing ρ, the branch corresponding to the state (viii) joins
branches (ix) and (x) in another FW2 very close to SN5 . These structures would
correspond to a pattern with λ = L/4. This phenomenon will be repeated
continuously and at every FW instability the number of peaks in the structure
will be doubled.
±
±
Note that, as shown in Figure 3.3 and Figure 3.5, points MI±
∆k , MI2∆k , MI4∆k ,
for θ ≥ 2, would be all very close to SNhom,1 and SNhom,2 if the system is very
large. For this reason patterns with λ = L, λ = L/2, and λ = L/4 should all
appear and disappear for very similar parameter values.

Accordingly, if in a periodic system of period L, we accept that for θ ≥ 2 the
single peak LS is in fact a pattern with λ = L, finite-wavelength-like instabilities
would connect the pattern with wavenumber ∆k with the one with 2∆k, where
the latter corresponds to two peaks separated by a distance L/2.

4.5 Bright solitons in the parameter space
Tracking each bifurcation point in the bifurcation diagram as a function of θ one
obtains the parameter space shown in Figure 4.12. The red solid line defined by
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Eq. (4.2) corresponds to a HH bifurcation for θ < 2 and a BD transition for θ > 2.
Together with this line there are other two bifurcation lines corresponding to the
saddle-node bifurcations of the HSS solution, namely SNhom,1 , and SNhom,2 , and
those corresponding to the LSs, namely SN1 and SN2 .
As we can appreciate from Figure 4.7, the region of existence of the different
branches of solutions can be described by the saddle-node bifurcations of the
single soliton state, SN1 and SN2 . Hence, the area between these two lines
determines the region of multistability of LSs. Looking at Figure 4.12 we see
that upon increasing θ the region of existence of these states becomes broader.
We distinguish, in terms of the existence of the HSS and bright LSs, four main
dynamical regions (labeled I-IV) in the phase diagram shown in Figure 4.12:
• Region I: The only attractor of the system is the stable bottom HSS Ab0 .
No bright solitons or√top HSS At0 exist. This
√ region spans the parameter
space ρ < ρc for θ < 3 and ρ < ρt for θ > 35 .
t
• Region II: The HSS solution branches Ab0 , Am
0 and A0 coexist, and multistability between bright solitons√is found. This region spans the parameter
space ρSN2 < ρ < ρSN1 for θ > 3.

• Region III: Here bright LSs become unstable through a supercritical Hopf
bifurcation H− (see purple line in Figure 4.12), generating an oscillatory
regime. This region spans the parameter space ρH− < ρ < ρSTC .
√
• Region IV: This region spans the parameter space ρ √
> ρc for θ < 3,
where A0 is modulational unstable, and ρ > ρb for θ > 3, where the only
HSS solution is At0 . In this region no bright LSs exist and spatio-temporal
chaos develops.
III and IV are the main regions of interest in this Chapter. In the next Section we
will show that III can be further subdivided in subregions reflecting the different
dynamics that bright solitons undergo, such as amplitude oscillations of different
periods, temporal chaos, and spatio-temporal chaos.

4.6 Oscillatory and chaotic dynamics for bright solitons
So far we have focused on the study of stationary LSs and their bifurcation
structure. In this Section we will see that these states can undergo oscillatory
instabilities that can make them oscillate in time. The presence of these instabilities modifies the region of existence of stable LSs and generates a very rich
dynamical behavior.
5ρ
b
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and ρt represent the position of the SNhom,1 and SNhom,2 respectively.
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H-

(c)

(b)
H-

SN5

SN3

-

H

H-

SN4
(a)

SN2

SN1

Figure 4.13: Bifurcation diagram for θ = 3.5. The Hopf bifurcations are represented by H−
in the figure. The labels (a)-(c) correspond to the oscillatory states shown in Figure 4.14 for
ρ = 2.67.

Figure 4.14: Heat maps showing the spatio-temporal evolution of the real part (U ) of an
oscillatory state for θ = 3.5 and ρ = 2.67. The labels correspond to those shown in Figure 4.13.

The oscillatory instabilities consist in supercritical Hopf (H− ) bifurcations that
lead to stable temporal oscillations resembling breathings of the individual solitons. To characterize these dynamics we combine both time stability analysis,
and direct integration of the LL equation. We also compute secondary bifurcations of these oscillations clarifying the different oscillatory regimes.
In Figure 4.13 we show the foliated snaking diagram for θ = 3.5. For this
value, each branch of stable states becomes oscillatory unstable at different H−
bifurcations, which occur for very similar values of the driving field amplitude,
all around ρ = 2.6532. This instability leads to oscillatory states like those
shown in Figure 4.14.
117

BRIGHT SOLITONS IN THE ANOMALOUS GROUP VELOCITY DISPERSION
REGIME

Figure 4.15: There is a large variety of oscillatory states for the same values of parameters.
In this figure we show some of those possible states.

From bottom to top in the diagram of Figure 4.13 the first LS that starts to
oscillate is the single-peak soliton (not shown here). Going up in the branches,
one sees how the Hopf bifurcations destabilize the states with two, three, and
four equidistant peaks, generating the oscillatory states that one can observe in
Figure 4.14. The different peaks of these states oscillate synchronously or not
depending on the control parameters.
On top of these oscillatory states there exist a wide variety of other states coexisting for the same values of the parameters. Three of these possible structures
are shown in Figure 4.15. They can be formed because, while oscillating, these
breathing LSs generate spatial oscillations in their tails, which in return allow
the pinning of a random number of states at different separation distances. This
behavior was studied in an equivalent model in Ref. [28], and in the Sine-Gordon
equation in Ref. [29].

Dynamics of a single-peak localized state
In what follows, instead of focusing on the collective dynamics generated by a
number of breathers, we study, for a single soliton, how these oscillatory instabilities get modified when changing the detuning parameter θ.
Figure 4.16 shows different slices of the parameter space in Figure 4.12. Here we
plot ||A||sup ≡ max(|A|) instead of the L2 −norm in order to improve the clarity
of the diagrams, and we use crosses to indicate the maximum and minimum of
the amplitude of the oscillatory states.
The diagram in Figure 4.16(a) corresponds to θ = 3.5, just the same value
than the one used for the foliated snaking shown in Figure 4.13. For clarity
we have just plotted the branches connected with the single peak soliton (in
red), and the HSS (in black). The branch of stable solitons becomes unstable
at the supercritical Hopf bifurcation H− , where an oscillatory state arises. The
amplitude of the oscillations of these states increases with ρ, until it becomes
unstable to spatio-temporal chaos (STC) when overpassing the SNhom,1 . After
that point the STC persists for high values of ρ.
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(a)

H

(b)

SN1

H

SN2

SNhom,2

SNhom,1

(c)
BC1

SN1
SNhom,2

H

BC2

SN2
SNhom,1

Figure 4.16: Bifurcation diagram showing the ||A||inf and ||A||sup for three different values
of detuning, namely θ = 3.5 in (a), θ = 5.5 in (b) and θ = 7 in (c). In black we show the
HSS A0 , in red the branches corresponding to the single-peak bright soliton emerging unstably
from the RTB bifurcation at SNhom,1 . H stands for the Hopf bifurcation where the bright
soliton becomes unstable to amplitude oscillations.

At θ = 5.5 (see Figure 4.16(b)) the region of existence of the solitons becomes
broader, although in most of the region the solitons are unstable due to the
presence of the Hopf bifurcation. Now, the amplitude of the oscillations that
arise in H− is larger, and the STC occurs before the SNhom,1 .
Figure 4.16(c) shows the situation for θ = 7. Here, the behavior of the oscillatory
states changes drastically in comparison with the previous cases. Now, together
with the increasing of the amplitude, the cycle undergoes a period-doubling
(PD) bifurcation, starting a route to a very complex dynamics, passing through
a sequence of oscillatory states characterized by period-2 and period-4 oscillations, and temporal chaos, with periodic windows of period-5 and period-10
oscillations, before disappearing possibly in a homoclinic bifurcation or boundary crisis (BC1 ) [30, 31]. Figure 4.17 shows contour plots with the different
oscillatory dynamics. Between BC1 and BC2 , the only attractor of the system
is the HSS branch Ab0 . After BC2 stable oscillations exist until they disappear
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Figure 4.17: Heat maps showing the oscillatory and chaotic dynamics for θ = 7 corresponding
to the bifurcation diagram shown in Figure 4.18. These dynamics correspond to period-1
oscillations in (a) for ρ = 4.525, period-2 in (b) for ρ = 4.6, period-4 in (c) for ρ = 4.8,
temporal chaos in (d) for ρ = 4.9, period-5 oscillations in (e) for ρ = 5.2 and spatio-temporal
chaos in (k) for ρ = 6.

III a

III b III c

III d

III e

III f

(b)

IV

(j)

BC1
(h)

(c)
(a)

III g

(i)
(d)

(e),
(f),
(g)

BC2

(k)

Figure 4.18: Detail of the bifurcation diagram of Figure 4.16(c) for θ = 7. Vertical lines
correspond to the separation between period-1 oscillations in region IIIa , period-2 oscillations
(region IIIb ), period-4 oscillations (region IIIc ), temporal chaos, with windows of period-5
and period-10 oscillations (region IIId ), region IIIe where only Ab0 is stable, region IIIf with
temporal chaos and period-4 oscillations, region IIIg with period-2 oscillations and spatiotemporal chaos in region IV. The labels from (a) to (k) correspond to the dynamics shown in
Figures 4.19 and 4.20.

into STC.
Let us discuss this process in detail, first starting with the cycle emerging from
H− on the left of the diagram, and after studing the cycle that reappears and
becomes STC on the right part of the diagram. For that we show in Figure 4.18
a zoom of the diagram in Figure 4.16(c) which captures the modification in the
dynamics of the oscillatory states. The information presented in this figure is
complemented by Figures 4.19 and 4.20 showing a series of panels characterizing
the dynamics of the cycle at different values of ρ. From left to right we show
a time series of the evolution of the maximum of the soliton, the Fourier trans120
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form of these time series, and a two-dimensional phase space projection onto
(U (x0 , t), V (x0 , t)), being x0 the position of the center of the structure.
Panel (a) in Figure 4.19 corresponds to the situation at ρ = 4.525 in Figure 4.18
labeled with (a). The time trace and the frequency spectrum in Figure 4.19(a)
show a limit cycle with a single period. In the associated phase space we observe
a fixed point Ab0 , a saddle point S corresponding to the unstable soliton, and a
periodic orbit corresponding to the cycle.
For ρ = 4.6, panel (b) shows (corresponding to label (b) in Figure 4.18) the time
series and its spectrum which indicates that the cycle has two periods as one
can also appreciate looking at the phase space projection. Panel (c) corresponds
to the situation shown in Figure 4.18 for ρ = 4.8 where the cycle has undergone
another period-doubling resulting in a cycle with period-4. Later, for ρ = 4.9
the cycle becomes irregular, possibly a chaotic attractor, as we can see in panel
(d) of Figure 4.19. In panel (e), for ρ = 5.2, a periodic window of period-5
is shown, and in panel (h) for ρ = 5.21 a periodic window of period-10. For
ρ = 5.221 the cycle becomes again irregular (see panel (g)). Finally, increasing
a bit further the value of ρ, the irregular cycle collides with the unstable soliton
S and disappears via a homoclinic bifurcation or a BC.
As we can appreciate in Figure 4.18 the region in which the only attractor is
the HSS, i.e. IIIe suddenly disappears, and a new chaotic attractor appears via
another BC. This is the situation shown in Figure 4.20(h) for ρ = 5.5 corresponding to the same label in Figure 4.18. For ρ = 5.6 (see panel (i)) a cycle
of period-4 appears. This cycle comes from a period-doubling of the period-2
cycle shown in panel (j) for ρ = 5.8. Increasing further the value of ρ there is a
transition to spatio-temporal chaos as one can see in panel (k).
At this point we can differentiate eight main dynamical subregions:
• IIIa : Oscillatory solitons with a single period.
• IIIb : The soliton oscillates with period-2.
• IIIc : The soliton oscillates with period-4.
• IIId : Region of temporal chaos with windows of periodicity-5 and 10.
• IIIe : The only attractor of the system is Ab0 .
• IIIf : Temporal chaos and the soliton oscillates with period-4.
• IIIg : The soliton oscillates with period-2.
• IV: Region with spatio-temporal chaos.6
6 The

scenario can be even more complex for higher values of θ [9].
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Figure 4.19: Oscillatory and chaotic dynamics for θ = 7 corresponding to the bifurcation
diagram shown in Figure 4.18. From left to right: temporal trace of ||A||sup , its frequency
spectrum that allows us to differentiate between the different types of temporal periodicity, and
the two-dimensional phase space considering the projection of the dynamics on the variables
U (x0 ) and V (x0 ), with x0 representing the position of the center of the peak. The pump values
are ρ = 4.525 in (a), ρ = 4.6 in (b), ρ = 4.8 in (c), ρ = 4.9 in (d), ρ = 5.2 in (e), ρ = 5.21 in
(d), and ρ = 5.221 in (g).

We have found that the supercritical Hopf H− is born from a codimension-two
bifurcation point called Gavrilov-Guckenheimer (GG), or Fold-Hopf bifurcation
[32, 33]. At this point two codimension-one bifurcations, namely the saddlenode SN2 , and the Hopf bifurcation H− , occur simultaneously, and the temporal
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Figure 4.20: Same that in Figure 4.19 but for ρ = 5.5 in (h), ρ = 5.6 in (i), ρ = 5.8 in (j)
and ρ = 6 in (k) (spatio-temporal chaos).

eigenspectrum of the linear operator associated to the LL equation evaluated at
that point has three eigenvalues λa,b = ±iλ and λc = 0. Thus, the Hopf bifurcation line emerges from the GG point, and although it looks like it terminates
perpendicularly to SN2 , the inset in Figure 4.12 shows that in fact it approaches
GG in a tangential manner, as expected from the theory.
One of the possible unfoldings of this bifurcation shows that complex temporal
dynamics as Shilnikov chaos arise from this point [33]. In future work we will
try to identify the unfolding that corresponds to our case, and therefore determine if the complex temporal dynamics are originated, like the H− , in the GG
bifurcation.

4.7 Conclusions
In this Chapter we have studied in detail the bifurcation structure and stability
of bright LSs arising in the anomalous GVD regime of the LL equation. In this
regime, bright solitons emerge from two different points, namely a HamiltonianHopf (HH) bifurcation, from where pattern solutions also arise (as studied in
Chapter 3), and from SNhom,1 , a reversible Takens-Bodganov (RTB) bifurcation.
The HH bifurcation only exists for θ < 2, and the RTB only for θ > 2. As we
saw in Chapter 2, all these bifurcation lines arise from a QZ codimension-two
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bifurcation point.
For θ < 2, the bright solitons bifurcating from HH are of NLS-type. The formation of these structures comes from the intersection of the stable and unstable
manifolds of Ab0 (see Section 4.2 and Refs. [4–6]). As predicted from normal
form theory there are two families of bright LSs, one with an odd number of
peaks, that we have previously referred as L0 , and another with an even number
of peaks Lπ , organized in two curves that snakes back and forward, forming a
bifurcation structure known as homoclinic snaking [4, 7, 8]. Together with these
two families of states, there are also branches of rung solutions corresponding to
asymmetric states that interconnect both snaked curves. The resulting bifurcation structure is now known as snakes-and-ladders structure [21].
For θ > 2, bright solitons arise from a RTB bifurcation at SNhom,1 , and they are
of KdV-type. These LSs are organized in a new type of bifurcation structure
that we have called foliated snaking following Ref. [10]. The single-peak LS, after
arising from the RTB, grows in amplitude, and at a certain point it develops an
extra peak separated from the previous one by exactly L/2. When tracking this
new state back and forward in ρ, we find that is also connected with another
structure composed by four peaks equally separated from each other by L/4.
This process is repeated and each time a new state appears with twice the
number of peaks of the previous one. This type of behavior resembles the process
observed for the pattern solution when undergoing finite-wavelength instabilities
(FW). Therefore, we think that the origin of this foliated snaking is closely
related with the bifurcation structure of patterns.
For hight values of θ LSs become unstable to oscillations via a supercritical
Hopf bifurcation. We have found that this Hopf bifurcation emanates from a
Gavrilov-Guckenheimer codimension-two bifurcation. These oscillatory regimes
exist not only for single-peak solitons, but also for structures with any number
of peaks. The oscillations undergo a series of secondary bifurcations starting a
route to temporal chaos. Throughout these bifurcations the dynamics increase
in complexity. Moreover, in the anomalous regime, spatio-temporal chaos is also
present.
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Chapter 5

Dark solitons in the normal group
velocity dispersion regime
5.1 Introduction
Dark solitons, localized spots of lower intensity embedded in an homogeneous
surrounding, are a particular type of solitons appearing dissipative systems far
from thermodynamic equilibrium [1]. In the normal group velocity dispersion
(GVD) regime of temporal cavities, these type of localized structures (LSs) have
been studied theoretically using the LL model [2–4], and recently found experimentally in microresonators [5]. However, neither a complete understanding
of their bifurcation structure, nor a detailed characterization of their dynamics
existed. Hence, the goal of this Chapter is to present an in-depth analysis of
the dynamics, bifurcation structure, and stability of the dark LSs arising in this
regime.
The type of dark LSs reported here, does not arise due to the bistability between
a HSS solution and a pattern (as it was the case for the bright LSs discussed
in Chapter 4), but they are related with the coexistence between two different
HSSs, Ab0 and At0 , within the same range of parameters. If the two HSS states
are stable, fronts connecting them can form. In this context, two fronts with
different polarities can be considered: one that connects At0 with Ab0 , which will
be called Fd , and another, Fu , connecting back Ab0 with At0 . In the LL model Ab0
and At0 are not equivalent, and therefore Fd and Fu move with constant velocity
and in opposite directions. However, at the Maxwell point of the system their
velocity becomes zero, and the fronts can lock, forming in this way, a dark LS, i.e.
a heteroclinic cycle in the spatial dynamics. Moreover, even when the velocities
are no zero (i.e. in a region of parameters around the Maxwell point), LSs can
bifurcate from the previous one, and all of them undergo bifurcation structure
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known as collapsed snaking [6].
The organization of this Chapter is as follows. In Section 5.2, we give an overview
of the spatial dynamics of spatially uniform states similar as studied in Chapter 2.
Later, in Section 5.3 we perform an analysis of the bifurcation structure of dark
solitons. In Section 5.7 we analyze their oscillatory and chaotic dynamics of dark
solitons. In Section 5.8 we present a discussion of the different results found
here and how these results connect with previous ones. Finally, in Section 5.9
we conclude by discussing the generality of the analysis provided in the earlier
sections and in particular its relevance to frequency combs in nonlinear optics.

5.2 Overview of the spatially uniform states in the normal
regime
In this section we give a summary of the spatially uniform states or HSSs of
the LL equation, going from their temporal stability to their spatial dynamics.
These results were already presented in more detail in Chapter 2, for both, the
anomalous and normal dispersion regimes. In this way this section serve as our
starting point for further analysis in the coming sections.

5.2.1 Temporal stability
In the normal dispersion regime, the LL equation is given by
∂t A = −(1 + iθ)A − i∂x2 A + i|A|2 A + ρ,

(5.1)

where we have taken ν = −1.
As we have seen in previous chapters, the HSSs are, in both regimes, solutions
of the cubic algebraic equation,
I03 − 2θI02 + (1 + θ2 )I0 = ρ2 ,

(5.2)

where I0 ≡ |A0 |2 . Nevertheless, their stability against perturbations eikx+Ωt +
c.c., differs, and it is determined by the dispersion relation
q
(5.3)
Ω(k) = −1 ± 4I0 θ − 3I02 − θ2 − (4I0 − 2θ)k 2 − k 4 .
Here, in contrast to the anomalous regime, it follows
that in the monostable
√
regime the A0 solution is always stable while for 3 < θ < 2 (see Figure 5.1(a))
b
the Ab0 and At0 states are stable and Am
0 is unstable. However, when θ > 2 the A0
branch becomes unstable at a steady state bifurcation with k 6= 0. This Turing
or Modulational instability (MI) occurs at√I0 = Ic = 1 and generates a stationary
t
periodic pattern with wave number kc = θ − 2; Am
0 remains unstable while A0
is always stable. An example of this configuration can be seen in Figure 5.1(b).
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(b)

DC

√
Figure 5.1: In (a) 3 < θ = 1.8 < 2 and in (b) 2 < θ = 4. The different labels are explained
in Table 2.1 in Chapter 2. Solid (dashed) lines indicate stability (instability) in time.

5.2.2 Overview of spatial dynamics in the normal regime
Although we have already studied spatial dynamics in Chapter 2, here we revisit
such analysis focusing on the LSs arising from the reversible Takens-Bodganov
(RTB) point λ1,2 = ±q0 , λ3,4 = 0 and the HH point with λ1,2 = ±ikc λ3,4 =
±ikc . Figure 5.1 summarizes the possible eigenvalue configurations for normal
dispersion (ν = −1). The transition at I0 = Ic , i.e. along the green curve
p
ρ = ρc ≡ 1 + (1 − θ)2
(5.4)
in Figure 5.2, corresponds to a Belyakov-Devaney (BD) transition when θ < 2
and a HH transition when θ > 2. Figure 5.1(a) corresponds to the case θ < 2,
and we see that the saddle-node bifurcation at SNhom,1 corresponds to a RTB
bifurcation. In contrast, for θ > 2 SNhom,1 has become a reversible TakensBodganov-Hopf (RTBH) bifurcation (Figure 5.1(b)). For θ = 2 the BD, HH,
RTB and RTBH lines meet at the quadruple zero (QZ) point (see Section √
2.3).
In the parameter space of Figure 5.2 the QZ point corresponds to (θ, ρ) = (2, 2).
The other relevant bifurcation line in this scenario corresponds to SNhom,2 . This
point is indeed a RTB bifurcation in space regardless of the value of θ. As we will
see in next sections, several families of dark solitons emerging from the SNhom,2 ,
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Figure 5.2: The (θ, ρ) parameter space for normal dispersion in the region of existence
of dark solitons. The green line corresponds to the HH bifurcation, the black lines to the
SN bifurcations of the HSS, and the red lines to the SN bifurcations of the dark LSs. The
bifurcation lines and the regions I-IV are discussed in more detail in the text.

a RTB in terms of spatial dynamics, are found doing a weakly nonlinear analysis
around that point (see Section 5.3). Later, applying continuation techniques, we
continue these states in both parameters, ρ and θ. These results are shown in
Section 5.5.

5.3 Weakly nonlinear analysis around SNhom,2
In this section we compute weakly nonlinear LSs using multiple scale perturbation theory near the RTB bifurcation corresponding to SNhom,2 . The procedure
is the same as the one applied in the case of the SNhom1 , because here the bifurcation is also a RTB. The LSs are solutions of the ordinary differential equation
− iA00 − (1 + iθ)A + i|A|2 A + ρ = 0,

(5.5)

d2 A
. In terms of the real variables U = Re[A] and V = Im[A]
dx2
Eq. (5.5) is written as,

where A00 ≡

V 00 − U + θV − V (U 2 + V 2 ) + ρ = 0,
(5.6)
−U 00 − V − θU + U (U 2 + V 2 ) = 0.
Here we will make a short summary of the steps followed in this calculation. As
we did in Section 4.4, and following Ref. [6], we fix the value of θ and suppose
that the LSs at ρ ≈ ρt , where ρ = ρt corresponds to the SNhom,2 bifurcation,
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are captured by the ansatz U = U ∗ + u, V = V ∗ + v, where U ∗ and V ∗ represent
the HSS At0 and u and v capture the spatial dependence. We next introduce appropriate asymptotic expansions for each variable in terms of a small parameter
 defined as follows.
First we
√ consider
 a Taylor series expansion of ρ around the SNhom,2 at It =
2θ + θ2 − 3 /3:


dρ
ρ(I0 ) = ρ(It ) +
| {z }
dI0
| {z
ρt



=0

1
(I0 − It ) +
2
It
}
|



d2 ρ
dI02
{z
δ



(I0 − It )2 + · · ·
{z }
It |
}
2

(5.7)

Because ρt has a minimum at It , we have


dρ
= 0,
dI0 It
and
1
δt =
2



d2 ρ
dI02

√


=
It

θ2 − 3
> 0.
2ρt

From there we can define a small parameter  in terms of ρ,
r
ρ − ρt
.
=
δt
Each variable is written in the form
 ∗  



U
Ut
U1
=
+

+ ...,
V∗
Vt
V1
and



u
v




=

u1
v1



+ 2



u2
v2

(5.8)

(5.9)


+ ...,

(5.10)

and these expressions inserted into Eq. (5.6).
Solving order by order in  we find that the leading order asymptotic solution
close to the RTB point is given by

 



U
Ut
U1 + u1
=
+
,
(5.11)
V
Vt
V 1 + v1
where Ut and Vt correspond to the HSS at ρ = ρt , and

 

u1
U1
=
ψ(x),
v1
V1

(5.12)
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A0t
SNhom,2
Aom
(iii)
SNhom,1

(viii) (xii)
Aob

(iv)

A0t
SN2

(i)
(ii)

(ix)
SNA

SN1

(v)

(x)
(vi)

(xi)

Ao m

(vii)

Figure 5.3: (a) Bifurcation diagram at θ = 1.95. (b) Zoom of panel (a) around SNhom,2 .
The homogeneous steady states HSS are shown in black, 1-soliton states in red and 2-soliton
states in green. Temporally stable (unstable) LSs are indicated using solid (dashed) lines.
Profiles corresponding to the labeled locations are shown in Figure 5.4 and in more detail in
Figure 5.5.

with

and



U1
V1




= µt

1
η



" r

1/4 #
1
α2 ρ − ρt
−
x .
ψ(x) = −3sech
2
α1
δt
2

(5.13)

(5.14)

Here η, µt , α1 and α2 are parameters defined in the Appendix D, where the
details of the calculation can be found. Of course, on a large domain we expect
to find states with 2 or more dark solitons as well. When these are well separated
these states behave like 1-soliton states and so should bifurcate from the vicinity
of SNhom,2 just like the 1-soliton states.
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(i)

U(x)

(ii)

V(x)

(iii)

Fd

Fu

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)

(xi)

(xii)

Figure 5.4: Spatial profiles of LSs (dark and bright 1-soliton and 2-soliton states) corresponding to the locations indicated in Figure 5.3(a,b). Near SNhom,2 the states resemble holes
(dark solitons) while near SNhom,1 they resemble localized pulses (bright solitons).

We now discuss the bifurcation structure of dark√solitons in two regimes: the
bistable region before the QZ point, namely for 3 < θ < 2 and the bistable
region after QZ, i.e., for θ > 2.

5.4 Bifurcations and stability of dark solitons for
√
3<θ<2
RL
In the following we use the L2 norm, ||A||2 ≡ L1 0 |A|2 dx, to represent the LSs
in a bifurcation diagram. Figure 5.3, computed for θ = 1.95, reveals the presence
of a branch of single dark solitons in the domain (hereafter the 1-soliton state,
red curve). This branch bifurcates from HSS very close to SNhom,2 as anticipated
in the preceding section and undergoes collapsed snaking [6, 8], i.e., it undergoes
a series of exponentially decaying oscillations in the vicinity of a critical value
of ρ, hereafter ρ = ρM ≈ 1.3506074. During this process the hole corresponding
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(i)
(ii)
(iii)

(iv)
(v)
(vi)
(vii)
(viii)

(v)

(i)
U(x)

V(x)

(ii)

(vi)

(iii)

(vii)

(iv)

(viii)

Figure 5.5: Spatial profiles of dark solitons near the upper end of the θ = 1.95 1-soliton
branch at locations indicated in the middle panel, showing that the splitting of the central
peak (dip) in (U (x), V (x)), occurs at different locations along the branch.

to the dark soliton deepens, forming a pair of fronts Fd connecting At0 with Ab0 ,
and Fu connecting Ab0 with At0 . This structure broadens as the Ab0 state expels
At0 (Figure 5.4, profiles (i)–(iii)), becoming in an infinite system a heteroclinic
cycle between At0 and Ab0 at ρM . In gradient systems this point corresponds
to the so-called Maxwell point, where both homogeneous solutions have equal
energy. In nongradient systems, such as LL equation, such a cycle may still be
present, even though an energy cannot be defined, and we retain this terminology
to refer to its location, i.e., the parameter value corresponding to the presence
a pair of stationary, infinitely separated fronts connecting At0 to Ab0 and back
again. States Ab0 and At0 are not equivalent, and therefore, fronts move with a
constant veolcity cF , which depends on the control parameters of the system i.e.
cF = cF (θ, ρ), into the left or right depending on their orientation and the value
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of ρ. Then we say that the veolcity cF is positive if a front Fu (resp. Fd ) moves
from left to right (resp. from right to left) and negative in the other case. In
this context, the Maxwell point of a nongradient system can be understood as
the point where the velocity of fronts is zero.
The successive saddle nodes seen in Figure 5.3 correspond to the appearance of
additional oscillations in the tails of the fronts as the local maximum (minimum)
at the symmetry point x = 0 turns into a local minimum (maximum) and back
again, and hence to a gradual increase in the width of the hole. Figure 5.5 shows
a detail of this process. The associated hole states are temporally stable between
SN1 and SN2 , and on all the subsequent branch segments with positive slope
[6, 8], shown using solid lines. A profile of a stable localized hole on the SN1 –
SN2 segment is shown in Figure 5.4(i). For the value of θ used in Figure 5.3 the
collapse of the saddle nodes to ρM is very abrupt because the spatial oscillations
in the tail of the front decay very fast. Figure 5.6 shows a clearer example of
the behavior in this region, albeit for a larger value of θ.
In finite systems the hole or 1-soliton branch departs from ρ ≈ ρM when the
maximum amplitude starts to decrease below At0 and the solution turns into a
bright soliton sitting on top of Ab0 (Figure 5.4, profile (iv)). The branch then
terminates at SNhom,1 , where the amplitude of this soliton falls to zero. On an
infinite domain the LS branches bifurcating from SNhom,2 and SNhom,1 remain
distinct and do not connect up.
Figure 5.3 also shows the 2-soliton branch (green curve). This branch consists
of a pair of equidistant dark solitons within the periodic domain (Figure 5.4,
profiles (v)–(viii)). The states on this branch can be viewed as 1-pulse states
on the half-domain and it is no surprise therefore that they follow the behavior
of the 1-pulse states shown in red. In fact, this is so for all n-soliton branches
(n ≥ 3, not shown), provided the solitons remain sufficiently well separated;
finite size effects push the bifurcation to these states farther from the saddlenode at SNhom,2 as n increases, with similar behavior near SNhom,1 .
Of particular interest is the third soliton branch (Figure 5.3(b), blue curve). This
branch bifurcates from the vicinity of the first left fold on the 2-soliton branch,
labeled SNA . This branch also undergoes collapsed snaking in the vicinity of
ρM . The states on this branch start out as a 2-soliton state consisting of a
pair of (nearly) identical solitons (Figure 5.4, profile (ix)) but only one of the
two solitons broadens near ρM (Figure 5.4, profiles (x)–(xi)). The result is the
profile (xii) shown in Figure 5.4 after translation by L/4. This state is seen
to correspond to a single bright soliton, with a dip in the middle; numerical
continuation shows that these states terminate on HSS near SNhom,1 at the
same location as the 1-soliton branch (red curve). This new branch plays a
particularly important role for θ > 2, as discussed next.
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(a)

(b)

HH

(c)

SC

SNhom,2

(vi)
PS

SC
SNhom,1
HH

Figure 5.6: (a) Bifurcation diagram for θ = 4 showing collapsed defect-mediated snaking of
1-soliton (red line) and 2-soliton (green line) branches, showing their reconnection with the PS
branch (orange line) that bifurcates from HH on Ab0 . Temporally stable (unstable) structures
are indicated using solid (dashed) lines. Black lines correspond to HSS. Enlargements of panel
(a) can be found in Figs. 5.7 and 5.11. (b) The spatial eigenvalues λ of A0 at locations HH
and SC in (a).

5.5 Bifurcation and stability for dark solitons for θ > 2
For θ > 2 the saddle node SNhom,1 becomes a RTBH point with spatial eigenvalues λ1,2 = ±ik0 λ3,4 = 0 and homoclinic orbits are exceptional [6, 9]. However,
in this case this point is preceded by a HH bifurcation on Ab0 , which gives rise to a
branch of patterns. The pattern bifurcates subcritically (Figure 5.6) but remain
unstable throughout their existence range, despite the presence of a saddle node.
This is the case for all values of the detuning θ we explored (2.3 < θ < 10). Thus
no bistability between the pattern and Ab0 results and no snaking of bright LSs
takes place [10, 11]. Instead the bright solitons bifurcating from HH connect to
the dark solitons originating at ρ = ρt , as we now discuss.
Figure 5.6(a) shows the bifurcation diagram of the 1-soliton states (red branch)
for θ = 4 obtained by numerically continuing the analytical prediction obtained
in Eq. (5.14) away from SNhom,2 . Figure 5.7(a) shows a detail of this branch.
These states are initially unstable but as ρ increases these unstable 1-soliton
states grow in amplitude and acquire stability at saddle node SN1 . The LS profile on this segment of the branch is shown in Figure 5.8(i). This solution loses
stability at SN2 but starts to develop a spatial oscillation (SO) in the center;
solutions of this type become stable at SN3 . An example of the resulting stable
solution can be found in Figure 5.8(ii). This process repeats in such a way that
between successive saddle nodes on the left or right a new spatial oscillation
is inserted in the center of the dark soliton profile and the soliton broadens,
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(a)

SN1
(i)

SN2
SN4
SN6
SN8

SNhom,2

SN3
(ii) SN
5
(iii)
SN7
(iv)
(v)

(b)
(vii)
(ix)
SNhom,2

SNA

(viii)

(x)

Figure 5.7: Detail of the 1-soliton (panel (a), red line) and 2-soliton (panel (b), green line)
branches in the vicinity of SNhom,2 for θ = 4. Black lines show the homogeneous states
HSS. Panel (b) also shows a family of nonidentical 2-soliton states (blue line) that bifurcate
from the saddle node SNA on the 2-soliton branch and also undergo collapsed defect-mediated
snaking. Temporally stable (unstable) structures are indicated using solid (dashed) lines.
Profiles corresponding to the labeled locations are shown in Figure 5.8, with details of this
process shown in Figure 5.10.

decreasing its L2 norm. As a result, as one proceeds down the snaking branch
the central peak (dip) repeatedly splits. Details of this process are shown in
Figure 5.10. Numerically the collapse occurs at ρ = ρM ≈ 2.1753479. The
LSs at this location correspond to broad hole-like states of the type shown in
Figure 5.8(v). As in Section 5.4 further decrease in the norm signals that the
two fronts Fd and Fu connecting states At0 and Ab0 at ρM are starting to separate (Figure 5.8(vi)). These two fronts are asymmetric i.e. Fu,d (−x) 6= Fu,d (x),
although they are related by a reflection transformation, Fu (−x) = Fd (x). Figure 5.9 shows the front velocity as a function of ρ for θ = 4. The vertical line
stands for the Maxwell point of the system ρM where cF (ρM ) = 0, and the
velocity of fronts switches its sign.
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V(x)
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(v)

(iii)

(vi)

(vii)

(ix)

(viii)

(x)

Fd

Fu

Figure 5.8: Spatial profiles of the solutions represented in Figure 5.6(a) for θ = 4. Panels
(i)-(vi) correspond to 1-soliton states (red branches in Figs. 5.6(a) and 5.7(a)), panels (vii)(viii) to 2-soliton states (green branches in Figs. 5.6(a) and 5.7(b)) and panels (ix)-(x) to the
branch of nonidentical 2-soliton states (blue branch in Figure 5.7(b)).

cF

M

Figure 5.9: Velocity of the front in function of ρ for θ = 4. At the Maxwell point, at
ρ = ρM ≈ 2.1753479 the velocity of the fronts is zero.

The separation of fronts continues, resulting in the bright soliton state shown in
Figure 5.11(iv); this state is shifted by half the domain width relative to panels
(i)-(vi) of Figure 5.8. Thereafter the amplitude of the peak at x = 0 starts to
decrease and the 1-soliton branch departs from ρM , ultimately connecting to the
branch of small amplitude PS (Figure 5.11(i)) that bifurcates subcritically from
HH (see inset in Figure 5.11, top panel).
Figure 5.6(a) also shows the 2-soliton state (green line) that bifurcates from the
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(vii)
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Figure 5.10: Spatial profiles of the dark solitons near the upper end of the θ = 4 1-soliton
branch at locations indicated in the middle panel, showing that the splitting of the central
peak (dip) in (U (x), V (x)), occurs at different locations along the branch.

vicinity of SNhom,2 for θ = 4 just as in the case θ = 1.95. For θ > 2 this second LS
family plays a key role since it is responsible for providing the second of the two
branches of localized states that are known to be associated with HH. Figures
5.7(b), 5.11 and 5.13 show how this happens. The green branch in Figure 5.7(b)
consists of states with identical equidistant solitons; like the 1-soliton states,
the 2-soliton states proceed to develop internal oscillations (Figs. 5.8(vii)-(viii)).
These undergo a symmetry-breaking pitchfork bifurcation at SNA giving rise
to a branch of nonidentical solitons (in blue). One of these gradually acquires
complex internal structure while the other remains unchanged. Figures 5.8(ix)(x) show this state at the locations shown in Figure 5.7(b), while Figure 5.13(xii)
shows a translate of such a 2-soliton state by a quarter of the domain size.
Figures 5.13(xii)-(ix) and 5.11(xiv)-(xi) show the subsequent evolution of this
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(ii)
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(vii)
(x)

(xiv)
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(iii)
(xi)

HH

(vi)
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(v)

(xiii) (xii)
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Figure 5.11: Bifurcation diagram for θ = 4 showing the bifurcation of the three families of
localized states (bright solitons) from the subcritical PS branch. States with maxima at x = 0
(red line) connect with the corresponding branch of dark solitons shown in Figs. 5.6(a) and
5.7(a) while states with minima at x = 0 (blue line) connect with the corresponding branch in
Figure 5.7(b). The states shown in green consist of two equidistant bright solitons and these
connect to the corresponding branch in Figure 5.7(a).

2-soliton state into a single wave packet with a minimum at its center x = 0. It
is this state that connects to PS at the same location as the corresponding wave
packet (red) with a maximum at x = 0 that originates in the 1-soliton state near
SNhom,2 . In contrast, the 2-soliton state that also appears near SNhom,2 (green)
terminates in a distinct bifurcation on PS, as also shown in Figure 5.11. All
three branches undergo collapsed defect-mediated snaking inbetween. Evidently
there are similar branches that bifurcate from other folds on the 2-soliton branch
(not shown).
We note that as the domain length increases the termination point of the 1soliton (red line) and the nonidentical 2-soliton branch (blue line) migrates towards HH and in the limit of an infinite domain the bright solitons bifurcate
from Ab0 simultaneously with the pattern, exactly as predicted by the normal
form for the spatial Hopf bifurcation with 1:1 resonance [12]. We also mention
that, in principle, the Maxwell point ρM may collide with the saddle node of the
pattern branch (see [13] for details). However, we have determined that such a
collision does not occur in the LL equation and that the pattern branch remains
well-separated from the collapsed snaking branches of dark solitons around ρM
(at least in the parameter range 2.3 < θ < 10).
We turn, finally, to the structure of the spatial eigenvalues shown in Figure 5.6(b,c).
Panel (b) confirms that HH corresponds to a Hamiltonian-Hopf bifurcation in
space. Panel (c) shows that at the termination point of the pattern branch the
HSS state Am
0 has 2 purely real eigenvalues and 2 purely imaginary spatial eigen-
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Figure 5.12: Sample of solution profiles corresponding to the locations indicated in Figure 5.11.

values, indicating that SC corresponds to a global bifurcation in space and not
a local bifurcation. Both HH and SC are formed in the process of unfolding the
spatially reversible QZ bifurcation that takes place at SNhom,1 when θ = 2.

5.6 Soliton location in the (θ, ρ) plane
Tracking each bifurcation point in the bifurcation diagram as a function of θ
we obtain the (θ, ρ) parameter plane shown in Figure 5.2. The green solid line
represents a BD transition for θ < 2 that turns into a HH bifurcation for θ > 2.
The saddle-node bifurcations determine the regions of existence of the different
dark solitons shown previously. With increasing θ the region of existence of
these states becomes broader (Figure 5.14(a,b)). In contrast, when θ decreases
the branches of solutions with several SO progressively shrink, disappearing in
a series of cusp bifurcations C1 ,...,C4 , as shown in Figure 5.2.
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Figure 5.13: Details of the profile transformation at θ = 4 that changes two nonidentical
dark solitons (blue branch in Figure 5.7(b)) into a bright soliton with a minimum at its center
x = 0, allowing it to connect to the PS state at the same location as the 1-soliton state (red
branch in Figure 5.7(a)) which evolves into a bright soliton with a maximum at its center
x = 0. The 2-soliton state consisting of two identical equidistant solitons (green branch in
Figure 5.7(b)) also terminates on PS, but at a distinct location.

We distinguish four main dynamical regions, labeled I to IV in the phase diagram
in Figure 5.2, in terms of the existence of HSS and dark LSs:
• Region I: The bottom HSS Ab0 is stable. No dark LSs or √
top HSS At0 exist.
This region spans the parameter space ρ < ρBD for θ < 3 and ρ < ρt for
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Figure 5.14: Bifurcation diagram for (a) θ = 5 and (b) θ = 10 showing that the LSs are now
unstable within intervals between back-to-back Hopf bifurcations. The Hopf bifurcations on
the left (H−
2 , panel (a)) for the 2-soliton states (green and blue lines) coincide with that of the
1-soliton states (red line).

θ>

√

31 .

• Region II: The bottom HSS Ab0 and top HSS At0 coexist and are both
stable. No dark LSs are
√ found. This region spans the parameter space
ρSN1 < ρ < ρb for θ > 3.
b
• Region III: The top HSS At0 is stable. No dark LSs or bottom HSS
√ A0
exist. This region
spans
the
parameter
space
ρ
>
ρ
for
θ
<
3
and
BD
√
ρ > ρb for θ > 3.

• Region IV: The bottom HSS Ab0 and top HSS At0 are stable and coexist
with possibly unstable or stable dark LSs. This region spans the parameter
1ρ

b

and ρt represent the position of the SNhom,1 and SNhom,2 respectively.
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Figure 5.15: (i) Oscillatory 1-soliton state, (ii) oscillatory 2-soliton state, (iii) a bound state
of an oscillating and a stationary dark soliton, all computed for θ = 5, ρ = 2.6. (iv) A similar
state to panel (iii) but for θ = 5, ρ = 2.56. The solutions are represented in a space-time
plot of U (x, t) with time increasing upwards. The profile at the final instant, t = 20, is shown
above each space-time plot.

space ρt < ρ < ρSN1 for θ >

√

3.

Region IV is the main region of interest in this work. It can be further subdivided
to reflect the locations of different types of LSs. In the next Section, we refer
to the region between SN1 and SN2 , i.e., the region of existence of dark solitons
with one spatial oscillation (1-SO dark solitons), as subregion IV1 . Similarly,
subregion IV2 corresponds to 2-SO dark solitons between SN3 and SN4 and so
on. While both HSS are stable in region IV, the stability of dark LSs in the
various subregions depends on the parameter values (θ,ρ) as discussed next.

5.7 Oscillatory and chaotic dynamics
We have seen that the range of values of the parameter ρ within which one finds
dark solitons increases rapidly with increasing detuning θ although the interval
with stable stationary dark solitons is reduced by the presence of oscillatory instabilities that set in as θ increases (Figure 5.14). These intervals of instability
open up on the stable portions of the collapsed snaking branches, between pairs
of supercritical Hopf bifurcations on either side. Consequently these instabilities lead to stable temporal oscillations resembling breathing of the individual
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Figure 5.16: (i) Oscillatory 1-soliton state, and (ii) oscillatory 2-soliton state, when θ = 10,
ρ = 4.5. The solutions are represented in a space-time plot of U (x, t) with time increasing
upwards. The profile at the final instant, t = 20, is shown above each space-time plot.

solitons. To characterize the resulting dynamics we combine here linear stability
analysis in time with direct integration of the LL equation. We also compute
secondary bifurcations of time-periodic states and point out that in appropriate regimes the LL equation exhibits dynamics that are very similar to those
exhibited by excitable systems.
As already noted, for θ = 5 (Figure 5.14(a)) and θ = 10 (Figure 5.14(b)) the single dark soliton becomes unstable in a supercritical Hopf bifurcation (H−
1 ) leading to an oscillatory state. Figure 5.15(i) shows the resulting oscillatory state at
location (i) in Figure 5.14(a). The temporal oscillations disappear upon further
decrease in ρ and do so in a reverse supercritical Hopf at H−
2 , thereby restoring
the stability of the single dark soliton. For larger values of θ this behavior not
only persists but the soliton with 2 spatial oscillations (SO) also exhibits temporal oscillations between two back-to-back Hopf bifurcations (Figure 5.14(b)).
An example of such oscillatory 2-SO dark soliton is shown in Figure 5.16(i).
Figure 5.15(ii) shows the corresponding oscillation of the 2-soliton state for
θ = 5 at location (ii) in Figure 5.14(a). The solitons oscillate in phase, in a nonsinusoidal manner. Figures 5.15(iii)-(iv) show oscillations of a bound state of two
nonidentical dark solitons at locations (iii) and (iv) in Figure 5.14(a). In these
states the simple dark soliton on the left oscillates in a periodic fashion while
the structured dark soliton on the right remains essentially time-independent.
Figure 5.16(ii) shows a periodic oscillation of a 2-soliton state for θ = 10 corresponding to location (ii) in Figure 5.14(b). The individual solitons are structured
and oscillate as in panel (i). Once again, both oscillate in phase.
We can complete the parameter space shown in Figure 5.2 by adding the curves
−
corresponding to the oscillatory instabilities at H−
1 and H2 . Figure 5.17 shows
the parameter space with the curves corresponding to the temporal instabilities
of the 1-SO and 2-SO dark solitons included; the saddle nodes of the remaining
dark solitons are omitted in order to give a clearer understanding of this behavior.
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Figure 5.17: (The (θ, ρ) parameter space for normal dispersion (ν = −1) showing the region of
existence of (a) the 1-SO dark soliton and (b) the 2-SO dark soliton. The different bifurcations
are labeled, with Hj− indicating a supercritical Hopf bifurcation at location Hj . The red (gray)
region corresponds to stable stationary (oscillatory) dark LSs.

Bifurcation lines separating different dynamical regimes are labeled according
to Figure 5.14. With increasing θ the Hopf bifurcation H−
1 of the single dark LS
approaches SN1 and we see that both lines are almost tangent although, for the
parameter values presented, they do not meet. The same scenario repeats for
the Hopf bifurcation H−
3 of the 2-SO state.
This scenario can be better understood by looking at Figure 5.18 where several slices of Figure 5.17(a) at different values of θ are shown. We choose to
plot ||A||inf := min(|A|) instead of the L2 norm to improve the clarity of the
bifurcation diagram, and denote the maximum and minimum amplitude of the
oscillatory LSs using crosses. The diagram in Figure 5.18(a) corresponds to a
cut of Figure 5.17 at θ = 4.6. At this θ value the oscillatory state bifurcates from
H−
1 , grows in amplitude as ρ decreases, before reconnecting to the stationary LS
at H−
2 in a reverse Hopf bifurcation. For larger θ, the amplitude of the limit cycle
146

5.7. OSCILLATORY AND CHAOTIC DYNAMICS

Figure 5.18: Bifurcation diagrams corresponding to different slices of the parameter space in
Figure 5.17 plotted using ||A||inf as a measure of the amplitude. Solid (dashed) lines correspond
to stable (unstable) structures, and red (black) colors correspond to 1-SO dark LSs (HSS). The
blue crosses represent maxima and minima of the amplitude of the oscillatory dark LSs. The
gray labeled bars above each panel show the extent of the regions I, II, and IV. (a) θ = 4.6,
(b) θ = 5, (c) θ = 5.2, (d) θ = 5.5.

S

Figure 5.19: Detail of the bifurcation diagram of Figure 5.18(c) for θ = 5.2 close to the
BC1 point. Vertical lines represent the separation between period 1 oscillations in region IVb1 ,
period 2 oscillations (region IVc1 ), period 4 oscillations (region IVd1 ) and temporal chaos in
IVe1 . Lines and markers in red (black) correspond to dark LSs (HSS). Labels from (a) to (d)
correspond to the dynamics shown in Figure 5.20.

−
between H−
1 and H2 increases, and at some point the cycle undergoes a perioddoubling (PD) bifurcation, starting a route to a chaotic attractor. This happens
already at θ = 5 as can be seen in Figure 5.18(b). At θ = 5.2 (Figure 5.18(c)) the
chaotic attractor touches the saddle branch S corresponding to unstable dark
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Figure 5.20: Route to temporal chaos for θ = 5.2. Panels (a)–(d) represent the transition
from (a) period 1 oscillations to (d) temporal chaos, corresponding to the labels in Figure 5.19.
From left to right: temporal trace of ||A||inf , its frequency spectrum that allows us to differentiate between the different types of temporal periodicity, a portion of the phase-space containing
At0 , S and the periodic attractors, and a zoom of the latter where we can appreciate the proximity of S to the cycle. (a) ρ = 2.70248 (period 1), (b) ρ = 2.70358 (period 2), (c) ρ = 2.71528
(period 4), (d) ρ = 2.72178 (temporal chaos).

solitons and disappears through a boundary crisis (BC) [14]. Let us discuss this
−
process in detail for the cycle emerging from H−
2 (the case of H1 is analogous).
In Figure 5.19 we show a zoom of the diagram in Figure 5.18(c) close to BC2
and in Figure 5.20 a series of panels characterizing the cycle at different values
of ρ is shown. From left to right we show a series of time traces corresponding
to the temporal evolution of the minima of the soliton, i.e., ||A||inf , the Fourier
transform of these time traces, a two-dimensional phase space projection onto
(U (x0 , t), V (x0 , t)), x0 being the position of the center of the structure, and a
zoom of the phase space. Panel (a) in Figure 5.20 corresponds to the situation
at ρ = 2.70248 in Figure 5.19 labeled with (a). As we can see in the time trace
and in the frequency spectrum, the cycle has a single period. In the phase space
shown in Figure 5.20 we observe a fixed point corresponding to At0 , a saddle
point corresponding to the unstable dark soliton denoted by S and a periodic
orbit corresponding to the cycle. For this value of ρ the saddle S is far from the
cycle. For ρ = 2.70358 (panel (b) corresponding to label (b) in Figure 5.19 the
time trace and the spectrum reveal that the cycle has period two as can also
be discerned from the phase space projection. In Figure 5.20(c) for ρ = 2.71528
the cycle has just suffered another period-doubling resulting a cycle with period
four. Finally, Figure 5.20(d) shows the situation for ρ = 2.72178, where the
cycle has become a chaotic attractor. At this parameter value the system is very
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(a)

(c)

(b)

Figure 5.21: Chaotic transient dynamics for θ = 5.2: A chaotic transient is generated when
At0 is temporally perturbed with a Gaussian perturbation of height h = −2.55 (see gray area in
time traces); Panel (a) represent space-time plots of the temporal evolution of the field U (x, t),
panel (b) shows the time series of the norm ||A||inf and panel (c) is a projection of the phase
space.

close to the boundary crisis BC2 as can be appreciated from the near tangency
between S and the chaotic attractor. Once S touches the attractor, the latter
disappears and only At0 and Ab0 remain as attractors of the system. The same
occurs to the cycles appearing at H−
1 . Using time simulations we were able to
estimate the position of the boundary crises BC1 and BC2 in parameter space,
labeled in Figure 5.17(a). From Figure 5.18(c) to Figure 5.18(d) we can see
−
that at the same time as BC1 moves toward H−
1 , H1 itself approaches SN1 and
therefore that the region of existence of oscillatory LSs shrinks. This behavior
can also be seen in Figure 5.17(a).
At this point we can differentiate five main dynamical subregions related to
region IV1 , i.e., the 1-SO dark soliton, namely:
• IVa1 : The 1-SO dark soliton is stable.
• IVb1 : The soliton oscillates with a single period.
• IVc1 : The soliton oscillates with period two.
• IVd1 : The soliton oscillates with period four.
• IVe1 : Region of temporal chaos bounded by a boundary crisis (BC2 ).
The region IV2 of 2-SO dark solitons has the same sequence of subregions
IVa2 ,...,IVe2 , etc.
Close to BC2 (respectively, BC1 ) the system can exhibit behavior reminiscent of
excitability [15]. Here the stable manifold of the saddle soliton S acts as a separatrix or threshold in the sense that perturbations of At0 across that threshold
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Figure 5.22: Chaotic transient dynamics for θ = 5.2 similar to Figure 9.12 but now for
h = −3.4431. Supanels (a), (b) and (c) represent the same than in Figure 9.12.

do not relax immediately to At0 but lead first to a large excursion in phase space
before relaxing to At0 . In this case the excursion corresponds to what is known
as a chaotic transient, where the system exhibits transient behavior reminiscent
of the chaotic attractor at lower values of ρ [16, 17]. In Figs. 9.12(a) and (b)
we show two examples of this kind of transient dynamics. We choose a value
of ρ close to BC2 , namely ρ = 2.7235, and modify the parameter ρ for a brief
instant using a Gaussian profile of width σ and height h using the instantaneous
transformation


(x − L/2)2
ρ 7→ ρ + h(t) exp −
,
(5.15)
σ2
where ρ = 2.7235 and σ = 0.781250 with h(t) = −2.55 for 10 ≤ t ≤ 15 and
h = 0 elsewhere [18]. Such a perturbation of At0 allows the system to explore the
chaotic attractor before returning to the rest state. In Figure 9.12(b) the system
explores just one loop of the cycle before returning to the rest state. In usual
excitable systems the shape of the large excursion in phase space is a single pulse
corresponding to one cycle around a reminiscent periodic orbit, however, in this
case several pulses can be observed, corresponding to a piece of the reminiscent
chaotic attractor

5.8 Discussion
In the present chapter we have presented a comprehensive overview of the dynamics of the LL equation in the normal dispersion regime. The bifurcation
structure of dark solitons, their stability and the regions of their existence were
determined. In this section we will discuss the main results presented along this
chapter.
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5.8. DISCUSSION
Families of dark solitons
Three families of dark solitons, the 1-soliton and two different types of 2-soliton
states, located on three intertwined branches undergoing collapsed snaking in
the vicinity of the same Maxwell point, were identified. The 1-soliton states
bifurcate from the top left fold of an S-shaped branch of spatially homogeneous
states and terminate either on the lower homogeneous steady state (HSS) branch
in a Hamiltonian-Hopf (HH) (equivalently, modulational instability) or at the
bottom right fold, depending on the detuning parameter θ. On a periodic domain
of finite spatial period, these bifurcations are slightly displaced from the folds,
and in the case of the HH bifurcation to finite amplitude on the branch of
periodic states created in this bifurcation. The 2-soliton states consisting of a
pair of identical equidistant solitons in the domain follow a similar branch but
branch off the HSS farther from the folds. This is a finite size effect: these states
behave like the 1-soliton states on a periodic domain with half the domain length.
The third branch consists of a pair of nonidentical solitons and plays a key role:
this branch bifurcates from the branch of identical 2-soliton states in a pitchfork
bifurcation; as one follows this branch to lower L2 norm these states undergo a
remarkable metamorphosis into a bright soliton with a minimum at its center
that allows it to terminate on the periodic states created in the HH bifurcation
at the same location as the 1-soliton states, as demanded by theory. The details
of this transition are captured in Figs. 5.11 and 5.13. Related behavior likely
occurs in the Swift-Hohenberg equation as well (see Figure 19 of [19]). On top
of this, solutions with more than 2 peaks and with an arbitrary number of peaks
(spatial chaos) may also exist.
Oscillatory instabilities
At yet higher values of the detuning parameter θ we found that the localized
states undergo oscillatory instabilities, and at a certain point a period-doubling
bifurcation initiates a period-doubling cascade into chaos. We have used this observation to determine the regions in parameter space where different stationary
and dynamical states coexist.
Quadruple zero point
We have shown that the bifurcations that organize the spatial dynamics undergo
an important
transition at a Quadruple-Zero (QZ) point, which occurs at (θ, ρ) =
√
(2, 2). Here, in the normal dispersion regime, the Belyakov-Devaney (BD)
transition turns into an HH bifurcation as the detuning θ increases through θ = 2.
For θ > 2 a spatially periodic pattern bifurcates subcritically from the bottom
homogeneous state at this HH bifurcation. These periodic solutions were found
to be unstable, and hence no stable bright LSs were found. However, the saddlenode bifurcation of the top homogeneous solution
remains a reversible Takens√
Bogdanov (RTB) bifurcation for all θ > 3. This observation explains the
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existence of multiple families of dark LSs in this regime, and their organization
in the so-called collapsed snaking structure [6, 20]. As mentioned, these dark
LSs undergo various dynamical instabilities for larger values of the detuning θ.
Normal versus anomalous dispersion
The bifurcation scenario is largely reversed in the case of anomalous dispersion,
where the same QZ point plays an equally important role, but now the HH bifurcation turns into a BD bifurcation when θ > 2 [2, 21]. Moreover, the top
homogeneous solution is now always unstable and the upper fold never corresponds to a RTB bifurcation. This reverse character of the bifurcation points has
important consequences. First, dark LSs no longer exist, although the inclusion
of additional, higher order dispersion can stabilize the top homogeneous solution and hence lead to stable dark LSs [22]. Second, for 41/30 < θ < 2, a stable
periodic solution coexists with the stable bottom homogeneous solution giving
rise to bright LSs that are organized in a homoclinic snaking structure [10, 11].
However, as we have seen in Chapter 4, for θ > 2, the homoclinic snaking structure disappears and bright solitons are organized in a foliated snaking type of
structure. Finally, despite these differences in the regions of existence of dark
and bright LSs in the normal vs. anomalous dispersion regime, the temporal
dynamics of the existing solutions are very similar at higher values of the detuning θ. Here, for normal dispersion, we reported the existence of oscillatory
and chaotic dynamics of dark LSs as the detuning is increased. The same dynamical instabilities have been observed in the case of anomalous dispersion at
high values of θ, but this time for bright LSs [16, 21]. This suggests that the
unfolding of the dynamics can be related to the same type of bifurcation point
in both cases.

5.9 Conclusions
The analysis presented in this chapter provides a detailed map of the regions
of existence and stability of dark LSs, which could serve as a guide for experimentalists to target particular LS solutions. We have shown that dark LSs exist
only in a well-defined zone within the wider region of bistability between two
stable homogeneous solutions. Within this zone, dark LSs are organized in a
bifurcation structure called a collapsed snaking structure. The word "collapsed"
refers to the fact that the region of existence of dark LSs shrinks exponentially
with increasing number of spatial oscillations (SOs) in the soliton profile (Figure 5.6). The collapse of the snaking structure implies that LSs with many SOs
can only be found at the Maxwell point ρM , a fact that favors the observation
of LSs with a single SO over that of broader LS with many SOs.
Although such a collapsed snaking structure persists for higher values of the
detuning θ, we also showed that narrow dark LSs with a low number of SOs
152

REFERENCES
destabilize first as θ increases (Figure 5.14) and start to oscillate in time. Therefore, at higher values of θ stable stationary dark LSs found experimentally will
most likely have an intermediate number of SOs. Our general analysis of the
multistability of dark LSs may also explain the numerical observations in Ref.
[2], where it was shown that the pulse profile of dark LSs becomes more distorted as the detuning increases. This may be due to the fact that stable dark
LSs with a larger number of SOs are more likely to be found for higher values
of the detuning.
As shown in Figure 5.2, in the normal dispersion regime rather large values of
the detuning θ and pump power ρ are required to obtain a sufficiently wide region of dark LSs (region IV) to observe such states experimentally. However, in
recent years, the FC community has become increasingly successful at reaching
the required values of pump power and detuning. As a result, dark LSs with different numbers of spatial oscillations (SOs) in their center (see, e.g., Figure 5.8)
have been observed in experiments [5]. In Ref. [5] dark LSs were found using a
normalized pump power ρ ≈ 2.5 and normalized detuning θ ≈ 5. Figures 5.17
and 5.18 show that around these parameter values one can indeed find dark LSs
with different numbers of SOs that can undergo oscillatory instabilities.
In Chapter 6 we will analyze how dark solitons and their bifurcation structure
are modified by considering higher orders of dispersion, in particular we focues
on TOD effects.
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Chapter 6

Third order dispersion effects:
stabilization of solitons
6.1 Introduction
Previously in this thesis, we have studied the dynamics, stability and bifurcation
structure of LSs in the two main regimes of operation of the temporal cavities
described by the LL model, namely the anomalous and normal group velocity
dispersion (GVD) regimes. In the anomalous regime (see Chapter 4) the typical
LSs are bright solitons, while in the normal one (see Chapter 5) they are dark.
We have also shown that these two types of structures have a different origin:
while a bright LS arises as a pattern-element, the dark one is formed due to
the locking of two fronts with different polarities. However, in a real experimental setup, high-order chromatic dispersion (HOD) effects must be taken into
account. For instance, for certain values of the driving field frequency the GVD
coefficient β2 ≈ 0, and therefore the third order of dispersion (TOD) becomes
relevant. Because of that, it is important, from a theoretical and experimental
point of view, to know how these HOD terms modify the scenario. Hence, in this
Chapter we will focus on analyzing how the dynamics, stability, and bifurcation
structure of the LSs get, modified when considering the effect of TOD in the
system.
This term breaks the reflection reversibility x → −x, which leads to asymmetries
in the temporal and spectral profiles [1–4]. This asymmetry is also responsible
for the observed constant-velocity temporal drift. In microresonators, the carrier
frequency of the LS is shifted from the pump due to spectral recoil from the
emission of dispersive waves [3–5], and its group-velocity differs slightly from
that of the pump. In fiber cavities, a similar change in group-velocity occurs
through acoustic effects and leads to long-range LS interaction [6].
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Here, we will show that TOD can stabilize solitons in both regimes of operation
(anomalous and normal GVD), suppressing oscillatory instabilities [7, 8]. Moreover, in the normal GVD regime we have also found that bright solitons sitting
on a low-intensity background Ab0 , which in the absence of higher order terms
are found to be unstable, can come into stable existence with TOD due to the
appearance of oscillatory tails around the top HSS solutions At0 .
This Chapter is organized as follows: in Section 6.2 we present some features
of the influence of TOD terms on the dynamics of solitons in the LL equation.
Later, in Section 6.3 we study the spatial dynamics of the system, analyzing the
structure of homoclinic orbits to the HSS when reflection symmetry is broken.
In Section 6.4 we present the results of adding TOD to the LL equation in
the anomalous regime. Together with the suppression of oscillatory and chaotic
dynamics, we analyze how the bifurcation structure of solitons is modified. After
that, in Section 6.5, we show a similar analysis for the normal dispersion regime,
where the dynamics of dark solitons are altered and bright solitons appear.
Finally, in Section 6.6, we draw some conclusions for this Chapter.

6.2 Overview of the Lugiato-Lefever equation with drift instability
Using the normalization of [9], and including dispersion up to third-order, the
LL equation reads,
∂t A = −(1 + iθ)A + iν∂x2 A + d3 ∂x3 A + iA|A|2 + ρ

(6.1)

where, ρ, θ are real control parameters representing the normalized driving field
amplitude or pump, and frequency detuning. Parameter d3 represents the relative strength of the TOD. In Section 1.2 we have seen that d3 can be calculated
from the physical parameters of the system, d3 = (1/3)(2α/L)1/2 β3 /|β2 |3/2 [10],
where α is half the percentage of power lost per round-trip, L is the cavity
length, and β2 (β3 ) is the second (third) order dispersion coefficient.
In this Section we present some results regarding several effects of adding a TOD
term in the model. First, TOD breaks the reflection symmetry in Eq. (6.1) such
that its structured solutions now have an asymmetric profile. This leads to the
advection of the different states with a velocity depending on the control parameters, and convective instabilities occur in regions of parameter space where
there is bistability between two different states.

6.2.1 The breaking of the reflection symmetry induces drift
When d3 = 0, Eq. (6.1) is invariant under the transformation (x, A) → (−x, A),
and one says that the system has reflection symmetry, or that the system is
reversible in space (x−reversible). In contrast, when d3 6= 0, the system is no
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longer x−reversible due to the introduction of an odd derivative in the righthand side of Eq. (6.1). Because of that the solutions of (6.1) are asymmetric
with respect to the center of the structure, let us say x = 0, and they drift with
a constant velocity. Here we will show that, in the linear regime, the breaking
of the reflection symmetry induced by the TOD, causes a modification of the
profile of the solution with the form of the Goldstone mode, which induces on
one hand a permanent shift of the solution (i.e. a drift), and on the other hand
the asymmetry of such a state.
Any traveling solution of the form A(x, t) = A(x − ct, t) satisfies the equation
∂t A − c∂x A = −(1 + iθ)A + iν∂x2 A + d3 ∂x3 A + iA|A|2 + ρ,

(6.2)

where the Galilean transformation x 7→ x0 = x − ct has been performed, and
where 0 has been dropped. In particular, here we are interested in steadily
drifting LSs, and therefore in states that, in the moving reference frame at
velocity c, are stationary (i.e. ∂t A = 0).
Let us assume that, for d3 = 0, the steady state solutions of the LL are given by
As . Then, if the reflection symmetry is weakly broken (d3  1), any solution in
the moving reference frame can be expanded as an asymptotic series on d3 as,
A(x) = As (x) + d3 A1 (x) + · · · ,

(6.3)

with A1 being the (first order) modification of the solution due to the influence
of the TOD. Introducing the ansatz (6.3) into Eq. (6.13), and scaling the velocity
as c = c1 d3 + · · · , one gets, at first order in d3
L[As ]A1 = −∂x3 As − c∂x As .

(6.4)

This equation has a solution if the next solvability condition holds
hw, −∂x3 As − c∂x As i = 0,

(6.5)

where w is the eigenfunction of the adjoint operator L† with eigenvalue zero (i.e.
L† w = 0), which has the same spatial symmetry as the Goldstone mode of the
system G(x) ≡ ∂x As , and h·, ·i denotes the scalar product defined in terms of
full spatial integration over the considered domain (see Section B.1).
From Eq. (6.5), one gets that the solutions (6.3) drift with a constant velocity
c = −d3

hw, ∂x2 Gi
,
hw, Gi

(6.6)

proportional to d3 .
Once this condition is satisfied Eq. (6.4) becomes
L[As ]A1 = 0,

(6.7)
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which has solutions of the form
A1 (x) = aG(x),

(6.8)

where the coefficient a is determined at higher-orders on d3 . So, at first order
in d3 , we can see that the asymmetry in the solution (6.3) is generated by an
excitation of the (anti-symmetric) Goldstone mode, driven by the TOD.

6.2.2 Linear stability analysis
In this Section we first apply a linear stability analysis on the HSS, and we
derive the dispersion relation of the system. After that, we introduce the concept
of convective and absolute instabilities arising when advection is considered in
regions of bistability between two states.
Assuming a perturbation of the HSS solution A0 of the form

 



U
U0
a
=
+
eikx+Ωt + c.c.,
V
V0
b

(6.9)

with a and b real numbers, and inserting (6.9) into Eq. (6.1), we obtain that at
first order in  the dispersion relation is given by
p
(6.10)
Ω(k) = Ωr + iΩi = −1 ± a1 + a2 k 2 − k 4 − id3 k 3
where we have defined a1 = 4I0 θ − 3I02 − θ2 and a2 = ν(4I0 − 2θ).
The real part of Eq. (6.10) equal to zero, namely Ωr (k) = 0, gives us the conditions for HSS to be modulationally unstable to perturbations given by (6.9), and
is not affected by the TOD terms. Therefore, the regions of stability remain the
same as in the case when d3 = 0, which we have discussed in detail in Chapter 3,
4, and 5. A MI occurs at I0 = 1 when θ < 2 in the anomalous case and when
θ > 2 in the normal one.
TOD does not change the onset of the MI, but it changes its nature and leads
to convective and absolute instabilities by introducing a group velocity in the
dispersion relation (6.10), Ωi 6= 0, such that the perturbation becomes eΩt+ikx =
eΩr t+i(kx+Ωi t) , which has the form of a traveling wave. As a result perturbations
to the HSS drift away.

6.2.3 Convective and absolute instabilities
To explain these two instabilities we need to consider a system with bistability
between two different extended states, which we call A and B, and that can be
either HSS solutions or patterned states.
In the absence of drift, we can say that a solution (e.g. A) is stable if, for any
perturbation of finite size and amplitude, the system relaxes everywhere back
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to A. In contrast, A is said to be unstable if this perturbation grows and the
system eventually reaches the other state B [12]. In the LL system, the state A
is a HSS, while the state B could be either a patterned state or another HSS.
Which bistability exists depends on the parameters and dispersion regime (see
Chapter 3 and Chapter 5).
When d3 6= 0, any spatial inhomogeneity of the system drifts. In particular
initial localized perturbations (i.e. finite size and amplitude) on state A can
evolve in two different ways depending on the balance between the growth of
the initial perturbation and the advection. If the advection is faster than the
growth of the perturbation, the system will return locally to its initial state A,
and the system is said to be convective unstable. On the contrary, if the growth
is faster than the upstream drift, then the system does not relax to A, but state
B will instead overtake the whole domain. In this last case we would say that
the system is absolute unstable.
In the anomalous dispersion case, convective instabilities were studied in the LL
model in Ref. [1]. In that work, the authors calculate analytically and numerically the thresholds of both instabilities. The convective threshold is obtained
by the condition
Ωr (kc ) = 0,
(6.11)
with kc the most unstable mode. This is the condition needed for the MI to
occur. On the contrary, the absolute threshold is reached when
Ωr (ks ) = 0,

(6.12)

where ks is a saddle point satisfying dΩ/dk = 0. A plot of both thresholds can
be seen in Figure 2 of Ref. [1].
As a result, any perturbation above convective threshold I0 = 1 and under the
absolute threshold, will develop a pattern that will drift in such a way that
locally the system returns to Ab0 . However, any perturbation above the absolute
threshold will grow everywhere, and therefore the pattern will occupy the whole
domain.
As far as we know, convective instabilities have not been yet studied in the
normal dispersion regime and it is an interesting topic for a future work.
In Chapter 10, we will use again these concepts when studying the excitability
induced by fronts in the real Ginzburg-Landau equation, where states A and B
are both homogeneous.

6.2.4 Computation of steadily drifting localized states
The weakly nonlinear analytical expression (6.3) for the asymmetric solution,
arising in the presence of TOD, is only valid for d3  1. However, any steadily
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(a)

(c)

(b)

(d)

Figure 6.1: Single-peak LSs for d3 = 0.07 in (a), d3 = 0.1 in (b), d3 = 0.2 in (c), and
d3 = 0.3 in (d) for (θ, ρ) = (2.2, 1.5) and L = 160. On top of each profile, a close-up view of
the oscillatory tails is shown.

drifting solution of Eq. (6.1) can be computed numerically, using a NewtonRaphson algorithm (see Section B.3) to solve the equation,
− c∂x A = −(1 + iθ)A + iν∂x2 A + d3 ∂x3 A + iA|A|2 + ρ.

(6.13)

To do that, one also needs to calculate the velocity c as part of the solution
of Eq. (6.13), which can be done by adding to Eq. (6.13) an extra condition on
the form Q[A(x)] = 0. This is then equivalent to solve the following nonlinear
eigenvalue problem,
d3

d3 U
d2 V
dU
−
ν
+c
− U + θV − V (U 2 + V 2 ) + ρ = 0
3
2
dx
dx
dx

d3

d3 V
d2 U
dV
− V − θU + U (U 2 + V 2 ) = 0
+ν 2 +c
3
dx
dx
dx

(6.14)

Q[A(x)] = 0,
which has been written considering the real variables U and V .
Without loss of generality we constrain the maximum of the field A to occur at
x = 0. This gives,


d|A|2
dU
dV
Q[A(x)]|x=x0 =
|x = 2 U
+V
,
(6.15)
dx 0
dx
dx x0
or

dU
|x .
dx 0
One could also use integral phase conditions as done in Refs. [13, 14].
Q[A(x)]|x=x0 =

160

(6.16)

6.3. SPATIAL DYNAMICS: HOMOCLINIC ORBITS IN NON-REVERSIBLE
SYSTEMS
Solving the system (6.14), we can continue any of the LSs of the LL equation
from d3 = 0 to any value d3 6= 0. In Figure 6.1 we can observe some singlepeak LSs of Eq. (6.13) for (θ, ρ) = (2.2, 1.5), and different values of d3 . The
TOD strength for each panel are d3 = 0.07, 0.1, 0.2, and 0.25 from (a) to (d)
respectively. The field profiles are asymmetric, and the tails at one side and the
other of the central core are different. Moreover, the asymmetry increases with
the strength of TOD. These oscillatory tails can be interpreted as dispersive
waves, or Cerenkov radiation, emitted by the dissipative structure [4, 5, 15].
In what follows we will just focus on the modification of the properties of LSs
when including TOD in both the normal and anomalous dispersion regimes.

6.3 Spatial dynamics: homoclinic orbits in non-reversible
systems
As we said before, the introduction of an odd derivative breaks the spatial reversibility (x, A) 7→ (−x, A) of the system, and therefore solutions of Eq. (6.1)
are no longer symmetric with respect to the symmetry plane at x = 0, i.e. respect to the symmetry section S ≡ fix(R) defined in Chapter 2. The stronger
the TOD (d3 ), the larger the asymmetry and drift velocity of LSs will be.
Nevertheless, despite this symmetry breaking, any LS can still be described as
a homoclinic orbit to the HSS A0 in the reference frame moving with the LS.
In this Section we will mainly focus on the spatial dynamics in the anomalous
dispersion regime, although the concepts introduced here can also be applied to
the normal dispersion case as we will see in Section 6.6.
The stationary LL equation in the moving reference frame, i.e. Eq. (6.13) can
also be written as the dynamical system,
dx yi = yi+2 ,
i = 1, ..., 4
−1
dx y5 = d3 [νy4 − cy3 + y1 − θy2 − y2 y12 − y23 − ρ]
2
3
dx y6 = d−1
3 [−νy3 − cy4 + y2 − θy2 − y1 − y1 y2 ],

(6.17)

considering the 6-dimensional phase space defined by variables y1 = U , y2 = V ,
y3 = dx U , y4 = dx V , y5 = d2x U and y6 = d2x V . This procedure has been
extensively applied in Chapter 2 in the context of the reversible LL Eq. (2.1).
Previous work related with the application of this concept in reversible systems
can be found in Refs. [16–20].
As we saw in the previous Section, the absence of x-reversibility can be easily seen
looking at the profiles of the LSs shown in Figure 6.1, where the fronts leaving
and approaching the HSS A0 are now different. In terms of the dynamical system
defined by (6.17), these fronts can be interpreted as heteroclinic orbits in a six
dimensional phase space, and a LS as a homoclinic orbit, resulting from the
intersection of the unstable and stable manifolds of A0 .
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Figure 6.2: Projection of the single-peak LS shown in Figure 6.1(d) into subspaces (y1 , y3 )
in (a), (y1 , y5 ) in (b), and (y3 , y5 ) in (c) of the phase space defined by (6.17). In red (blue) we
plot the stable (unstable) manifolds W s,u (Ab0 ) of Ab0 .

In Figure 6.2 we show the projection of the single-peak LS for d3 = 0.25 (see
Figure 6.1(d)) into three different subspaces of the phase space. In blue, we plot
the unstable manifold W u (Ab0 )) that leaves the fixed point A0 monotonically. In
red, we show the stable manifold W s (Ab0 )) that approaches A0 in an oscillatory
way characterized by a given frequency and decay rate.
In the linear approximation we can characterize these manifolds studying the
spatial eigenvalues of the system (6.17). In order to do so we calculate the
eigenvalues of the linear operator associated with the dynamical system (6.17),
i.e. its Jacobian,


0
0
d3
0
0
0

0
0
0 d3
0
0 



0
0
0
0
d3 0 
−1 

Df (y0 ) = d3 
,
0
0
0
0
0 d3 


2
2
 1 + 2y1 y2
θ − y1 − 3y2 −c 0
ν
0 
θ − y22 − 3y12
1 − 2y1 y2
0 −c −ν 0 y=y
0
(6.18)
with y0 = [U0 , V0 , 0, 0, 0, 0].
We find that the eigenvalues of (6.18) are roots of the characteristic polynomial1
d23 λ6 + (2cd3 + 1)λ4 − 2d3 λ3 + (a2 + c2 )λ2 − 2cλ + a1 + 1 = 0.

(6.19)

If d3 = 0, we recover the characteristic equation (2.14), where the solutions
always come in pairs: each spatial eigenvalue λ is accompanied by its counterpart
−λ. This property is also reflected in the fact that with d3 = 0, Eq. (6.19) is
biquadratic in λ, and as a result, the fronts leaving and approaching A0 have
the same envelope and wavelength.
1 Characteristic equation (6.19) can be equivalently obtained by calculating the grow
rates of perturbations to the HSS solution, i.e. considering the ansatz for trajectories leaving/approaching the HSS, U (x) = U0 +u(x) and V (x) = V0 +v(x), with ansatzs u(x) = aeλx ,
v(x) = beλx , and λ ∈ C. These calculations are shown in the Appendix at the end of this
Chapter.
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Figure 6.3: Real and imaginary parts of the spatial eigenvalues of the HSS (solutions of
Eq. (6.19)) as a function of d3 for (θ, ρ) = (2.2, 1.5). In (i) d3 = 0.1, (ii) d3 = 0.25 (see panels
(a) and (b).

When d3 6= 0, this is no longer the case, and therefore the trajectories leaving
and approaching A0 are different (see the field profiles in Figure 6.1). The
eigenvalues of (6.18) can be calculated numerically. In Figure 6.3 we can observe
the dependence of Re[λ] and Im[λ] with d3 for (θ, ρ) = (2.2, 1.5). Panels (i) and
(ii) of Figure 6.3 show the spatial eigenspectrum corresponding to two slices of
Figure 6.3 for d3 = 0.1 and d3 = 0.25 respectively. Due to the reversibility
symmetry breaking, the spatial eigenvalues do not appear in pairs. From all
these eigenvalues, there are two that are dominant in the dynamics.
The frequency and decay rate of the W s (Ab0 ) correspond to the imaginary and
real part of the eigenvalue with the smallest, in absolute value, negative real
part, namely Im[λ− ] and Re[λ− ]. On the contrary, W u (Ab0 ) is characterized
by the eigenvalue with the smallest positive real part, that is λ+ . λ+ has no
imaginary part which explains the monotonic way in which W u (Ab0 ) approaches
+
Ab0 (see Figure 6.2). Due to this, trajectories leaving Ab0 do so following eλ x
−
and trajectories approaching A0 can be described by eλ x .
We have verified this for two different values of d3 , namely d3 = 0.1 and d3 =
0.25, where the two oscillatory trajectories approaching Ab0 can be described by
the function
−
y1 (x) − y0,1 = c1 eRe[λ ]x cos(Im[λ− ]x + ϕ1 ).
(6.20)
This fitting is shown in Figure 6.4. In blue we plot the fronts, and in red the fitted
approximation using Eq. (6.20). The red dashed line represents the decay of the
oscillatory tails determined by the Re[λ− ]. For both values of d3 , the fitting is
very accurate confirming that the linear theory gives a good approximation of
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y1-y0,1

(a)

y1-y0,1

(b)

Figure 6.4: Fitting (in red) of the real part of front (in blue) approaching the HSS Ab0 for
parameters ρ = 1.5, θ = 2.2, and L = 160. In (a) d3 = 0.1 and this value Re[λ− ] = −0.0902543,
Im[λ− ] = 10.3256, ϕ = 0.3 and c1 = 0.000105. In (b), d3 = 0.25, Re[λ− ] = −0.148424,
Im[λ− ] = 4.75771, ϕ = 2.85 and c1 = 0.000065. The red dashed line corresponds to the
−
envelope of the front approximated by eRe[λ ]x .

the shape of the tails of the LSs.
An analytical approximation for those eigenvalues can be obtained by solving
Eq. (6.19) only considering the highest order in λ. In this way, we obtain that
λ− can be approximated by the expression
√
1 + 2cd3
λ− = ±i
.
(6.21)
d3
This expression shows that the eigenvalue approaches infinity (λ− → ∞) when
TOD becomes zero (d3 → 0), result that can be observed looking at the spectrum
of Df (y0 ) for different values of d3 .
When d3 → 0, λ− and its complex conjugate, tend to ±i∞. Figure 6.5 shows
how the wavelength λtails = 2π/Im[λ− ] of the oscillatory tails changes as a
function of d3 , where Im[λ− ] has been calculated using Eq. (6.21) (diamonds),
and by solving the complete polynomial (6.19) (crosses). Indeed, for small values
of d3 the agreement is quite good.
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Figure 6.5: Wavelength of the oscillatory tails λtails . With crosses the exact value and with
diamonds the approximated one using expression (6.21).

6.4 Bifurcation structure and stability of solitons in the
anomalous dispersion regime
In this Section we will study how the bifurcation structure of bright LSs and their
stability are modified by the effects of the TOD term. As we saw in Chapter 4,
in the anomalous GVD regime and in the absence of TOD, the LL equation
exhibits multistability of LSs with a different number of peaks. For θ < 2, these
states are organized in a snake-and-ladders structure [16, 21]. In contrast, as we
have shown in Section 4.5, when θ become larger than 2, LSs are organized in a
foliated snaking type of structure [22].
When TOD is taken into account, these bifurcation structures are modified. In
the first case, we will show how the branches of solutions of the snakes-andladders structure, present for θ < 2, are reorganized in a stack of isolas. In the
second case, the scenario is much complex, and the main bifurcation structure
is a kind of mixed snaking, where the solution branches corresponding to an odd
or even numbers of peaks are now interconnected [7].

6.4.1 Dynamics and stability of single bright solitons
In Section 4.6 we have studied the temporal instabilities arising in the anomalous
regime for high values of detuning. In this parameter range, bright LSs can
exhibit temporal oscillations, temporal chaos, and even spatio-temporal chaos.
Here we will analyze how the dynamical regions of single-peak bright LSs are
modified when considering TOD effects. As we will see, any oscillatory or chaotic
regime can be suppressed by large enough TOD [4, 7].
An example of oscillatory and chaotic behavior, in the absence of TOD (d3 = 0),
is shown in Figure 6.6(a) and 6.7(a), respectively. Only the pump amplitude
differs in these two simulations as indicated in the captions. The pseudo-color
plots show the evolution of the temporal intensity profile of the intracavity field.
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Figure 6.6: Evolution of (a) the temporal intensity profile of an oscillating soliton over
successive round trips in the absence of TOD (d3 = 0). (b) With d3 = 0.15, the system is
stable. The profiles at time t = 5 are shown on top of each graph. θ = 6.1, ρ = 4.

Figure 6.7: Same as Figure 6.6 but for ρ = 5.5, for which the solution exhibits spatio-temporal
chaos in the absence of TOD.

Figures 6.6(b) and 6.7(b) reveal that when the magnitude of TOD is sufficiently
large the dynamical instabilities are completely suppressed: the soliton is stable,
but in a moving reference frame.
In order to verify whether the stabilization of the LSs is a general feature in the
presence of TOD, we analyzed the stability of solitons in the whole parameter
space (θ, ρ) for various values of the TOD. √
The result of this analysis is shown
in Figure 6.8. As we already know
for
θ
<
3, only one HSS exists, hence the
√
system is monostable. For θ > 3 three HSS states appear, one of which is a
saddle point (unstable), hence this regime is referred as bistable. These homogeneous solutions are connected through the saddle-node bifurcations SNhom,1,2
and SNhom,2 shown in Figure 6.8. We also plot the saddle-node bifurcation SN1
and SN2 that determine the region of existence of LSs (see Section 4.6) Figure 6.8(a)-(c) represent the same (θ, ρ)−parameter space for increasing values of
d3 .
From Figure 6.8, it is clear that while the region of existence of the HSS solution
is independent of TOD, the snaking region in which LSs can be found (between
the blue lines) shrinks with increasing values of the TOD. To highlight this point,
we plot in Figure 6.9 the width of the snaking region, ∆ρ = ρ(SN2 ) − ρ(SN1 ),
versus the TOD strength d3 for a fixed detuning θ = 6.1. Here it can be seen that
the shrinking, while initially rapid, somewhat saturates at higher d3 such that
a region admitting LS solutions can be found independent of the TOD strength
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Figure 6.8: Regions of existence of single-peak bright LSs and their instabilities in the (θ,ρ)
parameter space for (a) d3 = 0, (b) d3 = 0.15, (c) d3 = 0.9. Region I: stable bright solitons;
region II: time-oscillation solutions arising through Hopf bifurcation H (red line); region III:
spatio-temporal chaos (STC) emerging in the green line. The black and blue solid lines denote
the saddle-node bifurcations of the HSS and single-peak solitons, respectively.

Figure 6.9: Width of the pinning region, where bright LSs exist, versus d3 for θ = 6.1.

d3 .
Figures 6.8(a)–(c) also illustrate the dependence of various regions of instabilities
of a single-peak bright LS as a function of the TOD strength d3 . We distinguish
three main dynamical regions, labeled I to III, in the phase diagrams shown in
Figure 6.8, namely:
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1. Region I: Single-peak bright LSs are stable.
2. Region II: Single-peak bright LSs are found to exhibit oscillatory behavior
(as it was illustrated in Figure 6.6(a)).
3. Region III: Temporal evolution of the LSs leads to spatio-temporal chaos.
Oscillatory solutions emerge through a Hopf bifurcation H (thin red line). In
Section 4.6, we saw that in the absence of TOD, this Hopf bifurcation is born
from a Gavrilov-Guckenheimer codimension-two point [21], and has been experimentally observed using fiber resonators [23]. Above region II, for increasing
values of pump power and detuning, the temporal evolution of the LSs evolves
to spatio-temporal chaos (as was illustrated in Figure 6.7(a)). Figure 6.8(a)–(c)
demonstrate that both the oscillatory (II) and chaotic (III) regions of instabilities shrink and shift to higher values of the detuning θ, confirming that the
stabilization of LSs in the presence of TOD, which was exemplified in Figure 6.6
and 6.7, is a general feature.
The dynamical regimes discussed above concern only single-peak LSs. However,
in the absence of TOD, multistability between many different stationary solutions is known to exist [21]. These solutions consist of multiple LSs, and can be
understood as bound states of single-peak solitons. Therefore, in the next Section, we proceed to studying the effect of TOD on the stability and bifurcation
structure of multi-peak solutions.

6.4.2 Formation of isolas for θ < 2
The modification of the homoclinic snaking when reversibility is broken was first
studied in Ref. [24] in the context of a system with gradient dynamics: the SwiftHohenberg equation. The authors reported that the loss of reversibility symmetry destroys the pitchfork bifurcation responsible for the rung states present
near of each saddle-node of the homoclinic snaking. When the pitchfork bifurcation becomes imperfect, the different branches of solutions are reorganized in
a different fashion. In the LL equation the snakes-and-ladders bifurcation structure is also present and the breaking of reversibility generates the same kind of
structures, as we will see below.
In Figure 6.10, we can observe the snakes-and-ladders structure in the context of
the LL equation for θ = 1.5. In this diagram we use, similarly as in Chapter 4,
the L2 −norm
Z
1 L/2
2
|A(x) − A0 |2 dx,
(6.22)
||A − A0 || =
L L/2
as bifurcation measure. In blue we plot the homoclinic snaking corresponding to
the LSs with an odd number of peaks, that we referred to as L0 in Section 4.3;
the homoclinic snaking corresponding to LSs with an even number of peaks,
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SN3

SN2

Figure 6.10: The breakup of the snakes-and-ladders structure into a stack of isolas when
d3 = 0.01. The underlying snakes-and-ladders structure (d3 = 0) is shown for comparative in
blue and green. Here θ = 1.5.

refereed as Lπ are colored in green; the rung states solution branches are plotted
in blue dashed lines. Solid and dashed lines represent, as usual, the stable and
unstable states respectively.
The first of these rung state branches extends from a pitchfork bifurcation in the
neighborhood of SN2 to another pitchfork near SN3 . A sequence of rung states
branches connect the rest of the pitchforks of the snaking structure. When
d3 6= 0, the destruction of the pitchfork bifurcations leads to the appearance of
a stack of isolas as we can observe in Figure 6.10 for d3 = 0.1.
We point out that for a fixed value of the detuning, the isolas shrink with increasing values of d3 , until they eventually disappear in a cascade of cusp (C) or
hysteresis bifurcations. This phenomenon can be observed in Figure 6.11 for a
single isola and different values of d3 in the range 0.01 − 0.0788. For d3 = 0.076
they almost have disappeared. In the same figure we also plot the profiles of LSs
on some of these isolas. As we can appreciate, the asymmetry respect to x = 0
also increases with d3 .
We have also checked how the drift velocity changes along the isolas for several
values of d3 . In Figure 6.12, we plot the isolas shown already in Figure 6.11, but
using the drift velocity c instead of the norm ||A − A0 ||2 . The panel on the left,
169

THIRD ORDER DISPERSION EFFECTS: STABILIZATION OF SOLITONS
(i)

(ii)

(ii)
(iii)

(iii)

(iv)
(v)
(vi)

(iv)

(vi)

Figure 6.11: Here we show isolas formed within a pair of rings of the snakes-and-ladders
structure for θ = 1.5. The strengths of the TOD are d3 = 0.01, 0.02, 0.04, 0.06, 0.076 and
0.0788 from (i) to (vi). The underlying snake-and-ladders structure is indicated by blue and
green lines, and the isolas are plotted in red. As d3 increases the size of the isola decreases. The
profiles on the left are three-peak LSs corresponding to the stable branch of the isolas labeled
with the same roman number. The vertical dashed line represents the reflection symmetry
plane when d3 = 0. As we can observe, the asymmetry increases with d3 .

shows all the six isolas. From bottom to top the strength of TOD increases, as it
does c. The six panels from (i)-(vi) show a close-up view of these isolas, and as
we can observe, the isolas keep their morphology in terms of c. For every value
of d3 , the drift velocity increases and decreases along the isolas’ branches.
The shrinking of the pinning region with d3 is clear in Figure 6.11. The width
of this region can be predicted analytically as it was shown in Ref. [25]. In
that work, the authors derived conditions that allow predicting bifurcation diagrams and drift speeds upon adding perturbative terms to the underlying system.
These conditions rely on evaluation of the perturbative terms g(A, ∂ii A) (in our
case g = ∂x3 A) along the solutions of the unperturbed system. Moreover, with
this method it is only necessary to know half of the LS, i.e. one of the two front
solutions. In a future work we plan to apply these methods to the LL equation.
In Ref. [24], the authors showed that for some parameter values, instead of a
stack of isolas, it was also possible to find a different morphology, as for example
a pair of interwined snakes. More recently, analytical work has shown that the
homoclinic snaking can be modified in two different ways [25]. This change in
the morphology depends on a scalar quantity defined within the evaluation of
the perturbation along the unperturbed solution branches. Although we did
not observe interwined snakes in the LL equation, this theory tells us that it is
possible to find a region of parameters where this structure exists.
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(i)

(i)

(iv)

(ii)

(v)

(iii)

(vi)

(ii)
(iii)
(iv)
(v)
(vi)

Figure 6.12: On the left we show the modification of the velocity of the LSs along the isolas
for the same values of d3 than in Figure 6.10. On panels from (i)-(vi) we show a close-up view
of each of the isolas shown in Figure 6.11. As we can see the average velocity along the isolas
increases with d3 .

All these results apply in the case where the underlying bifurcation structure, in
the absence of a reflection symmetry perturbation, is a snakes-and-ladders one.
When this is not the case, the resulting bifurcation scenario is more complex as
we will see in the next Section.

6.4.3 Mixed snaking for θ > 2
When θ > 2, LSs bifurcate from SNhom,1 , and are organized in a foliated snaking
type of bifurcation structure. Figure 6.13 shows how this structure changes with
increasing values of TOD strength, namely d3 = 0.1, 0.15, 0.6 and 0.9.
For low values of d3 , all the multi-peak LSs are unstable, and as we can see, the
LSs branches, corresponding to even and odd numbers of peaks, are merged in
a type of mixed snaking. In panels (i)-(iv), we observe the profiles of LSs for
d3 = 0.1 corresponding to the bifurcation diagram (a). The structure (i) with one
single peak is stable until the Hopf bifurcation H where it starts to breath at the
same time it starts drifting. The oscillation of an initially unstable single pulse
can be seen in Figure 6.14(I). Profiles (ii)-(iv) correspond to LSs that are unstable
all the way along the solution branches in Figure 6.13(a). The integration of
Eq. (6.13) using as initial condition one of these structures (we chose a 3-peak
state) is shown in Figure 6.14(II). Here, the different initially oscillating peaks
start to merge until finally, only a single breather soliton persists.
Figures 6.13(b)-(d) show that TOD increasingly stabilizes the multiple-peak solutions, starting with the single-peak branch in panel (b), and then gradually
stabilizing the two-peak one in panel (c), three-peak one in panel (d), etc. This
stabilization process seems to involve multiple Hopf bifurcations, as most clearly
seen in Figure 6.13(c).
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(a)

(i)
(iv)
(iii)(II)

(ii)

(ii)
(i)

(I)

H

(iii)

(b)

(iv)

(c)

H
(IV)

H

(III)

(v)

H
(vi)

(d)

(viii)

H

(vii)

(vii)
(vi)

(viii)

(v)

Figure 6.13: Mixed snaking for θ = 6.1, and d3 = 0.1, 0.15, 0.6, and 0.9 from panel (a)
to panel (d). On the right we can see LSs corresponding to single and multi-peak states for
d3 = 0.1 in panels (i)-(iv), and for d3 = 0.9 in panels (v)-(viii). As we can see, different
solution branches are stabilized within Hopf bifurcations H. Vertical dashed lines represent the
bistability region when d3 = 0.

Panels (v)-(viii) show the real profiles of stable LSs corresponding to diagram
(d) of Figure 6.13. In Figure 6.14(III) and (IV) we see the temporal evolution
of initially unstable states labeled in the same way in Figure 6.13(d). In this
case, each of the peaks of the LSs starts to oscillate with a different phase until
reaching a stable cycle.
Although difficult to appreciate in panels (i)-(ii) of Figure 6.13, unstable LSs
have a single spatial oscillation in between consecutive peaks, a feature that
does not appear in the case of the higher TOD profiles (iv)-(viii). Comparing
the bifurcation diagrams in Figure 6.13, we can see that there is a modification in
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Figure 6.14: Evolution in time of LSs corresponding to diagrams shown in Figure 6.13 for
θ = 6.1. In panels (I-II), d3 = 0.1 and in panels (III-IV), d3 = 0.6. The values for the driving
field amplitude are ρ = 4.6755 in panel (I), ρ = 4.08452 in panel (II), ρ = 3.55955 in panel
(III) and ρ = 3.04058 in panel (IV).

(a)

(b)

Figure 6.15: Mixed-snaking and isola for θ = 6.1. In (a) (d3 = 0.15) the mixed snaking
(blue) connected with the single-peak LS, and the isola (red) obtained by tracking structures
(vii) and (viii) from d3 = 0.9 to d3 = 0.15. In (b) (d3 = 0.29) the isola grows, and the top
branches of the mixed snaking shrink. For higher values of d3 both structures merge in a
bifurcation diagram as those shown in panels (c)-(d) of Figure 6.13.

the shape and extension of the solution branches between diagrams (b) and (c).
These diagrams are constructed by tracking in the parameters a single-peak LS,
and therefore, it is possible to miss additional disconnected solution branches.
To clarify this point, we took the LSs (v)-(viii) and we tracked them back to
smaller values of d3 (see Figure 6.15). In panel (a), the blue diagram is the same
one that is plotted in Figure 6.13(b) for d3 = 0.15, and the red diagram comes
from tracking the solutions (iv)-(viii) from d3 = 0.9 back to d3 = 0.15. When
both snaking diagrams are tracked to higher values of TOD (see Figure 6.15(b)
for d3 = 0.29), the region of existence of the multiple-peak branches of the blue
structure starts to shrink, and the red snaking diagram broadens until reaching
a similar width than the blue one. Hence, we expect that for d3 > 0.29 these
two snaking structures will merge resulting in the bifurcation diagram shown in
173

THIRD ORDER DISPERSION EFFECTS: STABILIZATION OF SOLITONS
Figure 6.13(c).
We finally remark that other solutions (not shown here) such as multiple displaced single-peak LSs connected via their oscillatory tails can also exist, as we
will show in Chapter 7.

6.5 Bifurcation structure and stability of solitons in the normal dispersion regime
After studying the influence of TOD on bright solitons in the anomalous GVD
regime, we extend this study to the normal one, and we analyze how the breaking
of the reflection symmetry affects the stability and bifurcation structure of dark
LSs [26, 27].
In the normal regime, dark solitons exist, and are organized in a type of bifurcation structure known as collapsed snaking. For high values of detuning (see
Section 5.7), those LSs undergo oscillatory instabilities, and for some parameter values period doubling bifurcations occur, starting in this way a route to
temporal chaos [26, 27].
In this Section we present first, how the collapsed snaking is modified when
increasing the TOD strength. Secondly, we show that, due to the effect of
TOD, bright LSs of different widths appear in a similar way than the dark ones,
forming a second collapsed snaking nearby SNhom,1 . Finally, we see that TOD,
as occurred in the anomalous regime, stabilizes the oscillatory dynamics of dark
solitons as well. Hence, this mechanism of stabilization is generic and not specific
to the anomalous regime.

6.5.1 Modification of front solutions
When d3 = 0, dark LSs can be understood as the pinning of two fronts: Fu ,
connecting the low intensity HSS Ab0 to the high intensity HSS At0 (shown in
red in Figure 6.16(a)), and Fd , connecting the high intensity HSS At0 to the low
intensity HSS Ab0 (shown in Figure 6.16(b)). These fronts move with a constant
velocity cF (see Figure 5.9) that depends on the control parameters of the system.
Around the Maxwell point, both fronts can lock at different separation distances,
allowing multistability of dark LSs in terms of collapsed snaking.
Figures 6.16(a) and (b) show in blue the way in which the previous fronts get
modified when considering TOD (d3 6= 0). In this case, due to the breaking of
the reversible symmetry, Fu (−x) 6= Fd (x), and dark LSs are no longer left/right
symmetric.
As we known, according to the spatial dynamics, the fronts can be understood
as heteroclinic connections between the fixed points of the system Ab0 and At0 ,
and their shape around these equilibria is determined by the spatial eigenvalues
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Figure 6.16: Front solutions Fu (a) and Fd (b), in each case for d3 = 0 (top panel, red) and
d3 = 0.7 (bottom panel, blue). The spatial eigenvalues corresponding to At0 and Ab0 are shown
in (c) and (d), respectively, both for d3 = 0 (red crosses) and d3 = 0.7 (blue diamonds). Here
ρ = 2.32529 and θ = 4.

λ, which are solutions of the characteristic polynomial equation:
d23 λ6 + a4 λ4 − 2d3 λ3 + a2 λ2 − 2cλ + a0 = 0,

(6.23)

with a4 = 2cd3 + 1, a2 = −4I0 + 2θ + c2 , and a0 = 4I0 θ − 3I02 − θ2 + 1. These
eigenvalues are plotted in blue in Figure 6.16(c)-(d). To compare, we have also
added (in red) the eigenvalues in the absence of TOD, i.e. the solutions of
Eq. 2.14.
The damping rate q and the frequency Ω of the oscillatory tails around At0 and
Ab0 correspond to the real and imaginary part of certain spatial eigenvalues λ.
The approach to the top HSS At0 by Fu , and the departure from At0 by Fd can
be approximated linearly in the form
−,+

F u,d (x) − At0 ∝ eλt

x

,

(6.24)

where λt is each time the leading spatial eigenvalue. Similarly, the approach to
and departure from the bottom HSS Ab0 is approximated by
+,−

F u,d (x) − Ab0 ∝ eλb

x

.

(6.25)

Without TOD, due to the spatial reversibility, the spatial eigenvalues (red) come
in pairs and are symmetric respect to both axes Re[λ]=0 and Im[λ]=0. This
means that both Fu (a) and Fd (b) approach and leave At0 and Ab0 in the same
way. The top HSS At0 is always approached/left in a monotonic way, explained by
the corresponding purely real spatial eigenvalues. In contrast, the bottom HSS
Ab0 is always approached/left in an oscillatory fashion, because its corresponding
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(a)
A0t

A0m
(b)

A0b

Figure 6.17: Collapsed snaking diagrams for θ = 4 and different values of d3 , namely d3 = 0
in black, d3 = 0.3 in yellow, d3 = 0.5 in green, and d3 = 0.7 in red. In (a) collapsed snaking
for dark solitons. As we can see, snakings shift for larger values of ρ when increasing d3 and
pinning regions for the different type of structures become broader. In (b) collapsed snaking for
bright solitons. For d3 = 0 a single branch of states exists. When increasing d3 new branches
of bright solitons start to nucleate through cusp bifurcations. As it was the case for darks
solitons, the snaking becomes broader for increasing d3 . Solid lines (dashed) lines represent
stable (unstable) solutions.

spatial eigenvalues are complex. Such oscillations can interlock around Ab0 to
form stable dark solitons, but the absence of similar oscillations around At0
prevent stable bright solitons to form.
When adding TOD, the dynamics around the HSS solutions are described by
six eigenvalues instead of four, and they are no longer symmetric. The shape of
the front changes in such a way that they now approach/leave the HSS At0 in an
oscillatory way. Therefore, locking can occur not only in the bottom HSS Ab0 ,
but also in the top one At0 , forming bright solitons.

6.5.2 Collapsed snaking for dark and bright solitons
Figure 6.17 shows in black the bifurcation structure of dark LSs for θ = 4 in the
absence of TOD. As we know, these states bifurcate unstably from the SNhom,2 ,
and collaps, after a sequence of saddle-nodes, into the Maxwell point of the
system at ρM where they become broader as decreasing their norm ||A||2 . In
finite systems, this branch of solutions departs from ρ = ρM when the maximum
amplitude starts to decrease below At0 , and the solution turns into an unstable
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Figure 6.18: Detail of the collapsed snaking for dark (in panel (a)) and bright solitons (panel
(b)) shown in Figure 6.17 for d3 = 0.7. Subpanels (i)-(iv) make reference to the dark solitons
corresponding to solution branches of panel (a). Subpanels (v)-(viii) correspond to bright
solitons branches shown in panel (b).

bright soliton sitting on Ab0 that is born at a HH bifurcation.
The same figure also shows the modification of the collapsed snaking for several
values of d3 6= 0, namely d3 = 0.3, 0.5 and 0.7. Regarding panel (a), we can
see how the collapsed snaking becomes broader as increasing TOD strength d3 .
Due to this, the regions of existence of the different types of dark states increase
with d3 , while the collapsed region is shifted to higher values of ρ. This can be
easily seen by looking at Figure 6.17(a) where the Maxwell point is shifted with
d3 in such a way that ρdM3 =0 < ρdM3 =0.3 < ρdM3 =0.5 < ρdM3 =0.7 .
For d3 = 0, the vertical snaking branch collapses monotonically at ρM , in contrast, when d3 6= 0 it starts to develop oscillations around ρdM3 whose amplitude
increases with d3 (see Figure 6.17 panel (b)). This new bifurcation structure explains the existence of stable bright states sitting on Ab0 , which were accumulated
at ρM for d3 = 0, and is related with the modification of the spatial eigenvalues
studied previously. As it was the case for dark solitons, the separation between
consecutive saddle-nodes increases with d3 , and so does the region of existence
of bright LSs.
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Figure 6.19: Bifurcation diagram showing the velocity c, as a function of ρ, of the dark (left
column) and bright LSs (right column) for different values of d3 . In (a) d3 = 0.3, and in (b)
d3 = 0.7. As we can appreciate the velocity changes direction when crossing a critical value
ρc , that depends on d3 .

In Figure 6.18 we can see a close-up view of the bifurcation diagram for d3 = 0.7,
already shown in Figure 6.17. Panel (a) shows the collapsed snaking related with
asymmetric dark pulses (i)-(iv), and panel (b) the collapsed snaking for bright
solitons (v)-(viii). As before, two things happen at the saddle-nodes. On one
hand, the LSs change from stable to unstable or vice-versa; on the other hand,
spatial oscillations are also generated on the profiles.
Another interesting feature of this scenario is related with the drift velocity of
the LSs. In Figure 6.19 we show how the velocity is modified along two of the
bifurcation diagrams (d3 = 0.3 and d3 = 0.7) shown in Figure 6.17 for both,
dark LSs (left column), and bright ones (right column). For d3 = 0.3 (see panel
(a)), dark solitons arising from SNhom,2 drift with constant positive velocity
that increases with ρ. In SN1 , where the single dark soliton becomes stable, the
velocity starts to decrease until becoming negative at ρ1c . At SN2 , it starts to
increase again, and the solutions change the direction of propagation at ρ2c . This
oscillation in the velocity is repeated all along the snaking. When increasing d3
(see panel (b) for d3 = 0.7), the situation is similar despite of the fact that the
values ρic shift and accumulate at the same point, and the interval in which LSs
have negative velocity decreases for high TOD.
We have also characterized how the velocity of these LSs depends on other
features, as for example their width. This dependence is shown for θ = 4 in
Figure 6.20 for both dark (a) and bright states (b) as a function of its width at
the half minimum (maximum) ∆. For dark solitons (panel (a)), one can see how
the velocity oscillates in ∆ for three different values of TOD (d3 = 0.3, 0.5, 0.7).
In all three cases, the difference between the minimum and maximum velocity
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Figure 6.20: In (a) velocity of the dark LSs as a function of the width at half minimum ∆ for
θ = 4 and d3 = 0.3, 0, 5, 0.7. The velocity changes in a damped oscillatory way as a function
of ∆. In (b) the velocity of the bright LSs for the same parameter values. In both panels the
stable (unstable) LSs correspond to the solid (dashed) lines.

of a LS decreases as they get wider, approaching a constant value for very wide
dark pulses (large ∆). This constant velocity, in the limit of very wide structures,
increases with the TOD. Similarly, for bright LSs (panel (b)), the velocity also
oscillates with ∆, although in this case, the oscillations are more damped.

6.5.3 Stabilization of oscillatory regimes
In the normal GVD regime, TOD can suppress oscillatory and chaotic dynamics,
similarly as in the anomalous one. Figure 6.21(a) shows the bifurcation diagram
for θ = 5 and d3 = 0, where dark solitons are unstable between H1 and H2 .2
When d3 6= 0, the Hopf bifurcations shift in such way that the region of oscillatory states shrinks. This can be seen in the diagrams (b) and (c) shown in
Figure 6.21 for d3 = 0.2, 0.3, and 0.7 respectively.
While for d3 = 0.2, dark solitons between H1 and H2 oscillate and drift, for
d3 = 0.3 and 0.7 the oscillatory instabilities have been suppressed, and only a
drifting soliton remains. The direction, in which the LS drifts, is not obvious by
looking at its profile and changes with the pump ρ. In Figure 6.21, solid purple
(green) lines correspond to dark solitons with positive (negative) velocity, while
2 We choose this value of detuning, in order to avoid the temporal-chaos and the disappearance of this one when reaching the BC of the attractor. In this way we will observe
stabilization for the oscillatory states but not of the chaotic ones, although the last ones can
also be stabilized by TOD.
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Figure 6.21: Stabilization of dark solitons for θ = 5. In panel (a) d3 = 0, in (b) d3 = 0.2, in
(c) d3 = 0.3, and in (d) d3 = 0.7. The Hopf bifurcation stabilizes the branches of single dark
solitons when increasing d3 . H1,2 correspond to Hopf bifurcations (black dots). Solid (dashed)
lines stand for stable (unstable) states. In solid purple (green) lines we refer to states with
positive (negative) velocity. Solid red lines (for d3 = 0) and red dots indicate zero velocity.

the solid red lines (for d3 = 0) indicate zero velocity. By increasing the strength
of TOD, the parameter range of LSs with negative velocity shrinks. Although in
principle, bright solitons could also undergo oscillatory instabilities and similar
stabilization with increasing TOD, for the parameter range considered in this
work, no such oscillations of bright solitons have been found.

6.6 Conclusions
In summary, in this Chapter we have shown that the dynamics, stability and
bifurcation structure of LSs are largely modified in the presence of TOD in both
the anomalous and normal GVD regimes. TOD tends to suppress dynamical
instabilities of the LSs such as oscillations and chaos.
In the anomalous dispersion regime, the so-called snaking structure organizing
the single and multiple bright soliton solutions, is altered by TOD effects. For
θ < 2, homoclinic snaking breaks down, resulting in the formation of a stack of
isolas. For θ > 2, another type of snaking structure, where branches of states
with odd and even number of peaks are connected, is created. We refer to this
type of structure as mixed snaking. Moreover, our analysis has also revealed
that despite multi-peak solutions can be stabilized by TOD, such stabilization
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requires an increasing amount of TOD as the number of peaks increases.
In the normal dispersion regime, TOD also alters the bifurcation structure for
dark solitons. As we have seen, the Maxwell point, and thus the collapsed
snaking, is shifted to larger values of ρ when increasing d3 , and together with
this shift, the regions of existence of dark pulses broaden. Another interesting
feature is that TOD can also favor the formation of bright LSs due to the presence of oscillatory tails around the top branch of HSS solution, At0 . We find
that these structures are also organized in collapsed snaking which merge the
collapsed snaking of the dark LSs as the norm increases. Finally, as occurs in
the anomalous regime, oscillatory and chaotic regimes for dark structures are
suppressed due to the influence of TOD terms. The stabilization of dark/bright
LSs within TOD can be seen as an alternative to the stabilization accounting
when non-local terms are present [30].

Appendix
As we said in Section 6.3, the spatial eigenvalues can be just obtained inserting
U (x) = U0 +u(x) and V (x) = V0 +v(x), with ansatzs u(x) = aeλx , v(x) = beλx ,
and λ ∈ C, into Eqs. (6.14).
At order 0 in  we just recover the HSS solution algebraic equation.
At first order in , we have,
d3 u000 − νv 00 + cu0 − u + θv − 2V0 U0 u − 2V02 v − vI0 = 0
d3 v 000 + νu00 + cv 0 − v − θu + 2V0 U0 v + 2U02 u + uI0 = 0,

(6.26)

with 0 standing for the derivative respect to x. This system of coupled ODEs,
when taking into account the ansatzs for u(x) and v(x), has non trivial solution
if and only if, the next determinant satisfies,
−νλ2 + θ − 3V02 − U02
d3 λ3 + cλ − (1 + 2U0 V0 )
νλ2 − θ + 3U02 + V02
d3 λ3 + cλ − (1 − 2U0 V0 )

= 0.

(6.27)

From the resulting equation, and after some algebra, we arrive to Eq. (7.25).
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Chapter 7

Interaction of solitons and the
formation of bound states
7.1 Introduction
In this Chapter we study the formation of bound states (BS) or soliton molecules
due to the interaction of single-peak solitons in the LL equation. This interaction
arises from the overlapping of the tail of one soliton with the other [1]. When
the tails have spatial oscillations, locking or pinning between two solitons can
occur at fixed distances related with the wavelength of the oscillations, forming
a BS. In Chapter 2 and 6 we have analyzed the properties of these tails from
the spatial dynamics point of view [2]. Here, following references [1, 3–5], we
derive an effective potential of interaction and relate its periodicity to the spatial
eigenspectrum of the HSS solution A0 .
In Ref. [1] an analytical expression for the effective interaction potential in the
driven and damped nonlinear Schrodinger (NLS) equation was derived. It was
found that equilibrium distances correspond to the maximum and minimum of
that potential. The maximum gives the unstable equilibrium separations and the
minimum the stable ones. The interaction in the presence of "skew" terms (terms
breaking spatial reversibility) has also been studied [3, 4]. It was shown that
locking of solitons can be produced via radiative interaction or dispersive wave
emission [6, 7]. In this particular case it is the maximum of the potential, and
not the minimum, which determines the stable equilibrium separation distances
allowed for BSs [3]. This last case is very relevant in the context of our model
where dispersive wave emission is present, for example, when including third
order dispersion effects in the system. In the same work, the formation of BSs of
breather solitons in the ac-driven Sine-Gordon equation was studied. In Ref. [5],
the interaction and formation of BSs was analyzed in the same equation as
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in Ref. [1], but in this case the interaction potential was calculated using the
complete Hamiltonian, and not just the interaction one, as done in Refs. [1, 3,
4]. A comparison between these different procedures showed that the obtained
separation distances were equivalent.
Interaction of solitons in dissipative systems has also been studied using perturbation theory, such as in Ref. [8], for the modified Swift-Hohenberg equation [9].
The formation of LSs via front or domain wall interactions was also analyzed
using similar techniques in the context of the Ginzburg-Landau equation [10]
and in the degenerate optical parametric oscillator (DOPO) [11].
In summary, the presence of oscillatory tails is essential for the formation of BSs
of solitons at discrete separation distances, determined by the spatial oscillations
of the tails. When the tails are monotonic, locking at fixed and discrete distances
is no longer possible and the two solitons move towards or away from each other.
In this Chapter we will apply these methods to the LL equation. This equation
is dissipative in nature and it is not integrable. Therefore we cannot obtain a
closed analytical expression for the interaction potential. Nevertheless we can
use the numerical solution for the soliton to calculate such potential and the
locking distances.
The Chapter is organized as follows. In Section 7.2 we calculate the interaction
potential via the complete Hamiltonian and the interaction one. We compare
the locking distances obtained with both methods with the exact ones showing
good agreement. We find that the periodicity in the potential is given by the
wavelength of the oscillatory tails, and therefore, by the imaginary part of its
spatial eigenvalues (see Chapter 2). In Section 7.3 we review some of the different types of bifurcation structures that one can obtain considering, two soliton
states separated at different distances, and the case of several solitons. In Section 7.4 we briefly discuss how the interaction gets modified depending on the
control parameters of the system. After that, in Section 7.5 we apply the same
method to a generalization of the LL equation in two cases, one considering
terms conserving the reversibility, and another with terms breaking it, in particular we choose fourth and third order dispersion effects. Finally, in Section 7.6
we use simulations in the presence of noise to show how two soliton structures
jump between neighboring stable distances. We also calculate the probability
for the system to reach a certain separation.

7.2 Interaction potential
The LL model has a variational formulation in terms of a generalized action
functional
Z
Z
Z
S≡
e2t L[A, Ā]dt =
e2t L[A, Ā]dxdt,
(7.1)
R
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and the Lagrangian density for the anomalous GVD regime [12]
L=



i
1
Ā∂t A − A∂t Ā − ∂x A∂x Ā − iρ Ā − A − θAĀ + Ā2 A2 .
2
2

(7.2)

In this framework, the LL equation corresponds to the Euler-Lagrange equation
derived from the least action principle defined by:
dA S[Ã] ≡

d
d

=0

S[A + Ã] = 0,

(7.3)

where Ã is the variation of A, and  a small parameter 0 <   1.
The Hamiltonian density is given by,

1
H = ∂x A∂x Ā + iρ Ā − A + θAĀ − Ā2 A2 ,
2

(7.4)

and the interaction Hamiltonian density by just the term
1
HI = − A2 Ā2 .
2

(7.5)

Integrating Eqs. (7.2), (7.4), and (7.5) over space we obtain the Lagrangian,
Hamiltonian, and interaction Hamiltonian functions, respectively.
In this Section we will calculate the effective potential of interaction using both
the full Hamiltonian function coming from (7.4), and the interaction Hamiltonian
function coming from (7.5).
To start we check the temporal evolution of two single-peak solitons separated
by different distances to obtain some insight about their interaction behavior. In
Figure 7.1 we can observe the time evolution of two solitons initially separated
by distances z0 = 32.8157 in panel (a), and by z0 = 39.0613 in panel (b).
Looking at the right panel in (a) and (b), where we plot the separation distance
z between both peaks, one can see how those initial conditions converge to the
same attractor, i.e. a BS characterized by a separation zf ≈ 36.2. Figure 7.1(c)
and Figure 7.1(d) show a similar time evolution but now the initial separations
are z0 = 42.1881 and z0 = 46.8747 respectively, and as before, they converge to
the same stable separation zf = 45.3.
Therefore, from Figure 7.1 we can conclude two things: first, only certain separation distances are allowed for the two-peak soliton BSs, and second, the
interaction between the individual solitons can be repulsive as in panels (a) and
(c), or attractive as in panels (b) and (d). The question now is if we can predict
these distances and obtain information about the BSs without using time evolution simulations, that need a large amount of time to converge to the stable
attractor.
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(a)

(b)

(c)

(d)

Figure 7.1: Temporal evolution of two solitons with different initial separations for θ = 1.5
and ρ = 1.11445. (a) z0 = 32.8157 and zf = 36.1968, (b) z0 = 39.0613 and zf = 36.2084, (c)
z0 = 42.1881 and zf = 45.3205 and (d) z0 = 46.8747 and zf = 45.3415. The subpanels on the
right of each panel show how the separation distance between the peaks z evolves in time.

In the same way as in Refs. [1, 5], we derive effective interaction potentials,
depending on the separation distance z, whose extrema give these stable and
unstable separations. The potential is determined by the overlapping integral
between the tail of each soliton and its mate’s core. Therefore, the interaction
depends strongly on the nature of the tails [1, 2, 5]. We will show how the
periodicity of the potential is given by the wavelength of the oscillatory tails,
and therefore, by the spatial eigenvalues of the HSS A0 (see Chapter 2).
In what follows we derive an Euler-Lagrange equation describing the interaction.
This equation has the form of a constraint, such that the action functional (7.1)
is extremal. Similarly as in Ref. [5], we consider that the BS formed by two
widely separated solitons can be described by the ansatz
A(x, z) = A− (x) + A+ (x) − A0 ,

(7.6)

where A− (x) = Asol (x − z/2) represents a soliton state displaced by a distance
z/2 to the left of the center of the domain at x = 0, and A+ = Asol (x + z/2) a
soliton displaced by a distance z/2 to the right, with z being a time dependent
free parameter.
As we do not have an exact analytical solution, we use the numerical stationary solutions obtained via continuation techniques to calculate the potential.
This calculation is performed first considering the full Hamiltonian (7.4), and
later with the interaction one (7.5). Comparing both approaches with the exact
separation, obtained numerically, one can see that the agreement is quite good.
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z
Figure 7.2: (a) Effective potential UH as function of separation distance between peaks z.
In (b) the derivative of UH with respect to z is shown.

7.2.1 Full Hamiltonian
With the ansatz (7.6) the action functional depends on z, i.e. S = S[A(z), Ā(z)],
and the critical points of the action functional, that is, the solutions of
dz S[z̃] = 0,

(7.7)

correspond to the pinning distances zn .
With the state configuration given by Eq. (7.6) the kinetic term in Eq. (7.1) is
zero [5], and the variational problem reduces to
Z
d
dz S[z̃] =
e2t H(z + z̃)dt = 0.
(7.8)
d =0 R
The Taylor expansion of H about z gives


Z
d
dH
2
2t
z̃ + O( ) =
e
H(z) + 
d =0 R
dz
Z
dH
=
e2t
z̃dt = 0.
dz
R
The last equation holds for any variation z̃, and therefore, the Euler-Lagrange
equation for this problem is given by
dH
|z = 0.
dz n

(7.9)

189

INTERACTION OF SOLITONS AND THE FORMATION OF BOUND STATES

z
Figure 7.3: In (a) the effective potential UHI as function of separation distance between
peaks, i.e. z. In (b) the derivative of UHI respect to z.

This equation has the form of a constraint whose zeros correspond to the equilibrium separation distances zn for the BSs.
Then H as a function of z defines an effective pseudo-potential
Z
UH (z) = H[A(z)] =
H[A(z)]dx.

(7.10)

R

Taking the numerical solution for a single-peak soliton state, for a given set of
parameters (θ, ρ), we can evaluate numerically UH (see Figure 7.2 (a) for (θ, ρ) =
(1.5, 1.11445)). This potential oscillates in z with a fixed spatial period ΛU , and
decays for increasing values of z. The subpanel inside panel (a) shows that even
at large distances the oscillations are still present. The minimum (maximum)
of the potential corresponds to stable (unstable) equilibrium separations, and
therefore, to stable or unstable BSs.
The zeros of Eq. (7.9) give the values of the stable and unstable separation
distances zns and znu , respectively. These points are signaled by • and ◦ in Figure 7.2(b), and they have been calculated numerically interpolating the function
dH/dz to find zeros. The numerical values for some of those stable points are
shown in Table 7.1. For comparison we have also added the exact separations
distances calculated using numerical simulations. Although the agreement is not
complete, the difference seems to be of the order of those found in Ref. [5] with
a similar equation.
s
The periodicity of this potential ΛU = zn+1
− zns , i.e. the difference between
the position of two consecutive local minima (or maxima) can be calculated for
every set of control parameters. For the present case, θ = 1.5 and ρ = 1.11445,
and using this method, one finds that ΛU ≈ 9.11673.
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Pinning dist.
z1s
z2s
z3s
z5s
s
zn+1 − zns
s
(zn+1 − zns )/2π

UH
35.297953
44.392649
53.511588
80
9.11673
0.689192

UHI
35.657525
44.789084
53.930950
80
9.14159
0.687318

Exact
36.318053
45.485578
54.652346
80
9.16677
0.685378

s calculated with different methods. The last column
Table 7.1: Several stable separations zn
represents the exact numerical values calculated by temporal simulations.

7.2.2 Interaction Hamiltonian
Another constraint equation similar to Eq. (7.9) can be obtained using the interaction Hamiltonian
Z
Z
1
1
2 2
HI = −
A Ā dx = −
|A|4 dx,
(7.11)
2 R
2 R
instead of the complete one given by Eq. (7.4).
This Hamiltonian defines an effective interaction (pseudo-)potential
Z
1
UHI (z) = HI [A(z)] = −
|A(x, z)|4 dx,
2 R

(7.12)

which is plotted in Figure 7.3 for the same set of parameters used in Figure 7.2.
As in the previous case, the zeros zn of equation
dHI
|z = 0,
dz n

(7.13)

provide the equilibrium distances. As before, Table 7.1 shows the stable equilibrium distances and the spatial periodicity calculated with this method.
In Figure 7.4 four examples of BSs corresponding to some of the separations
given in Table 7.1 are shown. The bifurcation structure of some of these states
will be explored in Section 7.3. We will show that when the separation distance
is large enough (L/2 or similar), each single-peak soliton within a BS behaves as
an individual soliton and its bifurcation structure shows also homoclinic snaking
[13]. In contrast, when the solitons are closer the snaking breaks up in a stack
of isolas.

7.2.3 Interaction via tails
As previously mentioned, the mechanism behind the interaction is related with
the shape of the solitons’ tails, and therefore with the presence of spatial oscillations. As shown in Chapter 2, such tails are described by the spatial eigenvalues
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(a)

(c)

(b)

(d)

Figure 7.4: Two pulses BSs corresponding to the separation distances: z1s = 36.3180 in panel
(a), z2s = 45.4855 in panel (b), z3s = 54.6523 in panel (c) and z5s = 80 in panel (d) for θ = 1.5
and ρ = 1.11445.

Figure 7.5: Wavelength of the interaction potential. In solid line the value calculated using
Eq. (7.15), and in diamonds the value obtained using the interaction potential in the region of
existence of LS.

of the dynamical system (2.8), and they arise when LSs are homoclinic orbits to
a saddle-focus (SF ) type of HSS solution. In contrast, if the HSS is a saddle (S)
the tails are monotonic and the pinning does not occur. In the linear regime,
the oscillatory tails are approximated by
U = U0 + a1 eq0 x cos(k0 x + ϕ1 ),

(7.14)

where a1 and ϕ1 are functions of the control parameters (θ, ρ), and can be
estimated by fitting the tails to the function (7.14).
For the control parameter values used here the frequency and the decay rate are,
respectively, k0 = 0.6853 and q0 = 0.1827, and the fitted parameters (a1 , ϕ1 ) =
(1.45 · 10−7 , −0.053). The imaginary part of the tails is described by a function
analogous to (7.14).
When A0 is a SF , k0 and q0 can be determined analytically by Eqs. (2.33) and
(2.34). Consequently the wavelength of the oscillatory decaying tails is
√
2 2π
Λ = p√
,
(7.15)
c0 − (θ − 2I0 )
with c0 = θ2 − 4θI0 + 3I02 + 1.
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This expression is plotted in Figure 7.5 as a function of ρ, for θ = 1.5. The points
on top of this line correspond to the periodicity of the potential, calculated using Eq. (7.3), in the pinning region of the homoclinic snaking. The agreement
between Λ and ΛU is quite good although not perfect possibly because of errors
introduced when evaluating the potential and when calculating the equilibrium
distances. So, the fact that ΛU ≈ Λ reveals the connection between the interaction and the spatial eigenvalues of the HSS solution. Thus, given a initial stable
separation distance zns , one can calculate any other equilibrium position with
s
the relation zn+1
= zns + Λ. Moreover, some properties of the interaction can be
understood by analyzing the spatial eigenvalues of A0 .

7.3 Bifurcation structure
We explore the bifurcation structure of some of the BSs that can be formed
combining one, two, three, ... peaks LSs, such as those found in Section 4.4, at
different pinning distances. A detailed study of the bifurcation structure of BSs
has been done in Ref. [13] in the context of the Swift-Hohenberg equation.
In Section 7.2 we have seen that the equilibrium separations between two soliton
states are given by the overlapping of the tail of one soliton with the other, and
therefore that the interaction is intrinsically determined by the spatial eigenvalues of the HSS solution. Then, for a fixed set of parameters (θ, ρ), one expects
to have as many BSs as the number of possible combinations of existing pulses.
In an infinite domain, the number of possible states is infinite, however, in a
finite size system it is finite, constrained by the domain size.

7.3.1 Two-pulse bound states
First, let us discuss the two-pulse structures. The simplest class of these states
consists in two single-peak LSs separated by L/2, like the one shown in Figure 7.4(d). These pulses are equidistant from the nearest neighbors on either
side, and their behavior is identical to the behavior of single pulses on a periodic
domain of size L/2.
These type of structures are organized in a snaking bifurcation diagram such
as the one shown in Figure 7.6(a). Modifying ρ back and forward the different branches of the diagram have been calculated. The first stable branch
corresponds to the BS in Figure 7.4(d) (here relabeled by (i)). Because both
single-peak soliton behave as if they are independent, their modification along
the branches is related with the way in which both behave separately. For example, after passing the second saddle-node, each of the 1-peak states of the BS
(i) develops extra peaks, one on the left and one on the right of its central peak,
resulting in a new BS like the one shown in Figure 7.6(a)(ii). This process is
repeated, and at each saddle-node two extra peaks are added to the previous
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(a)
(iv)
(iii)
(ii)
(i)

(i)

(ii)

(iii)

(iv)

(b)
(iv)
(iii)
(ii)
(i)

(i)

(ii)

(iii)

(iv)

Figure 7.6: (a) Bifurcation diagram of two equidistant single-peak pulses separated by L/2
(see structure in subpanel (i)). In Panel (b) the diagram showing the bifurcation structure of
a BS composed of two 2-peak LSs separated by L/2 is shown. Parameters: θ = 1.5, L = 160.
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(i)
(v)

(iii)

U

(iv)

(ii)

(iv)

U

(vi)
(vii)

(iii)

x

x

(vii)

(v)
U

(viii)
(ii)

(vi)

(viii)

U

(i)

x

x

Figure 7.7: Isola formed by two-pulses BSs at pinning distance z1s for θ = 1.5, L = 160. In
the right columns the real part of the field is shown for the different positions marked on the
diagram.

state in the same fashion than in the homoclinic snaking shown in Figure 4.2
of Section 4.3. The process of adding peaks continues until the domain is filled.
As a result the snaking is reconnected with a pattern branch (P18 ) from which
it originated.
In the same way, a BS formed by two 2-peaks pulses separated by L/2, like the
one shown in Figure 7.6(b)(i), does also exist. In this case, the behavior of the
even-peak equidistant BSs is similar to the previous ones. The process of adding
two extra peaks happens to each of the base states resulting in the sequence of
structures (i)...(iv) plotted in Figure 7.6. Here, the branches also reconnect with
the pattern P18 .
Together with the stable separation L/2, other stable equilibrium separations zns
(see Table 7.1) are possible, and therefore symmetric two-pulses BSs separated
by zns , as those shown in Figure 7.4, do also exist. Bound states corresponding
to z2s and z3s (see Figure 7.4(b) and Figure 7.4(c)) share the same bifurcation
structure than those separated by L/2. This can be understood because at
pinning distances z2s and z3s the solitons are far enough to behave as independent
ones.
Bound states corresponding to z1s (Figure 7.4(a)) are organized into large isolas,
and do not connect directly with the pattern branches. The type of isolas that
are found are like the one shown in Figure 7.7. This kind of behavior was
reported in Ref. [13] (see Figure 5 in page 7) to be originated by using insufficient
accuracy in the continuation algorithm, what generates the LS jumps between
independent isolas, generating in this way a large one. Despite of improving the
accuracy in the numerical continuation algorithm, it was not possible to find
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(ii)

(i)
(i)

(ii)

(iv)

U

(iii)

(iii)

U

(a)

(iv)

x

(b)

(v)
(v)

(vii)

U

(vi)

(viii)

U

(vi)
(viii)

x

(vii)
x

x

Figure 7.8: In (a) isola corresponding two a 3-pulse BS separated by a distance z2s . In (b)
isola for a 4-pulse BSs separated also by z2s . On the right column we plot the real part of the
field on the indicated positions. Parameters θ = 1.5, L = 160.

such independent isolas.
In addition to the symmetric two-pulse states, there are many more states which
are not related by reflection symmetry, i.e. which are asymmetric. As a consequence, such states in the LL equation move with a constant velocity. If the
separation is L/2 these asymmetric states form also snaking type of bifurcation
diagrams (see Figure 6 in Ref.[13]). However, when the separation between the
LSs is smaller, these BSs are organized in isolas.

7.3.2 Several-pulse bound states
Moreover, together with the two-pulse BSs presented before, there is a wide
variety of states built up by any number of pulses randomly separated by the
pinning distances zns . Figure 7.8 shows two examples of isolas which occur in this
case. Panel (a) shows the isola corresponding to a four-pulse BS whose peaks
are separated by a distance z2s . Panel (b) shows a similar structure but for a
three-pulse BS where the inter-distance between peaks is also given by z2s .

7.4 Dependence of the interaction on parameters
In this Section we discuss how the spatial eigenvalues of the HSS A0 , and therefore the interaction between pulses, are modified depending on the control parameters (θ, ρ).
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z
Figure 7.9: Monotonic effective interaction potential UHI for θ = 2.2 and ρ = 1.5.

In Chapter 4 it was shown that, in the anomalous GVD regime, two regimes
can be found depending on the value of θ. For θ < 2, the bottom HSS branch
Ab0 is stable all the way until the MI(HH) at I0 = Ic = 1, where it becomes
modulationally unstable. Moreover, from I0 = 0 to I0 = Ic , Ab0 is a SF with
spatial eigenvalues λ1,2,3,4 = ±q0 ± ik0 , and therefore a wide variety of BSs exist.
For θ > 2, Ab0 is stable all the way until SNhom,1 . Nevertheless, the spatial eigenvalues get modified when crossing the BD line at I0 = Ic , and two subregions
must be considered, one below the BD line (I0 < Ic ), where Ab0 is a SF , and one
above the BD line (I0 > Ic ) where Ab0 is a saddle with eigenvalues λ1,2 = ±q1
and λ3,4 = ±q2 . In the first subregion, LSs have oscillatory tails although they
are highly damped (see the plot for q0 shown in Figure 2.11(a)). Consequently,
the interaction potential is almost monotonic, as shown in Figure 7.9 for θ = 2.2
and ρ = 1.5. In the second subregion (I0 > Ic ), the tails of LSs are monotonic,
and so is the potential. Hence, no pinning between solitons is possible.

7.5 Interaction with higher order effects
In this Section we apply the previous techniques to study the formation of BSs
when higher order dispersion (HOD) terms are considered in the LL model (see
Section 1.2). These terms modify the spatial eigenspectrum of the HSS solution
A0 , and therefore the tails of the LSs. To illustrate this we fix (θ = 2.2, ρ = 1.5)
just in a region where the tails are monotonic and so is the interaction potential
(see Figure 7.9). We will show that, for these values, HOD effects produce
spatial oscillations on the soliton’s tails, and as a consequence, on the interaction
potential, allowing the formation of a wide variety of BSs.
The LL equation in the anomalous regime including HOD terms reads
X
∂t A = −(1 + iθ)A + i∂x2 A + i
im dm ∂xm A + iA|A|2 + ρ.

(7.16)

m≥3

The even terms (with m = 2n, n ∈ N) conserve the spatial reversibility. In
contrast, the odd ones (m = 2n + 1) break that symmetry. In the following
we focus on two particular types of HOD effects, fourth order dispersion (FOD)
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Figure 7.10: Single soliton states in the presence of FOD (i)-(iii) and TOD (iv)-(vi). Here
d4 = 0.02, 0.1 and 0.3 from (i) to (iii), and d3 = 0.1, 0.3 and 0.6 from (iv) to (vi).

and third order dispersion (TOD). FOD is modeled by the term ∼ id4 ∂x4 , which
conserve reversibility, and TOD is modeled by ∼ d3 ∂x3 which breaks it. We
will calculate the interaction potentials, and the stable and unstable separation
distances, of the LL equation when each of these terms is considered, showing
that the matching between the theoretically predicted separations and the exact
ones is very accurate.
Figure 7.10 shows how FOD and TOD effects modify the shape of the single
solitons, and in particular their tails.

7.5.1 Terms conserving reversibility: fourth order dispersion
The LL in the anomalous regime considering FOD terms reads
∂t A = −(1 + iθ)A + i∂x2 A + id4 ∂x4 A + iA|A|2 + ρ.

(7.17)

In Figure 7.10 a single soliton state is plotted for three increasing values of d4 .
These states have left/right symmetry and their oscillatory tails increase their
amplitude and wavelength with d4 .
Inserting ansatz (7.6) into Eq. (7.13) the potential UH is calculated as a function
of the separation z. These potentials are shown in Figures 7.11(a)-(c) for d4 =
0.05, 0.1, and 0.15 respectively. Figure 7.12 shows dH/dz as a function of z
for the potential of Figure 7.11(c) (d4 = 0.15). The intersection of the graph
with zero gives the equilibrium separations z n . Here, as before, the minimum
(maximum) corresponds to stable (unstable) separation distances.
In Figure 7.13 one can see several two-soliton stationary BSs at different separation distances for d4 = 0.15. Panel (i) shows the BS with the smaller distance
allowed, and in panels (ii)-(iv) the two peaks of the BS are separated by one,
two and four spatial oscillations (SOs) respectively.
The potential prediction (see Figure 7.12) is only valid when the separation
between the solitons is large enough. In this way the predicted separation corresponding to states (i)-(iii), fails. However, for BSs (iv) and for (v)-(vi), where
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(a)

(b)

(c)

z
Figure 7.11: Effective interaction potential UHI for θ = 2.2 and ρ = 1.5 for different values
of d4 . In panel (a) d4 = 0.05, in (b) d4 = 0.1 and in (c) d4 = 0.15. The minimum (maximum)
n respectively. Here L = 200.
corresponds to the stable (unstable) separation distances zsn and zu

z
Figure 7.12: Derivative of the interaction potential UHI respect to the separation distance
z corresponding to panel (c) in Figure 7.11 for d4 = 0.15. The zeros of this plot correspond to
the stable (signaled with •) and unstable (◦).

the separation is larger, the prediction is in good agreement with the real separation. A comparison between the real and the theoretical separation distances
is shown in Table 7.2.
Using the variables y1 = U , y2 = V , y3 = dx U , y4 = dx V , y5 = d2x U , y6 = d2x V ,
y7 = d3x U and y8 = d3x V the stationary version of Eq. (7.17) is recast into the
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Figure 7.13: Bound states for d4 = 0.15, θ = 2.2 and ρ = 1.5. The separations correspond
to zs0 = 3.2117 in (i), zs1 = 5.5808774 in (ii),zs2 = 7.948731 in (iii),zs4 = 12.643589 in (iv),
zs16 = 40.41223 in (v),zs33 = 79.503312 in (vi). Here L = 200.

d4 = 0.15
UHI
Exact

z4s
12.797605
12.643589

z9s
24.265611
24.251682

s
z16
40.35027
40.41223

s
z25
61.032138
61.119042

s
z25
79.413032
79.503312

s for d = 0.15 calculated with the
Table 7.2: In this table several stable separations zn
4
interaction potential and the exact ones are shown. The first row corresponds to the stable
distances calculating using the potential of interaction. The second row represents the exact
numerical values.

dynamical system:
dx yi = yi+2 ,
i = 1, ..., 6

dx y7 = d−1
y
+
θy1 − y5 − y1 (y12 + y22 ) 
4  2
dx y8 = d−1
−y1 + θy2 − y6 − y2 (y12 + y22 ) .
4

(7.18)

The eigenspectrum of the Jacobian of (7.18) evaluated at A0 is obtained via
solution of the characteristic polynomial
d24 λ8 + 2d4 λ6 + c4 λ4 + c2 λ2 + c0 = 0,

(7.19)

with c0 = θ2 + 3I02 − 4θI0 + 1, c2 = 4I0 − 2θ, and c4 = 1 − 2d4 θ + 4d4 I0 .
The solution of this polynomial consists of two sets of eigenvalues λ1,2,3,4 =
±q + ± ik + and λ5,6,7,8 = ±q − ± ik − , as those shown in Figure 7.14 for d4 = 0.02
(panel (a)) and d4 = 0.15 (panel (b)). Due to the spatial reversibility the
eigenspectrum is symmetric respect to the axes Im[λ] = 0 and Re[λ] = 0. This
eigenspectrum allows estimating the wavelength of the oscillatory tails by 2π/k − ,
where k − is the imaginary part of the spatial eigenvalue with smallest negative
real part in absolute value (q − ).
Figure 7.15(a) shows that the wavelength of the oscillatory tails increases with d4 .
Moreover, it shows that this wavelength (red line with crosses) corresponds well
with an estimate of the periodicity of the interaction potential (blue diamonds),
again confirming the validity of both approaches. Figure 7.11 from panel (a)
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Figure 7.14: Spatial eigenvalues satisfying the characteristic polynomial (7.19) for d4 = 0.02
(a) and d4 = 0.15 (b), and satisfying the characteristic polynomial (7.25) for d3 = 0.1 (c) and
d3 = 0.25 (d). We have considered θ = 2.2 and ρ = 1.5.
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Figure 7.15: Wavelength of the oscillatory tails for θ = 2.2 and ρ = 1.5 (red line with
crosses), and, equivalently, the periodicity of the potential ΛU (blue diamonds), as function of
FOD (a) and TOD (b) coefficients. The results of the analytical approximations (7.20) and
(7.26) are plotted as a black line with asterisks.
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to panel (c) shows how the wavelength of the potentials increases with d4 , as
predicted from the previous analysis.
For low values of d4 , the modulus of the spatial eigenvalue λ− is very large (see
Figure 7.14), in such a way that the dominant terms in (7.19) are those with the
highest order in λ. Due to this it is possible to obtain an analytical approximation for those eigenvalues by solving (7.19) only considering the highest order in
λ. In this way, we obtain that λ− can be approximated by the expression
s
s
√
√
c
−
1
c4 + 1
4
±i
.
(7.20)
λ− = ±q − ± ik − = ±
2d4
2d4
This expression shows that the eigenvalue approaches infinity (λ− → ∞) when
FOD becomes zero (d4 → 0), a result that can be observed looking at the
spectrum for different values of d4 . When d4 → 0, these two eigenvalues λ− ,
and its complex conjugate, tend to ±i∞. The approximation of the wavelength
of the oscillatory tails using this expression (7.20) gives:
s
2d4
−
Λ = 2π/k = 2π √
,
(7.21)
c4 + 1
and is shown in Figure 7.15(a) by the black line with asterisks.

7.5.2 Terms breaking reversibility: third order dispersion
The effects of TOD on solitons was widely studied in Chapter 6 in both the
anomalous and normal GVD regimes. With this term the LL model reads
∂t A = −(1 + iθ)A + i∂x2 A + d3 ∂x3 A + iA|A|2 + ρ.

(7.22)

Equation (7.22) is not invariant under the transformation x → −x and therefore the solution of this equation is no longer left/right symmetric ( see Figure 7.10(iv)-(vi)). Due to this asymmetry, a LS drifts with constant velocity v
which can be determined numerically.
Figure 7.16 shows four examples of BSs at stable equilibrium distances (a)
s
s
= 26.4255,
= 22.7739 and (d) z19
z0s = 14.8621, (b) z7s = 19.1223, (c) z13
for d3 = 0.1. The separations calculated using the potential (first row) and
simulations/Newton-Raphson algorithm (second row) can be compared in table
7.3 for d3 = 0.1 and 0.3.
Following the analysis for FOD, we now write down the LL equation with TOD
and look for solutions that move rigidly at a velocity v (to be determined),
namely A(x, t) = A(x − vt) (see Chapter 6). From (7.22) one has:
− vdx A = −(1 + iθ)A + id2x A + d3 d3x A + iA|A|2 + ρ,
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(i)

(iii)

(ii)

(iv)

Figure 7.16: Two-pulses BSs for d3 = 0.1 and different stable distances. In (a) z0s = 14.8621,
s = 22.7739 and in (d) z s = 26.4255. Here as well L = 160.
in (b) z7s = 19.1223, in (c) z13
19

d3 = 0.1
UHI
Exact

z0s
15.010894
14.862133

z7s
19.269321
19.122334

s
z13
22.921311
22.773986

s
z19
26.572410
26.425529

d3 = 0.3
UHI
Exact

z0s
14.788130
14.966661

z3s
19.357768
19.517315

z7s
25.453909
25.601455

s
z13
34.600589
34.742282

s for d = 1 and d = 0.3 calculated with the interacTable 7.3: Several stable separations zn
3
3
tion potential and the exact ones. The first row corresponds to the stable distances calculating
using the potential of interaction. The second row represents the exact numerical values.

which as in the previous Section can be recast into:
dx yi = yi+2 ,
i = 1, ..., 4
3
2
dx y5 = d−1
3 [y4 − vy3 + y1 − θy2 − y2 y1 − y2 − ρ]
−1
3
dx y6 = d3 [−y3 − vy4 + y2 − θy2 − y1 − y1 y22 ].

(7.24)

Steadily drifting soliton solutions of (7.23) can be found numerically, with arbitrary precision, using a Newton-Raphson method where the velocity v is computed as part of the solution. Then, the eigenspectrum of the Jacobian of (7.24)
around Ab0 with the found velocity is given by the characteristic equation:
d23 λ6 + (2vd3 + 1)λ4 − 2d3 λ3 + (c2 + v 2 )λ2 − 2vλ + c0 = 0.

(7.25)

The corresponding spatial eigenvalues are shown in Fig. 7.14 for d3 = 0.1 (c)
and d3 = 0.25 (d). As reversibility is broken by TOD, the spatial eigenvalues no
longer appear in quadruplets, namely complex eigenvalues appear in conjugate
pairs while real eigenvalues appear non-symmetrically around the imaginary axis.
Similar as in the FOD case, however, the wavelength of the oscillatory tails as
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(a)

(b)

(c)

z
Figure 7.17: Effective potential obtained from the interaction Hamiltonian HI for θ = 2.2,
ρ = 1.5, and different values of d3 : (a) d3 = 0.1, (b) d3 = 0.2 and (c) d3 = 0.3.

determined by the dominant spatial eigenvalue λ− increases with TOD strength
d3 , as shown in Figure 7.15(b).
We can obtain an analytical approximation for the wavelength of the oscillatory
tails Λ using a similar analysis as in the previous FOD case, considering the
highest order in λ:
d3
,
(7.26)
Λ = 2π/k − = 2π √
1 + 2vd3
which is again plotted in Figure 7.15(b) as a black line with asterisks. We note
that the approximation (7.26) gives very accurate results over a broad range
of values of the parameter d3 , being quite more accurate than the equivalent
approximation in the case of FOD.
In Figure 7.17 the interaction potential for three different values of d3 is shown.
As also happens with FOD, TOD modifies the shape of the potential going from
a monotonic potential (see Figure 7.9) to the oscillatory potentials shown in
panels (a)-(c) for d3 = 0.1, 0.2 and 0.3 respectively. Here, in contrast with the
LL equation, and the LL equation with FOD effects, the maximum (minimum)
corresponds to stable (unstable) separation distances as it was also predicted in
Ref. [3]. This can be observed in Figure 7.18 for d3 = 0.3.

204

7.6. EFFECTS OF NOISE ON THE BOUND STATES

z
Figure 7.18: In (a) Effective potential obtained from the interaction Hamiltonian HI for θ =
2.2, ρ = 1.5 and d3 = 0.3. In panel (b) we show dUHI /dz. The intersection of this last function
with vertical axes at 0 give the stable separation distances. In this case ΛH = 1.3201666.

To summarize, we have shown that BSs arise in the presence of HOD effects for
values of (θ, ρ) where in their absence BSs are not allowed.

7.6 Effects of noise on the bound states
In this Section we study the dynamics of BSs in the presence of noise. The
effect of a fluctuating driving term on the dynamics of BSs was studied in the
NLS equation with a linear dissipative term, where the noise was uniform in
space and varying in time [17]. In contrast, in our case, noise is incorporated in
the system through a term that describes a fluctuating pump intensity which is
random both in time and space, and that has the form
√
ρ = ρ0 + Dξ(x, t),
(7.27)
where ξ(x, t) is a Gaussian white noise with zero mean hξ(x, t)i=0 and correlations
hξ(x, t)ξ(x0 , t0 )i = δ(t − t0 )δ(x − x0 ),
(7.28)
where h· · · i stands for the mean value.
In Ref. [17] a Fokker-Planck equation was derived for the probability distribution
of the amplitude of a single soliton. Using the stationary solution of such equation, a mean potential for the soliton-soliton interaction was calculated, showing
that the bound distances were modified with respect to the deterministic case.
In our case, the equilibrium separations are not substantially modified and we
focus on the jumps between neighboring stable fixed points due to the noise.
Figure 7.19 shows the time evolution of BSs consisting of two solitons starting from different initial separations, both in a reversible system (with FOD:
d4 = 0.025 (a)) and a system with broken reversibility (with TOD: d3 = 0.3
(b)). Due to noise, the separation fluctuates around stable locking distances
(zns ) indicated by the red lines, which is especially clear in the zooms. Sudden
larger jumps increasing or decreasing the separation between peaks occur. They
correspond to jumps between neighboring equilibrium positions due to the noise.
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(a)

(b)

t=0

t=0

t=2 105

L/2

L/2

t=2 105

Figure 7.19: Effect of white noise √
ξ(x) on a BS consisting of two solitons in a reversible
system (with FOD: d4 = 0.025
and D = 0.5. (a)) and a system with broken reversibility
√
(with TOD: d3 = 0.3 and D = 1.3. (b)). The separation distance z between the solitons
s ) indicated by the red lines
changes with time, jumping between stable locking distances (zn
(and shown in more detail in the zooms). Each black (blue) line corresponds to a simulation
using a given initial separation distance and a different noise realization. The initial and final
profiles are plotted below for the time points in one trajectory as indicated by blue dots. We
have considered θ = 2.2, ρ = 1.5, and L = 230.

The distance between the stable (red dashed lines) and unstable separations is
given by ΛU /2 = zns − znu , which, for the parameters considered in the figure,
corresponds to ≈ 0.440 for the FOD case (a) and to ≈ 0.754 for the TOD case
(b). A general trend is that these jumps occur much more often as the separation distance increases, which is expected as the amplitude of the oscillatory
tails, and thus the interaction strength, strongly decreases, making the “potential” barriers lower. There is, however, a significant difference between the
reversible (FOD) system and the system with broken reversibility (TOD). In the
reversible system two solitons always tend to increase their separation over long
time scales, eventually approaching a BS where both solitons are equidistantly
spaced over the domain of size L, which is illustrated by the two-soliton profiles
taken at the trajectory and times indicated by the blue dots. In the presence of
TOD, however, trajectories where two solitons of a BS approach are also commonly observed, and no net drift towards larger or smaller distances is clearly
appreciated.
In the case of FOD, Figure 7.19(a) shows two different time scales, a fast one
corresponding to the jumps between neighboring stable positions, and a slow one
describing how for long times the system evolves to larger separation distances.
In an infinite system the separation between the two solitons will increase in206
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(b)

(a)
t0=3x104

(c)

(d)
t0=3x104

Figure 7.20: On the left, mean < z > (red) and standard deviation σ for the separation
between peaks z in the case of (a) FOD starting from z0 = 50 and (c) TOD starting from
z0 = 80 considering 200 different realizations of the noise. On the right, the probability of
finding the BS with a separation z at time t0 = 3 × 104 calculated from 13850 different noise
realizations for the FOD case (panel (b)), and from 8970 for the TOD case (panel (d)). We
use that same parameters as in Figure 7.19.

definitely. However, our system is periodic and the largest separation allowed
is z = L/2. The fact that solitons are not point objects but have a spatial
extension allow them to feel the envelope of other solitons. Since in this case
solitons move down gradients, two solitons tend to move apart as a result of the
interaction through their envelopes. In fact z = L/2 correspond to the minimum
of such envelope and a minimum of the interaction potential. In contrast, in the
case of TOD solitons move up gradients and it has been shown that the maxima
of the interaction potential (and no longer the minima) determine the stable
separation distances [3]. As a result, in principle, one could expect the system
now to evolve to smaller separation distances corresponding to the maximum of
the envelope of the potential. However, we do not clearly observe such dynamics
(see Figure 7.19(b)). Instead no net drift of the separation is observed in our
stochastic simulations with TOD.
The reason behind the different behavior for FOD and TOD can be understood
as follows: in addition to the effect of the envelope, another mechanism must
be taken into account to explain the dynamics of two interacting solitons in
the presence of noise. Note that the wells in the modulated potential shown
in Figures 7.2 and 7.11 are asymmetric: the barrier to larger distances is lower
than to smaller distances. As a result, the noise is rectified and jumps to larger
distances happen more often than to shorter distances, inducing a net movement
separating the two solitons. This phenomenon is similar to the Brownian ratchet
[18]. This mechanism reinforces the tendency for two solitons to separate in
the reversible case (FOD). However, it opposes the envelope effect that pushes
solitons towards each other in the presence of TOD (broken reversibility). We
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observe that the two opposite forces effectively cancel reducing much the net
drift, and leading to solitons that seem to wander around randomly.
Considering a large number of different realizations of the noise, and starting
from a given initial separation z0 , we have calculated the probability P of finding
the two solitons separated a distance z after a time tf = 30000 (see Figure 7.20).
In the case of FOD (panels (a) and (b)) we observe a net drift of the mean
position until half of the system size is reached. The variance of the fluctuations
grows with the distance due to the potential wells becoming more shallow. In
the case of TOD, the envelope and ratchet effects cancel each other, leading to a
nearly diffusive motion of the solitons with zero mean displacement, and variance
that grows as the square root of time. The fine structure of the probability
distribution also reveals the stable and unstable positions. These are more clear
in the case of TOD (Figure 7.20d), where for the parameters of the figure the
oscillatory tails are more pronounced (see Figure 7.10).

7.7 Conclusions
In this Chapter, we have studied the interaction and formation of BSs of localized structures in the LL equation with and without additional higher order
dispersion terms. Applying variational techniques previously used in [1, 3–5],
we have derived an effective potential depending on the separation distance between solitons in the BS. The extrema of this potential determine the stable and
unstable separation distances, and they are related with the overlapping of the
oscillatory tails of one soliton and the other soliton’s core. Therefore, we have
also analyzed BSs by studying the eigenvalues of the spatial dynamics for the LL
equation, i.e. the way the system approaches or leaves the homogeneous steady
state solutions. The periodicity of the potential is determined by the wavelength
of a soliton’s oscillatory tails. We have found that the variational approach and
the spatial eigenvalue analysis are consistent, and both give accurate estimates of
the separation between two consecutive equilibrium distances of BSs. Moreover,
the variational approach predicts the absolute allowed separation distances.
Next, we have calculated the bifurcation diagrams associated to different types
of BSs. BSs that consist of two solitons, which are separated enough such that
they interact very weakly through their oscillatory tails, behave as independent
LSs, resulting in a snaking-type bifurcation diagram [13]. In contrast, when
the separation is smaller such that tail interaction is more significant, BSs are
organized in stacks of isolas that are no longer connected to the pattern solution branch. If we consider arrays of more than two solitons, the bifurcation
structures obtained are usually isolas.
We have then extended our analysis to the LL equation with higher order dispersion effects, which cannot be ignored when operating close to zero secondorder GVD. We considered two qualitatively different situations: (i) fourth order
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dispersion, which maintains reversibility, and (ii) third order dispersion, which
breaks reversibility leading to asymmetric, moving solitons. Both types of higher
order GVD can introduce oscillations into the spatial profile of the soliton’s tails,
even for high values of the detuning, where in the standard LL equation no oscillatory tails were present (θ > 2). By calculating the interaction potentials and
characterizing the spatial eigenvalues of the system, we have shown that a wide
range of BSs locked at different separation distances come into existence.
Finally, in Section 7.6, we have studied the effects of adding white Gaussian noise
to the pump intensity, which lead to random jumps between BSs of different
separation distances. By pooling many time evolution simulations for different
noise realizations, we have calculated the probability of finding two solitons at
a given distance after a given time. We have found that there exists a critical
difference between systems that are reversible (fourth order dispersion) and those
that are not (third order dispersion). In the reversible case, noise tends to drive
the solitons within a BS apart over time, eventually leading to a situation where
a BS consisting of two solitons separated by half of the system width is the most
probable one. In contrast, in the non-reversible case, the potential envelope and
ratchet effect cancel out leading to a diffusive like behavior that leads the two
solitons wandering around randomly.
Recently, BSs of solitons have been observed experimentally in semiconductor
lasers [19], and in microresonators in the context of frequency comb generation [20–25]. Moreover, several binding mechanisms have been studied theoretically and experimentally in the context of passively driven nonlinear optical
resonators, such as Gordon/Kelly sidebands, birefringence, and dispersive waves
[21, 22]. We expect that our results will prove useful to help interpreting various
of these experimental observations of BSs.
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Chapter 8

Effects of defects and drift on the
dynamics of solitons in the
Lugiato-Lefever model
8.1 Introduction
In previous Chapters we have analyzed the dynamics of localized structures
(LSs) in the Lugiato-Lefever equation describing one-dimensional driven optical
cavities, in both the normal and anomalous regimes. There we have shown that
while in the anomalous regime typical dissipative solitons (DSs) are bright, in
the normal regime the DSs are dark. Although these states have a different
origin, bright solitons are formed as a pattern element, and dark ones are the
result of the locking of two fronts with different polarities, both of them can
undergo instabilities leading to a wide variety of temporal dynamics, such as
periodic oscillations [1–4], and chaos [4–6].
An interesting question is to know how the dynamics of these DSs are modified
when defects and drift are present in an optical cavity. Inhomogeneities, or
defects, are unavoidable in any experimental setup, and drift is also often present
in many optical, fluid and chemical systems. In optical systems this can be
caused by misalignments of the mirrors [7, 8], nonlinear crystal birefringence [9],
or parameter gradients [10] , while in fluid and chemical systems drift is due to
fluid flow [11, 12]. In synchronously pumped fiber cavities it has been shown
that a mismatch in the synchronization induces drift [13], and in both, fiber
cavities and microresonators, drift can also be induced by odd high-orders on
chromatic dispersion. The competition between these two ingredients can lead
to a very rich DS dynamics. In particular, a special type of transient dynamics,
known as excitability, can be generated [16, 17].
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In this Chapter we analyze the effects of these two elements on the dynamics
of DSs in the Lugiato-Lefever equation, considering both periodic boundary
conditions and absorbing ones. Microcavities or fiber cavities are by nature
periodic. On the contrary spatial cavities filled with a nonlinear medium [18],
can be modeled using absorbing boundary conditions.
Without loss of generality, we consider the one-dimensional LL equation in the
anomalous dispersion regime. This equation is formally identical to the LL
describing a Fabry-Perot spatial cavity when one of the transverse dimensions
is shorter than the critical wavelength. Hence, within this Chapter we will
think of a spatial cavity that is very long and narrow. The defect or spatial
inhomogeneity can be induced in the system by injecting a Gaussian beam on
top of the homogeneous pump. To consider this effect on the model we add the
term
2 !

x − x0
,
(8.1)
ρ̃(x) = ρ + b(x) = ρ + hexp −
σ
where h is the amplitude of the Gaussian beam centered at x = x0 , and σ its half
width at half maximum. The drift can arise easily if, for example, the mirrors of
the cavity are not perfectly aligned. If these two conditions occur simultaneously,
then the electric field inside the cavity is described by the equation
∂t A = −(1 + iθ)A + i|A|2 A + i∂x2 A − c∂x A + ρ̃(x),

(8.2)

where we have modeled the drift by adding the general gradient term −c∂x A,
being c its strength.
This Chapter is organized as follows, in Section 8.2, we discuss the bifurcation
scenario in the presence of those two elements leading to oscillatory and excitable
dynamics. We show that, with absorbing boundary conditions, the dynamics and
bifurcation structure are equivalent to those found in Refs. [16, 17]. In contrast,
with periodic boundary conditions, the dynamics of DSs, periodically generated
at the inhomogeneity, are altered by the periodicity of the boundary conditions.
Such boundary conditions allow those same DSs to interact with the defect again
after having traveled one full round trip in the cavity (see Section 8.3). Later,
in Section 8.4, we also briefly show that the DSs dynamics can be much more
complex at higher values of the cavity detuning due to the bistability of the HSSs
and the proximity of the different oscillatory and chaotic instabilities. Finally,
in Section 8.5, we end with a short discussion.

8.2 Dynamics and bifurcation structure for low values of
detuning
In this Section, unless mentioned otherwise, we fix the values L = 70, θ = 1.56
and ρ = 1.137 within the low values of the frequency detuning in the range
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(ii)
(iii)
SN3

(i) SN1

(i)

(ii)

(iii)

Figure 8.1: Bifurcation diagrams of the different steady-state solutions as a function of h
with c = 0. The solid (dashed) lines represent the energy of the stable (unstable) states.
The subpanels (i)-(iii) depict the absolute value of the field A inside the cavity (blue) and
the corresponding profile of the defect (red line). In (i), h = 0.052, (ii) h = 0.556, and (iii)
h = −0.196.

41/30 < θ < 2, and such that single DSs exist in the LL equation without drift
and inhomogeneity. We also choose σ = 0.2727 around half the width of the DS
at half maximum and x0 = L/2, such that the inhomogeneity is centered in the
x−domain. Similar behavior can be found for other values of θ and ρ within this
region. In what follows, we analyze first the effect of the spatial inhomogeneity
on the single solitons dynamics and after that we study how these dynamics
change when including also the drift.

8.2.1 Dynamics induced by spatial inhomogeneity
Figure 8.1 shows the bifurcation diagram of the steady-state solutions in the
presence of a defect (h 6= 0), but without a drift term (c = 0) in more detail. The
maximum absolute value of the field A is plotted as a function of h. Depending
on the amplitude h of the inhomogeneity, several pinned steady states appear.
The fundamental state of the system corresponds to branch (i) and is a small
bump solution induced by the inhomogeneity rather than a perfect homogeneous
solution as we can see in Figure 8.1(i). When increasing the value of h the system
reaches a high amplitude DS (branch (ii)) pinned at its center (see Figure 8.1(ii)).
Finally, for negative values of h, DSs in branch (iii) are pinned at the first
oscillation of its tail as we can observe in Figure 8.1(iii). This branch is actually
degenerated and there is another state corresponding to a DS pinned at the
other side of the defect.
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(a)
SNIC
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SN3

SN2
SN1
(b)

SN4

FC

SN3
HCE

H+
(c)

(i)
FC
H+

(ii) (iii)
HCE

Figure 8.2: Bifurcation diagrams of the different steady-state solutions in function of h for
different values of the the drift strength c: c = 0.025 in (a), c = 0.06 in (b) and c = 0.1
in (c). The solid (dashed) lines represent the energy of the stable (unstable) states. The +
markers correspond to the extrema of oscillatory solutions, and the vertical dashed line shows
the location of the Fold of Cycles (FC). Other parameters are as in Figure 9.3. The labels
(i)-(iii) correspond to Figures 8.3 and 8.4.

8.2.2 Dynamics induced by spatial inhomogeneity and drift
When the drift term is taken into account (c 6= 0), the pinned states shown in
Figure 8.1 experience a force trying to detach them from the inhomogeneity.
This competition between the inhomogeneity that pins the states to a fixed
position and the drift force trying to pull them out, leads to the appearance of a
rich variety of dynamics, namely small and large amplitude oscillations (train of
solitons) and soliton excitability1 . Figure 8.2 shows how the bifurcation scenario
in Figure 8.1 changes with increasing values of the drift strength c. For low
values of c two extra saddle-node bifurcations, namely SN2 and SN4 appear
involving unstable steady state solutions (see Figure 8.2(a)). These SNs arise
1 This type of excitability is an emergent property of the DSs and one says that a system is
said to be excitable if perturbations below a threshold decay exponentially, while perturbations
above this threshold induce a large response before going back to the resting state.
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Figure 8.3: Different soliton regimes for c = 0.1 when considering absorbing boundary
conditions. The panels (i)-(iii) depict the evolution and final profile of the absolute value
of the field A inside the cavity. In panel (i), a periodic train of solitons is created at the
inhomogeneity (h = 0.3). In panel (ii), a soliton is pinned at the inhomogeneity and locally
oscillates with small amplitude (h = 0.49). In panel (iii) (h = 0.51), the system is excited by
transiently (∆t = 30) changing the parameter values by h → h + ∆h, with ∆h = −0.3.

Figure 8.4: Different soliton regimes for the same parameter values than in Figure 8.3 when
considering periodic boundary conditions. The regimes considered here are the same that
those in Figure 8.3 for absorbing boundary conditions. In panel (i), a periodic train of solitons
is created at the inhomogeneity. In panel (ii), a soliton is pinned at the inhomogeneity and
locally oscillates with small amplitude. In panel (iii), the parametric excitation leads to the
emission of a DS from the defect location that continues to circulate in the cavity.

from the transcritical bifurcation at h = 0 for c = 0, when it becomes imperfect
for c 6= 0. Increasing c, the SN4 becomes soon a SNIC (saddle-node on the
invariant circle) creating a limit cycle. This oscillatory solution corresponds to
a periodic generation and emission of DSs from the inhomogeneity resulting in
a sequence of drifting solitons called train of solitons or soliton tap [20]. This
type of oscillations was also observed in the context of the Swift-Hohenberg
(SH) equation with absorption in the boundaries [16, 17]. In the present case,
an example of such a train of solitons (for a higher value of c) is shown in
Figure 8.3(i) and Figure 8.4(i) for absorbing and periodic boundary conditions
respectively. Due to the periodic boundary conditions, the train of solitons is
instead reinjected on the other side of the domain, filling up the whole cavity. At
the SNIC the period of emission of DSs diverges, and it decreases as one moves
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away from the SNIC bifurcation point [21].
For higher values of c (see Figure 8.2(b) for c = 0.06), SN1 and SN2 collide in
a cusp bifurcation, a subcritical Hopf bifurcation H+ appears, the SNIC disappears in favor of another saddle-node bifurcation SN4 , and a supercritical Hopf
bifurcation H− is created. Finally, increasing the value of c further (see Figure 8.2(c)), all saddle-node bifurcations have disappeared and a single branch
remains with a supercritical H− and subcritical H+ Hopf bifurcation.
In Chapter 9 we will see that the bifurcation structure in the SH equation is
qualitatively equivalent to the one found here, showing the generality of this
mechanism. In H− , a stable limit cycle is created. This limit cycle initially corresponds to oscillations of small amplitude which remain localized at the defect
position in the cavity (see Figure 8.3(ii) and Figure 8.4(ii)). When decreasing
the strength of the inhomogeneity, these oscillations rapidly increase in amplitude in a so-called Canard explosion (CE) [22] and lead to the detachment of
solitons from the defect. Those solitons then drift away and lead to a train of
solitons. These large-amplitude oscillations persist until a Fold of Cycles (FC)
bifurcation where the stable limit cycle collides with an unstable limit cycle originating at H+ . At values of the defect strength h beyond the supercritical H−
bifurcation, the pinned DS is stable. However, the system can be excited to emit
a DS from the defect location through direct perturbation of the DS profile or by
transiently changing the parameter to the nearby oscillatory regime as shown in
Figure 8.3(iii) for absorbing and Figure 8.4(iii) for periodic boundary conditions.
The periodic boundary conditions also have an important effect in the excitable
regime encountered beyond H− , shown in Figure 8.4(c). The excitation leads
to one DS that remains pinned in the defect and another DS that drifts away
from the defect. Due to the periodic boundary conditions of the system, this
drifting DS eventually collides with the pinned DS from behind. This collision
frees the pinned DS from the defect such that it drifts away, while the DS that
was previously drifting now takes its place and remains pinned at the location
of the defect. This type of dynamics reminds of the classic Newton’s cradle.

8.3 Periodic versus absorbing boundary conditions
Comparing Figures 8.3 and 8.4, we see that although locally the dynamics is the
same, the global system behavior with periodic boundary conditions differs from
the case with absorbing boundaries.
To generate absorption in the boundaries we modify the pump normalized amplitude by ρ → ρ(x) with


x − x0
ρ(x) = ρexp −
Λ
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(8.3)

8.3. PERIODIC VERSUS ABSORBING BOUNDARY CONDITIONS
in such a way that, on the plateau ρ(x) = ρ, and at the boundaries ρ(x) takes
a value outside of the region of existence of DSs, and therefore DSs disappear.
With these boundaries the dynamics are the same that those found in the context
of the SH equation (see Chapter 9).
In contrast with the absorbing case, periodic boundary conditions lead to the
recirculation of DSs in the domain and to interaction with the defect at the center
of the domain and with the new DS emitted there. In particular, Figure 8.5
demonstrates that the large-amplitude oscillations (h = 0.3 and c = 0.1) are
modified through this interaction. The temporal evolution of the field A at
the defect position is plotted for both absorbing (black line) and periodic (red
line) boundary conditions. In the case of absorbing boundary conditions, the
period of the oscillations T0 is essentially given by the Hopf frequency. The
spatial wavelength of the emitted train of solitons is therefore λ0 ' cT0 . In
Figure 8.5(a) one can see that the shape of the oscillations is slightly adjusted as
soon as the first emitted DS reaches the defect after one round-trip. In this case
the period of the oscillations does not change considerably because the train of
DSs (consisting of n peaks) emitted by the defect with a natural period T0 has a
wavelength λ0 that is an almost exact submultiple of the cavity length L0 ≈ nλ0 .
In general this will not be the case for arbitrary cavities. If the length of the
cavity is L 6= L0 , and the same number of peaks (n = 9) are emitted, then
L = nλ, where now λ = cT and therefore the period of emission of DSs from the
defect is constrained by the length of the domain i.e. L ∼ T . This dependence
can be observed in Figure 8.5(b), which compares the temporal evolution with
absorbing and periodic boundary conditions for a domain size of L ≈ 85 and
with the same number of peaks (n = 9) emitted. In this case, since a multiple
of the natural wavelength no longer fits exactly within the cavity length, the
period of the oscillations changes more considerably. Therefore, in the presence
of periodic boundary conditions, and for the same number of peaks n, the period
of oscillations T changes when varying the cavity length L and satisfies, together
with the natural period T0 ∼ L0 , the relation
T
L
∼
.
L0
T0

(8.4)

This shows that if L > L0 (L < L0 ) then T > T0 (T < T0 ), so if the domain
size of the system increases (decreases) then the period T does so as well in
order to accommodate the same number of peaks in the modified domain. This
analysis can be seen in Figure 8.6. The top panel shows the oscillation period T
of various trains of solitons (A - H), while the natural period T0 is indicated with
a red solid line as reference. The bottom panel shows the number of DSs within
the train of solitons corresponding to the branches shown in the top panel. As
the cavity becomes larger more solution branches coexist and the system allows
for soliton trains with different number of DSs.
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T0

(b)
|A(x0)|

|A(x0)|

(a)

Figure 8.5: Temporal evolution of the field A at the defect position x0 for two different
boundary conditions: 1) absorbing boundary conditions (black solid line), 2) periodic boundary
conditions (red dashed line). The train of solitons generated in the cavity corresponds to 9
peaks that circulate (branch H in Figure 8.6). In panel (a) the domain width L = 78, while in
panel (b) L = 84.8. Here h = 0.3 and c = 0.1.
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Figure 8.6: The top panel shows the oscillation period T of the various solutions of train
of solitons (A - H) in the system with periodic boundary conditions. The natural period
T0 in the system with absorbing boundary conditions is plotted in dashed lines as reference.
The bottom panel shows the number of DSs within the train of solitons corresponding to the
branches shown in the top panel. The labels (a)-(b) correspond to Figure 8.5(a)-(b).

8.4 Dynamics and bifurcation structure for detunings θ > 2
For high values of detuning the dynamics of DSs in the presence of spatial inhomogeneity and drift become much more complicated basically due to bistability
between the bottom Ab0 and top At0 branches of the HSS, and due to the proximity to the instabilities leading to oscillatory and chaotic dynamics. On one hand,
due to the bistability of the HSSs, convective instabilities involving these two
states when c 6= 0 modify the scenario when considering the defect. On the other
hand, for a value of ρ close to the Hopf threshold, the term ρ̃ defined by Eq.(8.1)
modifies locally the value of ρ and therefore it is possible to induce locally, i.e.
in the neighborhood of x0 , localized oscillatory and chaotic dynamics.
Figure 8.7 illustrates how the dynamics can be altered for higher values of the
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Figure 8.7: Evolution of a train of solitons for h = 1.482 in (a), h = 2.682 in (b) and h = 5.682
in (c). The panels depict the evolution (bottom) and final profile (top) of the absolute value
of the field A inside the cavity. Other parameters are θ = 3.8, ρ = 2.6, c = 3, σ = 0.2727 and
x0 = L/2.

frequency detuning. Here, we choose (θ = 3.8, ρ = 2.6), values close to a Hopf
instability of DSs in the LL equation without drift and defect. At such high
values of θ the LL model (4.1), without defect and drift, has been shown to
exhibit a wide range of oscillatory dynamics [4, 6, 23]. Trains of solitons still
exist and can originate from an oscillatory instability at the defect location that
emits one DS at a time. Similar as in Figure 8.4(i), the DSs eventually fill up
the whole domain and continue to circulate in the cavity. However, in contrast
to the trains of stable solitons in the low detuning region (Figure 8.4(i), these
solutions can now undergo a wide range of instabilities. In Figure 8.7(a) each
DS within the train of solitons oscillates, but not necessarily with the same
frequency. For higher values of the defect strength h, the trains of solitons start
behaving more chaotically, see Figure 8.7(b)-(c). A detailed analysis of the origin
and organization of these various instabilities at higher values of θ is beyond the
scope of this work and will be investigated elsewhere.

8.5 Conclusions
In this Chapter we have analyzed the effects that inhomogeneities or defects,
and drift can have on DSs in the context of one-dimensional nonlinear optical
cavities. We show how the competition between these two elements can lead
to oscillations and excitability of solitons. This mechanism was first analyzed
in Refs. [16, 17] using the Swift-Hohenberg equation and later in the LL model
[24]. In both models it was found that a similar bifurcation scenario leads to
the periodic emission of cavity solitons from locations in the cavity containing
defects or imperfections.
Inhomogeneities and drift in optical cavities are unavoidable due to imperfections
in the fabrication process, material properties and higher order chromatic light
dispersion. Therefore, we believe that the type of dynamics studied in this work
could be of considerable importance for all applications based on DS in nonlinear
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optical cavities.
In Chapter 9 we will study this mechanism in detail in the prototypical SwiftHohenberg equation. We will show that the bifurcation structure and and dynamics of solitons, in the presence of inhomogeneities and drift, are equivalent
to those found here. This will confirm the generic nature of this dynamics and
argue that the main ingredients for the generation of trains of solitons are a)
inhomogeneities that can exert a pinning force on the soliton, b) a drift that
gives rise to a pulling force on the soliton.
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Chapter 9

Dissipative soliton excitability
induced by drift and defects
9.1 Introduction
In general, defects, or spatial inhomogeneities, are unavoidable in any experimental setup, and drift is also often present in many optical, fluid and chemical
systems. In Chapter 8 we have analyzed the influence of these two elements on
the dynamics of a single-peak localized structures (LSs) or dissipative solitons
(DSs) in driven nonlinear optical cavities described by the LL equation. There
we have shown that the competition between both elements can lead to the generation of a very rich DS dynamics, going from oscillatory to excitable dynamics
[1].
The effects of drift and defects on the DS dynamics in optical cavities was firstly
studied experimentally and numerically for the case of an injected broad area
semiconductor laser (VCSEL) [2, 3]. In that type of system the defect was modeled in the cavity detuning parameter, accounting for spatial inhomogeneities
introduced during the growth process of the device. Despite of the theoretical
work, a complete description in terms of bifurcations was absent.
In this Chapter we provide a detailed description based on a bifurcation analysis
of the dynamics of DSs induced by the presence of defects and drift in the real
one-dimensional Swift-Hohenberg (SH) equation showing the generality of this
mechanism [6, 7]. In contrast to the SH equation for a complex field which
shows a rich variety of dynamical behaviors as shown in [8, 9], the SH equation
for a real field can be considered as a prototypical system that does not exhibit
any time-oscillatory dynamics. As we will show, the competition between the
two previous ingredients introduces an oscillatory instability, which can lead to
a regime in which DSs are pulled one by one from the defect (referred to as a
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train of DSs), and to an excitable regime in which the DSs stay pinned in the
defect but can be pulled out by a transient perturbation to the system. Here, as
in Ref. [4], excitability is an emergent property of the DSs that has its origins
in the spatial coupling. Hence, this type of excitability is different to the one
arising as a local property, such as in neural models [5].
The Chapter is organized as follows. In Section 9.2, we will first introduce the SH
equation for a real field, a generic amplitude equation describing pattern formation in a large variety of systems [10, 11]. We then introduce additional terms in
the SH equation such that it accounts for both drift and spatial inhomogeneities.
Next, we proceed to analyze the individual and combined effects of drift and defects by exploring bifurcation diagrams as a function of the strength of the drift
and the size of the defect (Section 9.3). This analysis will reveal various regions
of dynamical behavior, where we will highlight the distinctive properties of oscillatory (Section 9.4) and excitable (Section 9.5) DS dynamics. These dynamics
are then shown to unfold from two Takens-Bogdanov (TB) [12–15] co-dimension
two bifurcation points in Section 9.6. In Section 9.7, we discuss the generality
of this drift-defect mechanism, (i) by considering a different parameter region of
the SH equation and (ii) by assuming the spatial inhomogeneity is in the gain of
the SH equation. Finally, we end by discussing the general aspects of the work
and its particular relevance in optics (Section 9.9).

9.2 The Swift-Hohenberg equation
The SH equation for a real field u in one spatial dimension x can be written as
follows,
2
∂t u = − ∂x2 + k02 u + ru + au2 − gu3 ,
(9.1)
with g > 0 to avoid divergences. Of particular interest for our purposes is that
the SH equation is variational (for periodic boundary conditions), or in other
words the dynamics follows a gradient [16]. This implies that the rhs of Eq.(9.1)
can be written as the (functional) derivative of a certain functional, namely
δF
∂u
=−
,
∂t
δu
with
Z
F=
0

L


1
1
dx − ru2 +
2
2


 2 1
1
∂x2 + k02 u − au3 + gu4 .
3
4

(9.2)

(9.3)

The dynamics in the SH equation are such that F decreases in time until it
reaches a local minimum, i.e. a steady state that minimizes F. As a consequence,
the SH equation cannot exhibit dynamical regimes different from stationary
states (i.e. this excludes oscillations and chaos). The simplicity and lack of any
oscillatory dynamics will allow us to clearly identify how drift and defect terms
adjust the dynamical behavior of DSs.
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9.2.1 Linear stability analysis of the homogeneous steady state
The HSS solutions of the SH equation are,
us

=

us

=

0,


q
1
4
2
a ± a + 4g(r − k0 ) .
2g

(9.4)
(9.5)

The linear stability of the HSSs in response to finite wavelength perturbations,
u(x, t) = us +  exp(Ωt + ikx) ,

(9.6)

is determined by the dispersion relation
Ω(k) = r + 2aus − 3gu2s − (k02 − k 2 )2 .

(9.7)

The HSSs undergo a generalized Turing (or modulational) instability [10, 11] as a
function of r if Ω(k)|k=kc = dΩ
dk |k=kc = 0 for a given critical value k = kc . In other
words, the HSS is Turing unstable when Ω(k) develops a maximum for some k =
kc and this maximum is exactly zero. The trivial solution u = 0 becomes Turing
unstable first at r = 0 for perturbations with critical wavenumber kc = ±k0 . At
r = k04 this trivial state is also unstable to uniform
p perturbations (perturbations
with critical wavenumber kc = 0). When a > 27/38g (see Ref. [17]) a spatially
periodic solution emerges subcritically from the Turing instability at r = 0.
Unless mentioned otherwise, we will consider g = 1, a = 1.2 and k02 = 0.5
throughout this work, ensuring the presence of a subcritical pattern.

9.2.2 Localized dissipative structures
Together with pattern solutions, different types of localized dissipative structures
(LSs) can also arise in this system. Any stationary state of the system is a
solution of the stationary SH equation

−

d2
+ k02
dx2

2

u + ru + au2 − gu3 = 0,

(9.8)

that can be written using the variables u0 = u, u1 = dx u, u2 = d2x u and
u3 = d3x u, as a four order reversible system
dx u0
dx u1
dx u2
dx u3

= u1
= u2
= u3
= (r − k04 )u0 + au20 − gu30 − 2k02 u2 .

(9.9)

In Chapter 2 we showed that LSs are, in this framework, homoclinic orbits to
the HSSs. In particular here we will focus on the LSs that are biasymptotic to
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SF

DC

HH

r<0

r>0

r=0

Figure 9.1: Configuration of the spatial eigenvalues (9.11). For r < 0, us = 0 is a SF , at
r = 0, us = 0 undergoes a HH bifurcation, and for r > 0, us = 0 is a DC resonance.

the u = 0. As shown in Chapter 2, the origin and existence of these homoclinic
orbits can be determined by the spatial eigenvalues of the Jacobian of system
(9.9) i.e., the solutions of the characteristic polynomial
λ2 + 2k02 λ2 + r − k04 = 0.
It is easy to check that the spatial eigenvalues are

√

 ±ik0 ± −r/2k0 + O(r)
λ=
±ik0 + O(r)

√

±ik0 ± i r/2k0 + O(r)

(9.10)

given by,
if r < 0
if r = 0
if r > 0.

(9.11)

Figure 9.1 shows the different configurations of these eigenvalues as a function
of r. For r < 0, the eigenvalues form a complex quartet and us = 0 has two
stable and two unstable manifolds and therefore, homoclinic orbits to the HSS
can exist. In contrast, for r > 0, all the eigenvalues lie on the imaginary axis
and as a result no exponentially LSs can exist. At r = 0, the system has a HH
or a Hopf bifurcation in a reversible system with 1:1 resonance, i.e. there is a
pair of imaginary eigenvalues with double multiplicity, from where LSs unfold.
In Ref. [17] the authors calculate using weakly nonlinear analysis a first order
approximation for the pattern and LSs unfolding from the HH point at r = 0.
With this analysis they found that, in the neigbourhood of the HH bifurcation,
the pattern can be described by
r
−r
u(x) = 2
cos(kc x + ϕ) + O(r),
(9.12)
γ3
and LSs by
r
 √ 
−r
x −r
u(x) = 2
sech
cos(kc x + ϕ) + O(r),
γ3
2kc
2

(9.13)

where γ3 = 38a
9kc4 − 3g. Although ϕ at first order is arbitrary, there are only
two values preserving the reversibility, namely ϕ = 0 and ϕ = π. These two
values define two sets of LSs, one with an even number of peaks and one with an
odd number of peaks. Using continuation techniques it is possible to continue
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Figure 9.2: Homoclinic snaking for k02 = 0.5, a = 1.2 and g = 1. The solid (dashed) lines
represent stable (unstable) LSs. The vertical dashed line shows the value of r chosen in the
analysis in Section III. The insets show the spatial profile of the LSs with an odd number of
peaks, corresponding to the solid black circle on each stable branch.

these states to parameter values far from HH. In this way it is possible to calculate for each of the LSs given by (9.13) their homoclinic snaking bifurcation
diagrams [17–20]. For the parameter values chosen here the homoclinic snaking
corresponding to LSs with an odd number of peaks is shown in Figure 9.2. The
solutions are plotted in the L2 -norm,
Z L
||u||2 ≡
u(x)2 dx.
(9.14)
0

The different branches corresponding to LS solutions oscillate back and forth
around the Maxwell point (the location where the Lyapunov functional F is
equal for the subcritical pattern and the trivial solution), explaining the term
snaking structure. The solid lines represent the stable solutions and the dashed
lines the unstable ones.
After crossing each saddle-node bifurcation at the right hand side of the diagram
the LSs add a pair of peaks symmetrically at both sides of the existing peaks.
Some examples of such LS solutions are shown in the insets. In the next Sections,
we will simplify our analysis by fixing the value of the control parameter r to
−0.2 and by focusing on the dynamical properties of a LS consisting of a single
peak.

9.3 Overview of the drift-defect induced dynamics in the
Swift-Hohenberg equation
In this paper a drift is modeled in the SH equation by introducing a gradient
term
c∂x u,
(9.15)
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with c the group velocity. The spatial defect is defined by a single Gaussian
profile b(x) of height h and half-width σ that is located in the center x0 of a
system with domain width L (x0 = L/2):
2 !

x − x0
.
(9.16)
b(x) = h exp −
σ
In the context of optical cavities this defect can be seen as an injected beam into
the cavity as already described in Ref. [21].
The SH equation modified to include drift and defect thus reads:
∂t u = r̃(x)u + au2 − gu3 − ∂x2 + k02

2

u − c∂x u + b(x).

(9.17)

To avoid drifting DSs from re-entering the domain on the opposite side, we use
a super-Gaussian gain profile r(x),

18 !
x − x0
r̃(x) = r − 1 + exp −
.
(9.18)
Λ
in such a way that, on top of the plateau r̃(x) = r, and at the boundaries r̃(x)
takes a value outside of the pinning region, where LSs do not exist. In this
way the system has an effective width 2Λ, and all drifting DSs disappear at the
boundaries. Unless mentioned otherwise, we choose σ = 2.045 (roughly half the
width of a DS), Λ = 94.0842 and r = −0.2.

9.3.1 Dissipative solitons in the presence of drift
For periodic boundary conditions, in the presence of drift, but without defects
(h = 0, c 6= 0), spatial reversibility under the transformation (u, x, t) → (u, −x, t)
is broken and the system can display convective instabilities. The solutions of
Eq. (9.17) are steadily drifting states [22]. By introducing a change of variables
(x, t) → (x − ct, t) this drift can be removed and the system can be studied in
a reference frame moving at velocity c. In that frame the solutions can be only
stationary and the system dynamics is still variational.

9.3.2 Dissipative solitons in the presence of a defect
In the presence of defects, but without drift (c = 0, h 6= 0), Eq. (9.17) is still
variational with a Lyapunov functional given by,
Z
Fh = F +

L

b(x)u(x)dx,
0

and, as before, only steady state solutions of Eq. (9.17) exist.
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(a)

(ii)
(iv)

T1

(iii)
SN3

T2
SN1
(i)

(b)

(ii)

(i)

(iii)

(iv)

Figure 9.3: (a) Bifurcation diagram (maximum ||u||sup ) as a function of the strength of
the spatial defect h for c = 0. (b) Examples of the steady state solutions (black solid lines)
corresponding to the labeled branches, together with the profiles of the spatial defect (red
dashed lines displaced for clarity to negative values). SN1 and SN3 represent saddle-node
bifurcations and T1 and T2 transcritical bifurcations.

(a)

(ii)
(iv)

SN4

(iii)
SN3

SN2
SN1
(i)

(b)

(i)

(ii)

(iii)

(iv)

Figure 9.4: (a) Bifurcation diagram (maximum ||u||sup ) as a function of the strength of the
spatial defect h for c = 0.0015. (b) Examples of the steady state solutions (black solid lines)
corresponding to the labeled branches, together with the profiles of the spatial defect (red
dashed lines displaced for clarity to negative values).
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One of the main consequences of the defect term is the breaking the invariance
of Eq. (9.1) under the translational transformation x 7→ x + a, with a ∈ R. The
steady state solutions are now pinned at the location of the spatial defect. We
can gain a better understanding of the effects of such spatial inhomogeneities by
looking at the bifurcation diagram shown in Figure 9.3, generated for periodic
boundary conditions. In this diagram we plot ||u||sup := max (u(x)) as a function
of the control parameter h. ||u||sup is chosen here instead of the L2 -norm because
it allows all different branches to be more clearly visible in this case. Each branch
corresponds to a different type of solution. Examples of each type of solution
are shown in the bottom panels.
The stability of the LSs us (x) is determined by solving the eigenvalue problem

L[us (x)]ψ ≡ r − (∂x2 + k02 )2 − c∂x + 2aus − 3gu2s ψ = λψ,
(9.20)
for the eigenvalues λ and the corresponding eigenmodes ψ, as discussed in Section 1.6. The stable steady state solutions (i), (ii) and (iv) are the main attractors of the system. Solution (i) corresponds to the fundamental solution, a
small deformation of the trivial solution. Solutions (ii) and (iv) correspond to
a large amplitude DS pinned at its center or at the first oscillation of its tail,
respectively. Finally, solution (iii) also represents a large amplitude DS pinned
at the first minimum of its oscillatory tail, but this position is unstable.
Due to the breaking of the translational symmetry, a transcritical bifurcations
T1 and T2 [16] take places at h = 0. At T1 branch (ii) becomes unstable, while
branch (iii)-(iv) is stabilized. Physically, at h = 0 the defect goes from being a
bump to a hole. DSs tend to sit at the maximum of any inhomogeneity, such
that DSs centered at the hole become unstable and shift their position until the
hole coincides with the first minimum of its tail. Branch (iii) corresponds to
pinned DSs whose maximum is at the right of the defect.
Here we must point out that although Eq. (9.17) with c = 0 is reversible in x,
asymmetric solutions like (iii) and (iv) arise together with two other states with
the maximum at the left side of the defect, which are degenerate in ||u||sup . One
of these states is pinned at the first maximum on the right, while the other at
the first minimum. As will be discussed in the next section, this degeneracy is
broken by the drift. In the following, we will focus on the DSs whose maxima
are located downstream of the defect, since this branch will reconnect to branch
(ii) in the presence of drift.

9.3.3 Dynamics and bifurcation structure in the presence of drift and
defect
When considering the joint effect of drift and defect, it is no longer possible to
describe the system in a moving reference frame and the system no longer follows
gradient dynamics minimizing a functional. As a result, steady state solutions
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Figure 9.5: Bifurcation diagram (maximum ||u||sup ) as a function of the strength of the
spatial defect h for (a) c = 0.05, (b) c = 0.12, (c) c = 0.162, and (d) c = 0.4. Crosses indicate
the extrema (maxima and minima) of the DS oscillatory amplitude. The main dynamical
regions A - E are labeled.

can undergo instabilities leading to time oscillatory dynamics. As previously
mentioned, in the presence of only drift (h = 0, c 6= 0), solutions move with a
constant velocity. By also introducing a spatial inhomogeneity (h 6= 0, c 6= 0),
the drift can be compensated for if the pinning force due to the defect is stronger
than the drift force trying to pull it out. As we will show below, this competition
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A
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FC

+

H

HE
SN1
SN2

SNSL
C1 SNIC
D

SN4
C2
SN3

C

Figure 9.6: Two-parameter (c vs. h) phase diagram of the system for a = 1.2 and r = −0.2.
The bifurcation lines and regions A-E are explained in the main text.

between pinning (defect) and depinning (drift) can give rise to a wide range of
dynamical instabilities.
In Figure 9.4(a) we show how the bifurcation diagram of Figure 9.3 is modified
when introducing a small drift (c = 0.0015). Even a small drift is enough to
break the spatial symmetry and leads to the appearance of a pair of imperfect
transcritical bifurcations that split the solution branches at h = 0. A saddlenode bifurcation SN4 now connects branch (ii) (stable large amplitude DS) to
branch (iii) (unstable large amplitude DSs pinned at the first tail oscillation).
Likewise, the branch (iv) (stable large amplitude DSs pinned at the first tail
oscillation) connects to the unstable middle branch DS, which previously (for
c = 0) connected branch (i) and (ii). A new saddle-node bifurcation SN2 arises
from the middle branch, while the saddle-node bifurcations SN1 and SN3 were
already present for c = 0. Examples of the different profiles in the presence of a
defect and small drift are shown in Figure 9.4(b). In what follows, we will focus
on the region in parameter space where h > 0.
Figure 9.5 shows how this bifurcation structure (for h > 0) is modified as the drift
speed c is gradually increased. Figure 9.5(a) shows the single snake-like branch
for a weak breaking of the reflection symmetry (c = 0.05). The crosses indicate
the extrema of oscillations in the amplitude of the DS at the central defect
location. These oscillations originate at the saddle-node on the invariant circle
(SNIC) and terminate at a fold of cycles (FC) bifurcation, which will be discussed
in more detailed later. As one can observe in the two parameter (c,h) phase
diagram shown in Figure 9.6 the SNIC bifurcation emanates from a codimensiontwo point together with the FC and the SN4 found for lower values of c (see
Figure 9.3). For increasing values of c the branches stretch (Figure 9.5(b))
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C2
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(c)
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C
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A,E
A,D

SN4

H+

FC E

SN3

SN1

Figure 9.7: Zoom of the two-parameter phase diagram shown in Figure 9.6, such that the
overlap between regions A and D, as well as A and E is visible. Labels (a)-(c) correspond to
the spatio-temporal evolutions shown in Figure 9.8. Here a = 1.2 and r = −0.2.

and SN1 coalesces with SN2 in a codimension-two point known as a hysteresis
or cusp bifurcation that we denote as C1 , which takes place at (cC1 , hC1 ) =
(0.11772, 0.038529). For values of c just below cC1 , a Hopf bifurcation appears
subcritically (Figure 9.5(b)). We denote this subcritical bifurcation as H+ , where
the label + points to the subcriticallity of the bifurcation.
As c is increased further, the SNIC turns into a saddle-node bifurcation SN4
through another codimension-two point, referred to as a saddle-node separatrixloop (SNSL) bifurcation [14, 15]. At (cC2 , hC2 ) = (0.1642, 0.105467), SN4 and
SN3 coalesce in another cusp bifurcation that now we label as C2 , see Figure 9.6.
In Figure 9.5(c) we show the bifurcation structure changing h or c just below cC2 .
In the inset one can see that another Hopf bifurcation H− has also appeared. In
this case, the Hopf is supercritical (hence the symbol −).
Finally, for larger values of c, there is a single monotonic branch of steady state
solutions (Figure 9.5(d)). From the supercritical Hopf H− a stable limit cycle
appears, which persists until FC, where it folds back to end at H+ .
Overall the phase diagram shown in Figure 9.6 has five main dynamical regions,
which are labeled A - E in Figs. 9.5 - 9.7:
• Region A: The fundamental solution is stable. The system can display
Type II excitability for parameters close to the FC line (see more details
in Section 9.5).
• Region B: DSs oscillate periodically in time (see more details in Section
9.4).
• Region C: Stable large amplitude DSs pinned at the defect exist, while
Type II excitability occurs for parameters close to the H− line (see more
details in Section 9.5).
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Figure 9.8: Contour plots of u(x, t) showing the spatio-temporal evolution of a train of DSs
for h = 0.04 (a), h = 0.06 (b), and h = 0.08 (c), for c = 0.12 and L = 209. Above the contour
plots the spatial profile u(x, t = 800) is plotted.

• Region D: Stable large amplitude DSs pinned at the defect exist, while the
system can also admit Type I excitability (see more details in Section 9.5).
• Region E: The fundamental solution and oscillatory DSs coexist.
Figure 9.7 shows a zoom of the two-parameter phase diagram shown in Figure 9.6. The zoom allows to better observe the overlap that exists between
regions A and D (bounded by the SNIC and SN1 ), and between regions A and
E (bounded by SN1 and SN2 ). In the next Sections, we will discuss in more
detail the properties of the oscillatory (Section 9.4) and excitable (Section 9.5)
dynamical regions, and we will show how the different bifurcations unfold from
two Takens-Bogdanov co-dimension-two points (Section 9.6).
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(a)

(b)

Figure 9.9: (a) Time evolution of the magnitude u(x0 ) at the center of the domain (x0 = L/2)
for a train of DSs. h = 0.08, c = 0.12, and L = 209. (b) Snapshots of the spatial profile u(x, t)
at different times (as indicated in individual panels and corresponding to the diamonds in
panel (a)), illustrating the growth and depinning of a DS from the spatial defect. The defect
is shown in a dashed line displaced for clarity to negative values.

9.4 Oscillatory dynamics
In region B static solutions are unstable. This instability leads to DSs that
remain pinned at the defect, but whose amplitude oscillates periodically in time.
In Figure 9.5, crosses indicate the maximum and minimum amplitude of the
oscillatory DS at the defect position. In Figure 9.5(b), where c = 0.12, stable
oscillations originate from the SNIC and disappear at the FC. For c = 0.12 and
h = 0.04, Figure 9.8(a) shows how the time-periodic oscillations of the pinned DS
affect the spatial dynamics in the whole domain. The oscillations correspond to
the periodic creation of a DS at the defect that then drifts away, thus generating
a train of DSs originating from the defect. These drifting DSs disappear at the
boundary of the domain due to the absorbing boundary conditions that are used,
i.e. the super-Gaussian gain coefficient r(x) given by (9.18). For all numerical
simulations involving drifting structures we have used such absorbing boundary
conditions, while periodic boundary conditions have been used to determine
the bifurcation diagrams. Since the absorbing boundaries are located far away,
close to the pinning defect the profile of the localized solutions is very similar
for both boundary conditions. Furthermore, the instabilities of these localized
solutions are associated to modes whose spatial profiles are also localized, and
are thus practically independent of the boundary conditions. As a consequence
the observed instabilities are the same for both kinds of boundary conditions.
When increasing h further (h = 0.06), the oscillations start showing a second
time scale (Figure 9.8(b)), which becomes more pronounced for even larger h =
0.08 (Figure 9.8(c)). Such oscillations with two time scales are characteristic of
systems displaying relaxation oscillations, as for instance described by the Van
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Figure 9.10: Canard explosion illustrated by plotting the maxima and minima of an oscillating DS, evaluated at u(x = xm ) as function of h, for xm ≈ 123 and c = 0.4. Contour plots of
u(x, t) showing the spatio-temporal evolution of a train of DSs for h = 0.136 (i), and a small
amplitude oscillation for h = 0.164 (ii). c = 0.12 and L = 209. Above the contour plots the
spatial profile u(x, t = 0.25) is plotted.

der Pol equation [14]. Figure 9.9(a) shows in more detail the time evolution of
the amplitude of the DS in the center of the domain x0 = L/2, confirming the
presence of a fast and slow time scale. The fast time scale corresponds to the
nucleation process in which a DS is created at the inhomogeneity, while the slow
one is the time it takes to detach a DS once it is formed due to the drift. The
time to nucleate a DS is basically independent of the drift strength, while the
escape time strongly depends on it. Figure 9.9(b) shows snapshots of the full
spatial profile during one period of such an oscillation.
For larger values of c, two types of oscillations are observed (see Figure 9.5(d)
for c = 0.4). First, for h < 0.158, the regular train of solitons is found as
shown in Figure 9.10(i). Second, for larger values of h, close to the supercritical
Hopf bifurcation H− , the strength of the defect is large enough to prevent the
advection of the DS, but nevertheless the competition between drift and pinning
at the defect induces small amplitude oscillations of the DS (see Figure 9.10(ii)).
The transition between both types of oscillatory regimes occurs very suddenly
through what it is called a canard explosion. One refers to a canard explosion
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Figure 9.11: Scaling of the oscillation period T in function of h for type I (a), and Type II
(b,c) excitability. (a) c = 0.12, (b) c = 0.6, (c) c = 0.4.

whenever varying a parameter (here h) leads to a very fast transition from small
amplitude limit cycles to large amplitude relaxation oscillation cycles. This
very fast transition happens within a small range of the control parameter. In
Figure 9.10 the extrema of u(xm ) are plotted, where xm ≈ 123 was chosen
to be in the tail of the DS such that one can clearly differentiate between the
small oscillations of the DS and the train of DSs. The canard explosion occurs
for h ≈ 0.158 close to H− . This limit cycle corresponding to the train of DSs
originating at the canard location remains stable all the way to a fold of cycle
(FC) bifurcation, where it becomes unstable and disappears in H+ .
In the next Section, we will show that close to these oscillatory regions, there
also exist different types of excitability of DSs.

9.5 Dissipative soliton excitability
A system is said to be excitable if perturbations below a certain threshold decay
exponentially, while perturbations above this threshold induce a large response
before going back to the resting state. Having a threshold is thus one of the basic
ingredients in order to have excitability. A second ingredient is a reinjection
mechanism in the phase space that forces the system to go back to the resting
state. Here, that reinjection mechanism corresponds to the combination of drift
and absorbing boundary conditions such that any DS is eventually removed from
the domain. The time scale separation present in the relaxation oscillations
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(train of DSs) is a strong indication of excitability: the fast time scale is related
with the triggering of the perturbation, and the slow time scale is related with
the time required for the system to go back to the resting state (see Figure 9.10).
In the literature it is common to find a classification for excitability that is based
on whether or not there is a divergence of the period of the limit cycle involved
in the dynamics [5]. Excitability is defined to be of Type I if the period diverges
close to the bifurcations involved in the creation or destruction of the limit cycle,
while it is of Type II if the period does not diverge and remains almost constant
when approaching the bifurcation. Before discussing our system in more detail,
we will briefly discuss these two types of excitability.
Type I excitability is related with two specific bifurcations, a saddle-loop (SL)
bifurcation (also referred to as a homoclinic bifurcation) [16], or a SNIC bifurcation. In both bifurcations, the stable manifold of a saddle point plays the role
of a separatrix in phase space, so that only perturbations bringing the system
beyond this threshold trigger an excitable excursion [23]. A clear signature of
this excitability is the divergence of the period of the oscillations that appear or
disappear with each bifurcation. As we mentioned before, in a SNIC, a saddlenode bifurcation occurs inside a limit cycle. Before the SNIC, stable manifolds
of the saddle and node states transverse to the center manifold are organized by
an unstable focus inside a limit cycle. At one side of the bifurcation the system
exhibits oscillatory behavior, while at the other side the dynamics of the system
is excitable. Although this bifurcation is local in (one dimensional) flows on the
circle, it has global characteristics in higher dimensional dynamical systems, so
it is also termed as a local-global bifurcation. The best way of characterizing
the presence of that bifurcation is analyzing how the period of the cycle behaves
close to it. For the SNIC it is know that the period of the cycle diverges as one
approaches the bifurcation (see Figure 9.11(a)), following the power law
T ∝ (h − hSNIC )−1/2 .

(9.21)

Another kind of Type I excitability is mediated by a SL bifurcation [4] in which
a stable limit cycle collides with a saddle and disappears. Here, the unstable
manifold of the saddle plays the role of sepatatrix in phase space. In this case
the period diverges logarithmically when approaching the bifurcation,
T ∝ ln(h − hSL ).

(9.22)

One of the main differences between those two mechanisms of Type I excitability
is that the SNIC, due to the square-root scaling law, occurs over a broader
parameter range.
Type II excitability is related with the presence of a subcritical Hopf bifurcation
H+ or a supercritical Hopf H− bifurcation with a canard explosion. In this case
there is no saddle involved, and, as a consequence, there is no separatrix in
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phase space. For this reason the threshold is not very well defined and one refers
to a quasithreshold [5]. In Type II excitability the period of the oscillations
remains practically constant as one approaches the point where such oscillations
are created or destroyed (see Figure 9.11(b)-(c)).
In this work, excitability can be found in regions A, C, and D in Figure 9.6. In
order to induce an excitable excursion, we use a suitable transient parameter
change instead of perturbing the state of the system [23]. The transient parameter change should bring the system into the oscillatory region B. It should be
long enough so that the system starts to oscillate following the periodic limit
cycle, but shorter than the period of the limit cycle. Proceeding in this way
a pulse can be excited before returning to the resting state. Here, we will use
perturbations in h modifying the defect strength for a short time. We redefine
the profile b(x, t) as follows to incorporate this transient perturbation:
2 !

x − x0
,
(9.23)
b(x, t) = (h + ∆hH(t, t0 , t1 ))exp −
σ
with the step function H(t, t0 , t1 ) defined


0,
H(t, t0 , t1 ) = 1,


0,

as,
if t < t0
if t0 < t < t1
if t > t1

(9.24)

Here, without loss of generality, we have chosen t0 as the time at which the
perturbation starts and ∆t = t1 − t0 (with t1 > t0 ) as the duration of the
perturbation.

9.5.1 Type I excitability (SNIC): region D
In our system, Type I excitability mediated by the SNIC bifurcation can be found
in region D, close to the SNIC line separating regions B and D. For steady states
with parameters in region D, a perturbation that brings the system beyond the
excitability threshold triggers the unpinning of a DS leading to an excitability
excursion. This excursion is shown in Figure 9.12. The initial state corresponds
to the parameters c = 0.12 and h = 0.085. By applying a perturbation ∆h =
−0.035 in h for a time period ∆t = 10, the system is brought into region B
for a time that is insufficient to complete a full limit cycle. The perturbation
is long enough, however, to allow a DS to be pulled out of the defect and drift
out of the finite size domain, bringing the system back to its initial state. The
divergence of the period of oscillations in region B close to the SNIC can be seen
in Figure 9.11(a), confirming the presence of Type I excitability.
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Figure 9.12: Type I excitability (SNIC): region D. An excitable excursion of the DS is shown
close to the SNIC for c = 0.12, h = 0.085 and ∆h = −0.035, ∆t = 10. Panel (a) shows the
contour plot of the real field u, while several spatial profiles u(x) for fixed values of t are shown
in (b).

9.5.2 Type II excitability (H+ and H− ): regions A and C
Type II excitability is found in region A, close to region B and E, and it is mediated by the subcritical Hopf bifurcation H+ . An example of a typical excursion
is shown in Figure 9.13. The initial and final resting state is not a high amplitude DS but a low bump solution, the fundamental solution. A perturbation of
this fundamental solution in region A beyond the excitability threshold (bringing
the system into region B) allows the system to generate a DS, which then drifts
away, resetting the system to its resting state. If one applies a perturbation such
that the system crosses FC, but not H+ , the system will find itself in region E
which is bistable. The best way to trigger an excitable excursion is to perturb
the system in the region where FC and H+ are almost tangent. This way the
perturbation required to excite an excursions will be smaller. Actually, the system is excitable even for h = 0, although in this case, very large perturbations
are required to induce an excursion.
The second region of Type II excitability is found in region C, again close to
region B, but this time it is mediated by the supercritical Hopf bifurcation H− .
Figure 9.14 shows an example of an excursion in region C, close to H− . Here, the
resting state is a large-amplitude DS, in contrast to the fundamental solution
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Figure 9.13: Type II excitability (H+ ): region A. An excitable excursion of the DS is shown
close to the FC for c = 0.6, h = 0.092 and ∆h = 0.035 ∆t = 10. Panel (a) shows the contour
plot of the real field u, while several spatial profiles u(x) for fixed values of t are shown in (b).

in region A. Close to H− in region B, DSs exhibit small amplitude oscillations,
but moving further away from H− , a train of DSs is formed through a canard
explosion, as explained in the previous section. The excitability threshold is
defined by this canard explosion as the transient parameters need to be chosen
such that the defect can serve as a source of DSs (∼train of DSs).

9.6 Organization of the dynamics by codimension-two bifurcation points
In this Section, we will show that the various bifurcations involved in the creation
of oscillations and excitability, i.e. the Hopf bifurcations (H+ , H− ) and the
SNIC, are organized by codimension-two bifurcation points. Bifurcation points
of codimension-two require two parameters to be varied for a bifurcation to
occur. The various bifurcations unfold from three such codimension-two points:
two Takens-Bogdanov (TB) points, and one saddle-node separatrix-loop (SNSL)
point.
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Figure 9.14: Type II excitability (H− ): region C. An excitable excursion of the DS is shown
close to the H− for c = 0.4, h = 0.175 and ∆h = −0.045, ∆t = 10. Panel (a) shows the contour
plot of the real field u, while several spatial profiles u(x) for fixed values of t are shown in (b).

9.6.1 Takens-Bogdanov bifurcations
A Takens-Bogdanov (or double-zero) bifurcation takes place for parameter values (cTB ,hTB ) if at fixed point uTB
s , the linear operator (9.20) has a zero eigenvalue with algebraic multiplicity two λ1,2 = 0 [12, 13]. According to the center
manifold theorem, there exists a family of smooth two-dimensional invariant
C
C
manifolds Wc,h
around the steady state uTB
s . At that point, Wc,h is tangent
to the linear eigenspace spanned by the eigenmodes ψ1 and ψ2 associated with
λ1,2 = 0. The projection of our infinite dimensional dynamical system on the
C
center manifold Wc,h
is topologically equivalent to the normal form [15]:
dA1
=
dt

A2

dA2
=
dt

β1 + β2 A1 + A21 + sA1 A2 ,

(9.25)

where A1,2 represent the amplitudes of the modes ψ1,2 , and β1,2 are coefficients
which can be determined perturbatively, and the parameter s takes the values
±1. In both cases the TB bifurcation involves a saddle-node bifurcation, Hopf
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(d)
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Figure 9.15: Unfolding of the Takens-Bodganov TB1 bifurcation, completing the phase
diagram in Figure 9.6 for a = 1.2 and r = −0.2. The black dashed lines refer to Figure 9.17
where the corresponding bifurcation diagrams and eigenvalues are shown. The dot-dashed blue
line corresponds to H+ .

bifurcation, and a SL bifurcation. The SL bifurcation is a global bifurcation
and cannot be detected using a local analysis. Therefore, the SL bifurcation
has been determined numerically. In a similar notation as we used for Hopf
bifurcations, we will denote a SN bifurcation curve as SN− if the transverse
eigenmode is stable after crossing the center manifold. Likewise, we write SN+
when the mode is unstable after crossing the center manifold. For s = +1, a
subcritical Hopf bifurcation H+ unfolds from the TB point, tangent to a saddlenode bifurcation SN+ . Furthermore, a SL+ , where an unstable cycle is destroyed,
is created tangent to the Hopf bifurcation H+ . For s = −1, a supercritical Hopf
bifurcation H− unfolds from the TB point, tangent to a saddle-node bifurcation
SN− ; and a SL− , where a stable cycle is destroyed, also unfolds tangent to H− .
Figure 9.15 and Figure 9.16 show that both types of TB bifurcations occur in
the SH equation with drift and defect. In Figure 9.15 the TB point corresponds
to the normal form case with s = +1, which we will call TB1 . The unfolding
of TB1 is further illustrated in Figure 9.17, where the top panels show how the
bifurcation diagrams change when increasing c and as such crossing TB1 . The
bottom panels plot the real part of the largest eigenvalues associated with each
solution branch. For c = 0.1171, in Figure 9.17(a), the eigenmode transverse
to the center manifold is stable, such that we label the saddle-node bifurcation
as SN−
1 . Close to the TB1 point (c = 0.1173), there exist two modes with zero
eigenvalue Re[λ1,2 ] = 0 (Figure 9.17(b)). At TB1 the transverse mode to the
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(d)

C2

-

B

(c)

SNSL

C

(b)
TB2
D
+

(a)

Figure 9.16: Unfolding of the Takens-Bodganov TB2 bifurcation, completing the phase
diagram in Figure 9.6 for a = 1.2 and r = −0.2. The black dashed lines refer to Figure 9.18
where the corresponding bifurcation diagrams and eigenvalues are shown. The dot-dashed blue
line corresponds to H− and the red dashed line to a SL bifurcation.

(a)

(b)

(c)

(d)

Re

-

Figure 9.17: Bifurcation diagrams as a function of h (top), and the real part of the leading
eigenvalues (bottom) for fixed increasing values of c crossing the TB1 point: (a) c = 0.1171, (b)
c = 0.1173, (c) c = 0.1175, (d) c = 0.1177. These values of c are also indicated as horizontal
dashed lines in Figure 9.15.

center manifold of the SN1 switches from being stable to being unstable, such
that we now label the saddle-node SN+
1 . At the same time, two other bifurcation
lines, a subcritical Hopf bifurcation (H+ ) and a saddle-loop bifurcation SL+ (not
shown in Figure 9.15) unfold. Figure 9.17(c)-(d) illustrates the situation when
further increasing c (c = 0.1175 and c = 0.1177). The Hopf bifurcation H+
moves to the left, destabilizing the branch of fundamental (low bump) solutions
+
(labeled i) in Figure 9.3). H+ eventually moves beyond SN+
2 , and SN2 in its turn
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(b)

(c)

(d)

Re

(a)

Figure 9.18: Bifurcation diagrams as a function of h (top), and the real part of the leading
eigenvalues (bottom) for fixed increasing values of c crossing the TB2 point: (a) c = 0.154,
(b)c = 0.158 ,(c) c = 0.162 and (d) c = 0.164. These values of c are also indicated as horizontal
dashed lines in Figure 9.16.

approaches SN+
1 . Increasing c further leads to the coalescence of both unstable
SN curves in a cusp bifurcation C1 .
In Figures 9.16 and 9.18, we show the unfolding of the second TB point (TB2 ),
corresponding to the normal form case with s = −1. Figure 9.18(a) corresponds to the situation before crossing TB2 . Two saddle-node bifurcations can
+
be observed: SN−
4 leading to a stable structure on the invariant circle, and SN3
giving rise to unstable solution. At TB2 (not shown in Figure 9.18), the transverse eigenmode to the center manifold of SN3 crosses the manifold, switching
from being unstable to being stable. Therefore, after crossing TB2 , SN+
3 becomes SN−
.
This
situation
is
shown
in
Figure
9.18(b)
for
c
=
0.158.
In
this
case
3
the Hopf bifurcation curve is supercritical (H− ) and creates a stable cycle which
is destroyed in a SL− bifurcation. As we mentioned before, such SL bifurcations
are global bifurcations and cannot be detected locally. We used the scaling law
(9.22) to extrapolate the location in parameter space of SL− , see Figure 9.16.
Close to the SL− line, SL-mediated Type I excitability can be found in a very
narrow region (not shown here). At c = 0.162, in Figure 9.16(c), the SN−
4 already occurs out of the cycle and H− has moved to the left until almost crossing
the SN−
4 . Finally, for c = 0.164, SN3 and SN4 , both stable, are located very
close and they will coalesce in the cusp bifurcation C2 .

9.6.2 Saddle-node separatrix-loop bifurcation
The destruction of the SL bifurcation is related with another codimension-2 point
know as saddle-node separatrix-loop (SNSL) [5, 24]. A SNSL is a local-global
codimension-2 point in which a saddle-node bifurcation takes place simultaneously with a saddle loop bifurcation. Figure 9.16 shows the unfolding of this
SNSL point for the case involving the SL− . One can see that there is a line of
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Figure 9.19: Two-parameter (c vs. h) phase diagram of the system for a = 1 and r = −0.09.
The bifurcation curves and the labels of the regions corresponds to the ones in Figure 9.6.
The points labeled with (a), (b) and (c) correspond to the solutions shown in Figure 9.20 for
c = 0.08.

saddle-node bifurcations that at one side of the SNSL corresponds to a saddlenode bifurcation out of the limit circle (SN4 ). At the other side, however, it
corresponds to a SNIC bifurcation, where the saddle node occurs inside the
limit cycle. Similarly as in TB2 , the SL− curve also unfolds tangentially to SN4
from the SNSL.

9.7 Robustness of the scenario with respect to parameter
variations
In the previous sections, we demonstrated that the interaction between drift
and a spatial defect can lead to oscillatory and excitable dynamics of a DS. We
explored these phenomena by focusing on the SH equation using one parameter
set (i.e. a = 1.2 and r0 = −0.2). For this set of parameters we analyzed all
bifurcations, both those of codimension-one and the codimension-two TakensBogdanov points serving as organizing centers of the dynamics. In this section,
we show that these dynamical regimes are a general feature when including drift
and defect in a broad parameter range. In order to check the consistency of the
scenario in the SH equation, we studied the location of the previously characterized bifurcations for an alternative parameter set: a = 1 and r = −0.09. In
Figure 9.19 we plot the phase diagram corresponding to those values. The same
bifurcation curves and dynamical regions are found as in Figure 9.6. Therefore, it is not too surprising that the dynamics is largely similar as previously
reported. Figure 9.20 shows the temporal evolution of several trains of solitons
corresponding to different values of h for c = 0.08. Figure 9.20(a) shows a train
of solitons for h = 0.04, found right in the middle of the oscillatory region B in
Figure 9.19. Similar as in Figure 9.10, the period of oscillations of the DS at
the defect increases as one approaches the SNIC bifurcation, and a fast and slow
time scale can be observed (Figure 9.20(b)). Moreover, an additional DS is reg246
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Figure 9.20: Contour plots of u(x, t) showing the spatio-temporal evolution of oscillatory
solutions for c = 0.08 (see dashed line in Figure 9.19). The defect strength is varied: h = 0.04
(a), 0.05 (b), 0.085 (c).

ularly emitted slightly to the right of the defect. There are thus two competing
oscillations: one is related with the emission of a DS at the spatial defect (and
its period diverges when approaching the SNIC), and the other is related with
the emission of a DS at the first oscillation of the tail of the pinned DS. This
second oscillation has a period which increases when decreasing h within region
B, potentially because there exists a secondary SNIC or SL bifurcation.
So far, the dynamics are similar to those reported in Figure 9.10 and Figure 9.6
for a = 1.2 and r = −0.2. However, when increasing h beyond the SNIC
bifurcation, some differences can be observed. For a = 1.2 and r = −0.2, the only
attractor of the system in region C was a single peak DS centered at the spatial
defect (Figure 9.6). This solution exists in region C for a = 1 and r = −0.09
as well (Figure 9.19), but here the system shows bistability between this single
pinned DS and the oscillatory solution shown in Figure 9.20(c). This new limit
cycle is composed of a small amplitude oscillation of the DS centered at the
spatial defect and a train of solitons emitted from the first spatial oscillation of
its tail (this oscillation was already present in Figure 9.20(b)). This added layer
of complexity could be due to the fact that for these parameters, the pinning
range of DSs and the Turing instability of the background u = 0 state are very
close in parameter space. Therefore, DSs can be triggered not only at the spatial
defect, but also from the tails of the DS.
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Figure 9.21: Bifurcation diagram for Eq. (9.26) with the defect in the gain term at c = 0.0001.
Branches corresponding to DSs with two-peaks are shown in blue, DS with a single peak in
black, and the asymmetric rung states in red. Solid and dashed lines represent stable and
unstable states, respectively.
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Figure 9.22: Spatial profiles u(x) of the main attractors of the system for c = 0. The red
dashed line shows the defect profile.

9.8 Spatial defect in the gain term
In this section we consider the SH equation with drift and defect, where the drift
is introduced in the same way as before in Eq. (9.17), but the spatial defect is
now added to the linear gain term. The resulting SH equation is given by:
∂t u = (r(x) + b(x)) u + au2 − gu3 − ∂x2 + k02

2

u − c∂x u,

(9.26)

where the spatial inhomogeneity is no longer an independent driving term in
the equation (as in Eq. (9.17)), but it is part of the gain parameter that now
reads r̃(x) = r(x) + b(x). In other words, the effective gain parameter r̃ changes
around the center x0 due to the effect of the defect and close to the borders due
to the absorbing boundary conditions. We will show that in this situation the
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bifurcation scenario is richer and more involved. However, despite the added
complexity, the competition between drift and defect still introduces similar
oscillatory and excitable dynamics as before, confirming the generality of the
concepts presented in this Chapter. As in Section 9.3.3, we will consider g = 1,
a = 1.2 and k02 = 0.5. In the present case, both LSs consisting of a single
peak and multiple peaks are involved in the bifurcation diagram, in particular
two-peak states and asymmetric rung states [25]. The rung states connect the
single peak with the two-peak DSs. The existence of a pinning defect implies
that these solutions can be pinned at different locations of the DS profile. For
c = 0, DSs pinned outside the center of its profile are degenerate with a branch
of solutions corresponding to DS pinned at the left of the center and another
branch corresponding to DS pinned at the right. Figure 9.21 represents the
bifurcation diagram for a value c = 0.0001. In order to make the diagram easier
to understand, we plot the two-peaks DSs branches in blue, the single DSs
branches in black, and the asymmetric rung states branches in red. For c = 0,
six transcritical bifurcations (T1 ...T6 ) take place at h = 0 where the solution
branches involved exchange their stability. Considering a finite value for c (as in
Figure 9.21) leads to three effects. First, the transcritical bifurcations at h = 0
become imperfect and branches at positive and negative values of h detach in a
similar way as in Section 9.3.3. Second, the branches of solutions pinned at the
left or at the right of the center are no longer degenerate. Third, the pitchfork
bifurcation P at negative values of h where rung states are born from two peaks
DS becomes imperfect (for a more detailed picture see Figure 9.29(a) in the
Appendix). Furthermore, the imperfect bifurcations arising at finite c lead to
the reconnection of different branches forming isolas (loops) as described in the
Appendix.
Now the fundamental solution of Eq. (9.26) is the trivial one u = 0 without any
deformation. This fundamental solution undergoes a transcritical bifurcation at
h > 0, labeled T7 in Figure 9.21, where it exchanges stability with branches 25
and 31 corresponding to small bump states with one and two peaks, respectively.
The other main attractors are those corresponding to the branches 1, 3, 22 and
31 and can be seen in Figure 9.22. They consist in a two-peak DS pinned at
its center minimum, a two-peak DS pinned at the right peak (and another one
pinned on the left peak), a single DS pinned at its center, and a small amplitude
two-peak DS pinned at its central minimum.
A complete analysis of the states and reconnection of branches related with this
scenario is presented in the Appendix. Here, for simplicity, we skip the unnecessary details and we focus on the study of branches 11, 12, 13 and 22, related
with the one-peak DS, which are the ones necessary to explain the oscillatory
and excitable dynamics in the system.
For very small values of the drift c, branches 11, 12 and 13 are disconnected
from branch 22, as shown in Figure 9.21. However, as c increases, branch 19,
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Figure 9.23: Bifurcation diagrams for Eq. (9.26) with the defect in the gain term for increasing values of the drift c: c = 0.05 (a), c = 0.15 (b), and c = 0.3 (c). Only the branches
for h > 0 are shown. The main dynamical regimes are explained in the main text. Panel (d)
shows the spatial profiles of the main attractors for c 6= 0.

which is connected to branch 22, approaches branch 13 and reconnects with it
for c = 0.0003 (see Appendix). As a consequence for c > 0.0003 branch 22 is
connected to branch 11 via branches 13 and 12 as shown in Figure 9.23(a) for
c = 0.05. The spatial profiles of the DSs corresponding to these branches are
shown in Fig 9.23(d).
As the drift strength c is further increased branch 11 moves to the left of
branch 12 and SN1 becomes a SNIC bifurcation (Figure 9.23(b)). Similar as
in Eq. (9.17), this SNIC bifurcation leads to oscillations of the high amplitude
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Figure 9.24: Contour plots of u(x, t) showing the spatio-temporal evolution of oscillatory
solutions of the high amplitude DS (train of solitons) for Eq. (9.26) with the defect in the gain
term for c = 0.15 and h = 0.268. Above the contour plots the spatial profile u(x, t = 800) is
plotted.

DS (region B). An example of these oscillations, corresponding to a train of solitons, is shown in Figure 9.24. Close to the SNIC the period of the oscillations
is very large and one observes the typical time-scale separation. The period
decreases for decreasing values of h moving away from the SNIC. Decreasing
h even further, the oscillations disappear in a fold of cycles (FC). The stable
limit cycle (train of solitons) collides with an unstable limit cycle created at the
subcritical Hopf H+ of the trivial solution. Increasing c further (c = 0.3), SN2
and SN3 coalesce in a cusp bifurcation C, while the SNIC bifurcation remains
present up to higher values of c shown in Figure 9.23(c).
In the case of Eq. (9.17), we demonstrated in Section 9.5 that both Type I and
Type II excitability originated close to the SNIC bifurcation, Hopf bifurcations,
and the fold of cycles. Similar bifurcations occur here when the spatial defect is
present in the gain term, such that one can expect to again find excitability of
the high-amplitude DS solution. Figure 9.25 shows that this is indeed the case.
Close to the SNIC bifurcation, Type I excitability is observed by transiently
perturbing the parameter set. This way, the system transiently finds itself in
the oscillatory region and at the defect location a new DS is emitted and pulled
towards the boundary, where it is removed from the domain.
Finally, Figure 9.26 shows the phase diagram with the organization of the various
bifurcations in the parameter space (h,c). The black lines show instabilities
associated to the large amplitude DS while blue lines show instabilities of the
trivial solution u = 0. The subcritical Hopf bifurcation H+ is shown again to
unfold from a Takens-Bogdanov point (TB). Therefore, the trivial solution that
become unstable at the transcritical bifurcation T7 for values of c below TB,
will become unstable at H+ for values of c above TB. Four dynamical regions,
labeled A to D are denoted in the phase diagram. These regions allow to identify
where stable solutions can be found, and where they show oscillatory or excitable
dynamics:
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(a)

(b)

Figure 9.25: Excitable excursion of a DS for Eq. (9.26) with the defect in the gain term.
The parameters are c = 0.15, h = 0.281, ∆h = −0.03 and ∆t = 10. Panel (a) shows the
contour plot of u(x, t) illustrating the spatio-temporal evolution of the excited DS. In (b)
several snapshots of spatial profiles are shown for fixed values of t.
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Figure 9.26: Two-parameter (c vs. h) phase diagram for Eq. (9.26) with the defect in the
gain term. The bifurcations and regions A-D are explained in the main text.

• Region A: The trivial solution is stable. This region is similar to Region A
in Figure 9.6. For parameters close to the FC line the system can display
Type II excitability.
• Region B: The system displays DSs which oscillate periodically in time,
similar as in Region B of Figure 9.6.
• Region D: The system admits stable large amplitude pinned DSs coexisting
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with the trivial solution u = 0. Within this region, the system can display
Type I excitability.
• Region D2: This region is similar to Region D, but the trivial solution is
now unstable. For c > 0.35, region D2 borders region B. As a consequence,
for parameter values within region D2 close to the SNIC line, the system
can display Type I excitability.

9.9 Conclusions
In this Chapter, using the Swift-Hohenberg equation for a real field, we have presented a mechanism to induce dynamical instabilities of otherwise static DSs,
preserving the structure of the DS. The mechanism relies on the interplay between spatial inhomogeneities and drift, together with absorbing boundary conditions, and therefore can be implemented under very general conditions. The
presence of a defect and drift introduces two competing effects. On the one
hand, a defect pins a DS at a fixed position, while on the other hand, the drift
tries to pull it out. If the drift overcomes the pinning force, DSs are released
from the inhomogeneity. Depending on the strength of the spatial defect and
the strength of the drift, we found three main dynamical regimes: i) stationary (pinned) DS solutions, ii) oscillatory regimes, where the pinned DS serves as
continuous source of drifting DSs, and iii) excitability, where a perturbation may
trigger a single DS that drifts away from the defect location. The excitability
regime requires the presence of absorbing boundary conditions, which removes
the drifting DS. For systems with periodic boundary conditions the drifting DS
are reinjected and a train of solitons is typically observed instead [1]. We first
reported on these results in Ref. [6]. Here, we presented a detailed bifurcation
analysis, we linked these bifurcations to the presence of oscillatory and Type I
and Type II excitable dynamics of DSs, and we have analyzed how these dynamics are intimately linked to the presence of various codimension-two points
such as Takens-Bogdanov bifurcations and saddle-node separatrix loops. Next,
we set out to show that this mechanism generating oscillations and excitability is generic, such that our analysis sheds light on the influence of defects and
drift in any physical system. We have addressed this question of generality in
two ways: i) we showed that the dynamics persisted for different parameter sets
in the SH equation, ii) we changed the SH equation by introducing the defect
in the gain term rather than including it as an independent driving term, and
we demonstrated that oscillations and excitability were generated in a similar
way. Furthermore, we have also shown that in different non-variational equations, such as the Lugiato-Lefever equation for a nonlinear Kerr optical cavity,
the interaction of drift and defect can generate similar oscillatory dynamics [1].
Therefore the scenario described here leading to spatio-temporal dynamics of
DSs does not depend on the details of the system. The results concerning the
LL model were presented, in Chapter 1 for systems described by the LL equa253
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tion with both absorving and periodic boundary conditions. We believe that our
work provides a solid theoretical framework to explain the dynamics of DSs in
systems with drift and defect. Our analysis could be especially useful in the field
of optics. There, the drift can be produced by misalignments of mirrors [26, 27],
nonlinear crystal birefringence [28, 29], parameter gradients [30] or by higher
order effects chromatic light dispersion [31]. Inhomogeneities can originate from
mirror or waveguide imperfections in an optical cavity and from the presence
of fiber impurities, leading to variations in absorption coefficient or refractive
index [32–34]. Synchronously pumped fiber cavities have also been shown to
be modeled by a Lugiato-Lefever equation with a well-defined inhomogeneity in
the pump [35, 36]. The drift-defect mechanism can explain experimental observations in semiconductor microresonators [2, 37], and could be applicable to a
wide variety of other optical systems. We finally remark that the mechanism for
excitability reported here is generic and therefore it can take place in a variety
of systems beyond optics provided that there are spatial inhomogeneities and
drift.
In Chapter 10 we will sudy a different mechanics leading to excitability of DSs,
based on front interaction and anhilation.

Appendix: Reconnection of the solution branches shown in
Figure 9.21
In this Appendix we analyze in detail the scenario in Section 9.8, in particular
the transition that takes place when drift is considered.
As we said in the main text, at h = 0 the transcritical bifurcations become
imperfect and branches for h > 0 and h < 0 detach. In Figure 9.27 a zoom of the
diagram displayed in Figure 9.21 for c = 0.0001 shows the imperfect transcritical
bifurcations around h = 0. The imperfect transcritical bifurcation labeled as T1
involves only two-peaks states, T4 and T6 involve single peak DS and T2 , T3 and
T4 a combination of rung states and two-peaks states. In the following we show
in detail the unfolding of the transcritical bifurcations T2 , T3 and T4 due to the
drift. Branches 5, 6, 7 and 8 are those related with T2 , and 9, 10, 11 and 12 are
related with T3 . Analyzing these bifurcations in more detail (see Figure 9.28
(a)), we find that there is a doublet of transcritical bifurcations, one related with
the rung states pinned at the right (labeled TR
2,3 ), and one related to the solutions
),
which
for
c
= 0 are degenerate in norm. When
pinned on the left (labeled TL
2,3
the drift is included, the diagram in Figure 9.28(a) shows that those bifurcations
become distinguishable and therefore, we can differentiate between rung states
pinned on the left, L-states (plotted with pointed lines) and rung states pinned
on the right R-states (plotted in dashed lines). The bottom panel in Figure 9.28
(a) shows the profiles corresponding to the L-states. In black dashed lines we
show how the branches are connected through T2 and T3 for c = 0.
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Figure 9.27: Detail of the diagram in Figure 9.21 showing the imperfect transcritical bifurcations around h = 0. Branches corresponding to DSs with two-peaks are shown in blue, DS
with a single peak in black, and the asymmetric rung states in red. Solid and dashed lines
represent stable and unstable states, respectively. T1 ,...,T6 represent transcritical bifurcations.

The diagram shown in Figure 9.28(b) represents the transcritical bifurcation
T4 and its imperfection corresponding to the diagram in Figure 9.27. In this
bifurcation only branches 18, 19, 22 and 23, corresponding to the single-peak
solitons shown in the bottom panel, are involved. In this case we only show the
branches corresponding to the L-states, although as before, R-states would be
also present. As a result of the imperfection of T4 and SN1 are created.
It is known that the rung states are asymmetric solutions connecting the solution
branches with an even number of peaks with those with an odd number of peaks
in the homoclinic snaking [25]. The connection of those rung states branches
with the snaking occurs through a Pitchfork bifurcation. Due to the breaking
of x−reversibility (for instance by including a drift term in the system) that
pitchfork bifurcation becomes imperfect and results in the formation of isolas
[22]. In our case, we are locally modifying the strength of the gain parameter
r, and therefore there is the possibility of reaching the previous pitchfork bifurcation. This is what happens for h < 0, as shown in Figure 9.21. In the
diagram of Figure 9.29(a) the pitchfork bifurcation P is plotted in more detail,
and becomes imperfect when c 6= 0. For c = 0, branches 7 and 9 corresponding
to the rung states are degenerate in norm, but when P becomes imperfect the
degeneration disappears and the solution branches become distinguishable. This
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Figure 9.28: In (a) transcritical bifurcations T2 and T3 and their imperfections corresponding
to Figure 9.27 are shown, together with examples of the spatial profiles of the L-states.The two
red (dotted and dashed) lines correspond to the bifurcation for c 6= 0, while the black dashed
lines correspond to the overlapping solution branches for c=0. In (b) Bifurcation diagram
showing the transcritical bifurcation T4 and its imperfection for c = 0.0001. In the bottom
panel the profiles of the states corresponding to those branches are shown. The thin dashed
lines represent the solution branches at c = 0.

imperfect pitchfork and the imperfect transcritical bifurcations T1 , T2 , T3 and
T5 are responsible for the formation of isolas L1 (composed by branches 1, 2, 5
and 7) and L2 (composed by 9, 10, 14 and 16) in Figure 9.21. When the strength
of the drift further increases, the isolas shrink until eventually they disappear
[22, 31].
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Figure 9.29: In (a) Pitchfork bifurcation (P) for c = 0 and its imperfection for c = 0.0001
are shown. In (b) and (c) we show the reconnection of solution branches 13 and 19. In (b)
we plot a zoom of the diagram in Figure 9.21, showing branches 13 and 19 for c = 0.0001.
In panel (c) a zoom of panel (b) illustrates how branches 13 and 19 approach for increasing c
until they reconnect for c = 0.0003.

Finally, in order to understand the transition between the diagrams in Figure 9.21 and Figure 9.23(a), we need to see how branches 11, 12, 13 and 22
reconnect. In Figure 9.29(b) we show a zoom of Figure 9.21 (c=0.0001) that
includes the isola L3 , composed by branches 8 and 6R , branches 12, 13 and 6L ,
and the branches 19, 20, 21 and 22. The zoom of Figure 9.29(b) can be seen in
Figure 9.29(c) for several values of the drift strength. For c = 0.0001, branches
19 and 20 are disconnected from 13. Increasing c those sets of branches approach as shown for c = 0.0002, and at some point they touch resulting in the
reconnection of 19 with 13 for c = 0.0003.
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Chapter 10

Excitability induced by front
interaction
10.1 Introduction
In spatiotemporal dynamics, excitability can appear in several kinds of extended
systems. In the most straightforward case, systems which are individually excitable are coupled in space. These excitable media typically exhibit characteristic excitable waves or pulses [1–3]. Besides, extended systems can display
excitable behavior in a more subtle way through the emergent dynamics of coherent structures, which does not require local excitable dynamics [4]. The excitable
excursion follows the remnants of a limit cycle corresponding to an oscillatory
localized structure and can be described in terms of an effective reduced phase
space [4, 5].
In Chapters 8 and 9 we have also seen that DSs excitability can arise in extended
systems where spatial inhomogeneities (or defects) and drift are present [6, 7].
In both Chapters, this phenomenon occurs through the excitation of an unstable
structure, created through the destruction of an oscillatory localized structure,
via Hopf, SNIC or SL bifurcations [8, 9].
The scenario presented in this Chapter, allows the possibility of having excitable
behavior in a system that contain just two ingredients: 1) (local) bistable behavior, and 2) spatial coupling allowing the formation of fronts that connect the two
homogeneous states. In other words, we will show that it is possible to obtain
transient spatio-temporal spots having neither locally excitable dynamics (as in
[10]), nor oscillatory LS solution disappearing when changing a parameter (as in
[4]), as bistable dynamics and spatial coupling suffice. In this sense, this could
explain experimental observations of transient localized spots in a more general
setting, that does not assume local excitability or the presence of LSs. Systems
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Figure 10.1: Bifurcation diagram for the HSSs A0 , where we plot |A0 | in function of ρ for
θ = 4. The vertical dashed line represent the Maxwell point of t the system, here occurring at
ρM = 2.1753, where the velocity of the fronts connecting Ab0 with At0 is zero. The gray region
represent the range of value of ρ for which the HSSs Ab0 is excitable due to front movement
and interaction.

with bistable homogeneous states in which this mechanism could be observed include, for instance, chemical reactions [11], optical systems [12, 13], and biology.
In particular, in the context of cellular biology, transient localized excitations,
also called patches, have been observed in early stages of cell migration. One of
the most studied examples is the cellular slime mold, Dyctiostellium discoideum.
In this system, the uniform application of the chemoattractant cAMP leads to
the spontaneous emergence of localized regions of high protein concentration,
patches, that after some time dismantle and appear elsewhere [14]. In [10] an
explanation was suggested in terms of a two-component FitzHugh-Nagumo excitable model. However, as pointed out in [15], despite the extensive use of
reaction-diffusion models, direct evidence for excitability is lacking.
To start let us first illustrate this behavior in the LL model in normal GVD
regime where the system is bistable. The bistability is appreciated in the bifurcation diagram shown in Figure 10.1 for θ = 4. As we have seen in previous
Chapters, a front or switching wave (SW) between stable states, Ab0 and At0 , and
vize versa can be formed. We call these fronts Fu and Fd respectively. States Ab0
and At0 are not equivalent, and therefore, fronts move with a constant velocity
v into the left or right depending on their orientation and the value of ρ. Then,
we say that the velocity v is positive if a front Fu (resp. Fd ) moves from left
to right (resp. from right to left), and negative in the other case. The vertical
dashed line shown in Figure 10.1 represents the Maxwell point of the system
where the velocity of fronts is zero. This occurs for ρ = ρM ≈ 2.1753.
For ρ > ρM , v < 0, and two fronts Fu and Fd , move apart such that the upper
solution overruns the lower one. On the contrary, for ρ < ρM , v > 0, and the two
fronts move closer until they annihilate. This annihilation takes place because
these fronts approach and leave the top HSSs branch At0 in a monotonic way
i.e. At0 is a saddle (S) point, and therefore, there is no pinning. The gray region
262

10.1. INTRODUCTION

(c)

(d)
U(x0,t)

(b)

U(x0,t)

(a)

Figure 10.2: Evolution of U (x, t) ≡ Re[A] after a perturbation on Ab0 with Γ = 15.6, t0 = 50
and ∆t = 2. In (a) a sub-threshold perturbation with G = 1.3 is shown and in (c) the temporal
evolution of the maximum of U (x0 , t) is plotted. Panels (b) and (d) correspond to a superthreshold perturbation with G = 1.5. The vertical dashed lines in panels (c) and (d) indicate
the switching on and off of the perturbation. In panels (a) and (b) the range of x is [−20, 20]
and the range of t is [0, 200]. Here θ = 4 and ρ = 2.16 < ρM .

represents the interval of ρ where the system is bistable and where v > 0. In
this situation, excitability for the Ab0 HSSs can be induced by front movement
and interaction. The excitable behavior it is shown in Figure 10.2 for two time
evolutions of different perturbations of the bottom HSSs. These perturbations
can be generated by for example an injected Gaussian beam
" 
2 #
ln2(x − x0 )
,
(10.1)
g(x) = G exp −
Γ
during a time ∆t, as done in Section 9.3. Here, G and x0 are the height and
center of the Gaussian, and Γ is the half width at half maximum.
Small localized perturbations to the stable homogeneous state Ab0 , lead to a fast
relaxation and smoothing due to diffusion/diffraction/dispersion, back to the
stable state (see Figure 10.2(a) and (c)). Instead, if the perturbation exceeds
locally the separatrix Am
0 , like it is the case in Figure 10.2(b) and (d), it may
happen that Ab0 is able to connect with the other stable state At0 , and attracting
state, by becoming two fronts connected through their head. For this to happen,
the approach to the other (attracting) stable state must able to overcome the
smoothening effect of diffusion/diffraction/dispersion. If the resulting two-front
state is relatively broad, it will be relatively long-lived, although, ultimately, the
two fronts will annihilate and the system will return to the stable homogeneous
state.
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Our aim in this Chapter is to present a study of these finite-lifetime localized
structures. First we show this in a system where fronts are formed between
equivalent states. For that we will use the probably simplest example (and thus
prototypical): the one-dimensional real cubic GL equation. Later on we will
generalize the mechanism to different models where the HSSs are not equivalent, like the quintic GL equation. The structure of the Chapter is as follow.
In Section 10.2 we show the results in the cubic GL equation. In Section 10.3
we present how excitability can be sustained by noise. Later, in Section 10.4
we show that this new type of excitability is also present when considering interaction between two non-equivalent fronts, as it is the case in the quintic GL
equation. Moreover, we consider a variation of this mechanism considering convective instabilities in the last model, and finally, in Section 10.5 we end with
the conclusions of the Chapter.

10.2 Excitability mediated by equivalent fronts
In this Section we show our results regarding front induced excitability when
the two fronts are formed between equivalent stable HSS solutions, that is the
most elementary situation. For that we consider the real cubic GL equation in
one extended dimension, namely
∂t u = µu − u3 + ∂x2 u.

(10.2)

We first introduce the model and later present the main block of this study
where we show that the front interaction and annihilation generates excitability.

10.2.1 A general model: the real Ginzburg-Landau with cubic nonlinearity
This equation is probably the simplest partial differential equation containing
the two above mentioned ingredients needed to implement front excitability, i.e.
bistability and spatial coupling. The two equivalent (stable) HSSs, ut0 and ub0 ,
√
are given respectively by u = ± µ that are found for µ > 0 (see Figure 10.3).
They appear in a pitchfork bifurcation at µ = 0 where u = 0 also becomes
unstable. This unstable state acts as separatrix for the two HSSs.
The two possible front solutions, known as kink and anti-kink, have opposite
polarity and connect the two equivalent states ub0 and ut0 of Eq. (10.2). They
are given by [16],
√ 
µx
√
u± (x) = ± µtanh
.
(10.3)
2
Several examples of such fronts are shown in Figure 10.4. These fronts can be
seen, in a spatial dynamics context, as heteroclinic connections between ub0 and
ut0 , whose stable and unstable manifolds approach these states monotonically.
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u ot
u0
u ob

Figure 10.3: Homogeneous steady state for the cubic GL equation. The stable trivial HSS
suffers a pitchfork bifurcation at µ = 0, where it becomes unstable and bifurcates two stable
HSSs, namely ut0 and ut0 , with the same potential energy.
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Figure 10.4: In panel (a) we plot a kink front u+ for µ = 0.5, 1.0 and 2. In (b) we show the
heteroclinic connection obtained after projecting the front into the phase space (u1 , u2 ).

To prove that, the stationary equation ∂t u = 0 can be recast into the equivalent
spatial dynamical system
dx u1 = u2
(10.4)
dx u2 = u31 − µu1 ,
with u1 = u and u2 = dx u1 . The Jacobian of√this system around any of the
bifurcation states ub,t
0 has the eigenvalues λ = ± 2µ. This shows that the stable
and unstable manifolds of both states ub,t
0 , approach and leave monotonically,
fact that is reflected on the shape of the fronts u± . Due to the monotonic nature
of the fronts, they do not exhibit pinning, ultimately annihilating in a behavior
known as coarsening [17].
Due to the fact that the front occurs between equivalent states, i.e. both HSS
solutions have the same potential energy V = V13 [u] = −µu2 /2 + u4 /4, the front
is stationary, and therefore, the dynamics of the system does not favor any of
the two bifurcating flat solutions. This can be shown as follows. Let us consider
that, if the front moves, it does with a velocity v that depends on the control
parameter µ. This velocity is the solution of the nonlinear eigenvalue problem:
− v(µ)u0 (x) = −∂u V [u] + u00 (x),

(10.5)
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with the boundary conditions, u(−∞) = ub0 and u(+∞) = ut0 , and 0 standing
for derivative respect to x. Integrating Eq. (10.5) along the heteroclinic orbit
we obtain the explicit equation for the front velocity given by:
V [ut0 ] − V [ub0 ]
,
v(µ) = R p
u0 (x)dx

(10.6)

that is zero because V [ut0 ] = V [ub0 ]. So the front does not move.

10.2.2 Front annihilation and excitability
Previously, we have seen that in the cubic GL equation (10.2) a single front
between equivalent HSSs ub0 and ut0 does not move. In contrast, this is not the
case when considering two fronts with opposite polarity, i.e. a kink and anti-kink
states. In this situation, these two fronts attract with an exponentially decaying
interaction, until they annihilate each other [16]. This transient behavior known
as coarsening is one of the basic ingredients of this mechanism of excitability. For
large separation distances d(t) = x2 (t) − x1 (t), between the positions x1 (t) and
x2 (t) for the kink and anti-kink’s cores, it is possible to obtain a perturbative
approximation at first order for the velocity at which the fronts are attracting
each other [16]. This velocity is given by,
d˙ = c exp(−γd),

(10.7)

√
√
where c = −24 2µ and γ = 2µ. The absent of roots of this equation shows,
what it was already confirmed by the spatial eigenvalues, that there is not pinning of fronts, and therefore, no localized structures are present in this system.
In this framework, the excitability mechanism is as follows. While the system
is sitting at a stable HSS, small localized perturbations decay exponentially.
Instead, for perturbations exceeding u(x) = 0 in a wide enough spatial region,
part of the system will initially evolve to the other (attracting) HSS leading
to the formation of a pair of kink-anti-kink fronts. At a second stage, the two
fronts interact, slowly approaching each other. If the resulting kink-anti-kink
structure is relatively broad this second stage will be long-lived. Finally, at a
third stage, kink and anti-kink annihilate each-other and the system returns to
the initial HSS solution. These structures can be viewed as excitable excursions
and, following [14], we will refer to them as patches.
The excitable behavior is illustrated in Figure 10.5 showing the spatio-temporal
dynamics after a perturbation of ub0 generated by adding to Eq. (10.2) during a
time ∆t the Gaussian spatial profile given by Eq. (10.1).
Figure 10.5(a)-(c) shows the behavior observed for low enough values of h, case
in which the patch decays quite rapidly. In this context, decaying means that
the two fronts that constitute the patch coarsen and annihilate. In contrast,
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(b)

(c)

(d)

u(x0,t)

(a)

-

-

Figure 10.5: Evolution of u(x, t) after a perturbation on ub0 with Γ = 15, t0 = 50 and
∆t = 2. In (a) a sub-threshold perturbation with G = 0.79 is shown and in (c) the temporal
evolution of the maximum of u(x0 , t) is plotted. Panels (b) and (d) correspond to a superthreshold perturbation with G = 81. The vertical dashed lines in panels (c) and (d) indicate
the switching on and off of the perturbation. In panels (a) and (b) the range of x is [−22, 22]
and the range of t is [0, 200]. Here µ = 1.

Figure 10.5(b)-(d) shows the behavior of a patch with a slightly larger h, showing
a much larger decay time. This observation points at the existence of a threshold
separating two clearly different decaying ways, pointing out to excitability.
In the following, and without loss of generality, we take µ = 1, being ub,t
0 = ±1.
In classical Type II excitable systems with a two-dimensional phase space (e.g.
the FitzHugh-Nagumo model), the excitable behavior under perturbations to a
stable fixed point can be understood [18] by analyzing the shape of the nullclines
in phase space1 . Here the phase space is infinite-dimensional, however, we find a
very similar scenario by considering the two-dimensional phase space (h, d) where
h(t) ≡ u(x0 , t) − ub0 is the height of the patch at its center x0 , and d(t) its half
width at half maximum. Figure 10.6 displays the projection of the evolution
obtained from numerical integration of Eq. (10.2) for a set of different initial
condition of the type
" 
2 #
ln2(x − x0 )
b
u(x, 0) = u0 + H0 exp −
.
(10.8)
d0
For d larger than the front width, we can approximate the shape of the patch
by two tanh fronts back to back
u(x, t) = ub0 + h(t) [η(x, x0 − d(t)) − η(x, x0 + d(t))] ,

(10.9)

1 Nullclines are defined as the geometric place in which the time derivative of one of the
system variables is zero, being found the fixed points at the intersection of these nullclines.
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Figure 10.6: Projection of the dynamics into the (h, d) phase space. Lines with arrows show
trajectories obtained integrating Eq. (10.2) starting from an initial condition (10.8) with different d0 and H0 . The arrows correspond to the velocity field, allowing to identify fast and slow
time scales. Trajectories in color correspond to d0 = 4.98 and different H0 , whose temporal
evolution is plotted in Figure 10.8. Red lines correspond to the analytical h−nullclines (10.11),
and in blue dashed lines, those given by (10.14).

√
where η(x, a) ≡ tanh((x − a)/ 2). Introducing (10.9) in Eq. (10.2) and evaluating it at x = x0 , one gets






d
d
ḣ = h 6htanh √
+ (1 − 4h2 )tanh2 √
−3 ,
(10.10)
2
2
where we have consider that the evolution of d(t) is much slower than that of
h(t). The h−nullcline is
q
√
√
3
1
h± = coth(d/ 2) ±
4 − 3coth2 (d/ 2), h0 = 0,
(10.11)
4
4
and it is plotted in Figure 10.6 using a red solid line. This h−nullcline is therefore
composed by three pieces as shown in Figure 10.6. h+ which is attracting and has
a vertical asymptote at h = 2, h− repelling with a √
vertical asymptote
√ at h√= 1
and h0 also stable. h+ and h− are connected at h = 3/2, d = ln(7+4 3)/ 2 ≈
1.86.
When d is small the shape of a patch can be approximate by using a Gaussian
profile, namely
" 
2 #
ln2(x − x0 )
b
.
(10.12)
u(x, t) = u0 + h(t) exp −
d(t)
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Figure 10.7: Phase space projected in variables A and h. In this variables the fixed point
(resting state) is located at (h, A) = (−1, 0).

Inserting (10.12) in Eq. (10.2) and evaluating at x = x0 , one obtains the equation


ln 2
ḣ = −2 1 +
h + 3h2 − h3 .
(10.13)
d(t)2
With this approximation, the h−nullcline is given by
!
r
8 ln 2
1
3± 1− 2
, h0 = 0.
h± =
2
d

(10.14)

In this case we plot it with blue dashed lines. The evolution of the different initial
conditions (10.8) in the phase space (h, d) is then organized by the h−nullclines
as follows. For h > 0, ḣ < 0, except inside the U-shaped region delimited by
h− and h+ where ḣ > 0. For initial conditions located at the right of h− the
trajectory evolves rapidly towards the nullcline h+ . This corresponds to the
first stage of the excitable excursion. The center of the patch is very flat and
evolves towards ut0 at time scale of order O(µ) making h the fast variable of the
dynamics, while d changes at a much smaller rate. The outcome of this stage
is the formation of a kink-antikink pair connecting ub0 with ut0 and back to ub0 .
In the reduced phase space this means that the nullcline h+ has been reached.
After reaching the nullcline, the patch evolves slowly along h+ . This corresponds
to the second stage of the excitable excursion in which kink and antikink slowly
approach each other decreasing d following Eq. (10.7).
Finally, the third stage in which kink and antikink annihilate each other corresponds to the fast jump to nullcline h0 . This reinjection mechanism is not
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Figure 10.8: Projection of the trajectories on the h coordinate. Each color corresponds to a
trajectory in Figure 10.6 and Figure 10.7. For all the trajectories d0 = 4.98, and from bottom
to top, H0 = 0.6, 0.8, 1.0, 1.1, 1.2, 1.25, 1.3.

following the remnants of a limit cycle in phase space since the system Eq. (10.2)
does not have periodic solutions. For initial conditions located at the left of h−
or below the connection of h− with h+ , the system evolves quickly to h0 . This
corresponds to sub-threshold perturbations which decay exponentially. A drawback of the (h, d) description is that the width of the patch is not well defined for
h = 0. As a consequence it is not apparent in Figure 10.6 that all the trajectories
evolve finally to ub0 . A convenient way to avoid this is to use the area of the
patch A instead of d as shown in Figure 10.7.
In this new phase space the theoretical prediction for the nullclines that we have
used is
A = 4hd[1 − 2 exp(−L/2)],
(10.15)
for the h−nullcline defined by Eq. (10.11), being L the size of the system and
r
π
A=
hd,
(10.16)
ln 2
for the nullcline defined by Eq. (10.14). In this representation all trajectories
ultimately converge to the fixed point (h, A) = (0, 0) which corresponds to ub0 .
Altogether, it is evident that the h−nullclines organize very well the dynamics
of the system. The approximate nullclines given by (10.11) agree very well
with numerical simulations for large values of d (and A). For smaller values of
d (d < 3.5) where the ansatz (10.9) is not expected to be good, the numerical
simulations indicate that the nullcline h+ is located slightly above the prediction
(10.11). For this regime we have also considered the Gaussian ansatz (10.12).
With nullclines predicted with this last ansatz we find, on the contrary, that the
real nullcline is situated slightly bellow.
The time evolution of trajectories generated with an injected signal with different
amplitude can be observed in Figure 10.8. Colors correspond to the trajectories
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Figure 10.9: Simulation showing the dynamics generated by the repetitive addition of Gaussian signals (10.1) with a noisy amplitude (10.17). The range of x plotted is [−22, 22] and the
range of t is [0, 5000] (left panel) and [5000, 10000] (right panel). The values of the parameter
are shown in the text.

shown in in Figure 10.6 and Figure 10.7. For H0 & 1.1 trajectories first grow
while for H0 . 1.1 they decay exponentially. In fact, the shape of the trajectories
changes gradually and H0 ≈ 1.1 is a pseudo-threshold, as typical in Type II
excitability.
To summarize, in this Section we have shown that annihilation of equivalent
fronts with different polarities can lead to excitability without the presence of
limit cycle in the dynamics. In the next Section we will study briefly how the
presence of noise can trigger excitable excursions, which is an interesting result
due to the fact that in experimental setups fluctuations are normally present.

10.3 Effect of noise
Many studies have been devoted to the interplay between excitability and noise
[19]. In particular, the presence of noise can trigger excitable excursions even for
subtreshold perturbations. We illustrate this effect in our system by injecting
signals of the form (10.1) with a fluctuating amplitude
√
G = G0 + Dξ(t),
(10.17)
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where ξ(t) is a Gaussian white noise of zero mean and correlation
hξ(t)ξ(t0 )i = δ(t − t0 ).

(10.18)

Figure 10.9 shows the effect of adding a signal of half-width Γ = 15 and duration
∆t = 2 every T = 200. In this way it is possible to plot several events in the
same figure. Those signals have G0 = 0.79, just below the pseudo-threshold, and
are subject to noise with D = 0.3. Without noise all the perturbations relax fast
to ub0 and there are no excitable patches. In contrast, when the noise is present,
patches are triggered randomly.

10.4 Excitability mediated by non-equivalent fronts
So far we have focused on systems with bistability between two equivalent HSS
i.e. two states with the same potential energy. Nevertheless, excitable behavior
can appear even when two HSSs are not equivalent, like for example in the normal
GVD regime in the LL equation. In this Section we see that the mechanism
previously presented generates excitability in these type of systems. To do that
we use one of the simplest models where fronts between non equivalent HSSs
may occur, the one-dimensional real quintic GL equation:
∂t u = µu + u3 − u5 + ∂x2 u.

(10.19)

When the control parameter is set to be at the Maxwell point of the system, both
the trivial and the up (down) HSSs have the same energy and a stationary front
can be formed, just like in the previous case. On the contrary, when the system
is not in the Maxwell point, the difference of energy between the HSSs makes
that one state dominates on the other invading, in this way, all the domain.
It is known that two fronts of different polarity will move apart or closer depending on the energy balance between the forming HSSs. Here we show that in the
region of parameters where the two fronts move closer, excitability can be also
induced. To start, we first introduce some results regarding the real quintic GL
equation and after that we analyze the excitability induced by these fronts.

10.4.1 The real Ginzburg-Landau with quintic non-linearity
For Eq. (10.19), the HSSs are given by the trivial solution ub0 = 0 and the
bifurcating states
s
r
1
1
m
− µ+ ,
(10.20)
u0 = ±
2
4
and

s
ut0
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=±

1
+
2

r

1
µ+ .
4

(10.21)
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Figure 10.10: In panel (a) the subcritical pitchfork bifurcation scenario for the HSS solutions
is shown. In (b) we show the potential V of ut0 and ub0 as a function of µ. The vertical dashed
line represents the Maxwell point of the system, where V [ub0 ] = V [ut0 ].

Because Eq. (10.19) has u → −u symmetry, only positive values of amplitude
u will be consider, unless stated otherwise. At µ = 0, the trivial HSS solution
has a subcritical pitchfork bifurcation, where um
0 emerges unstable. Decreasing
µ, the later state undergoes a SN bifurcation at µ = µSN ≡ − 14 from where ut0
appears.
This bifurcation scenario can be seen in Figure 10.10(a). Here, in contrast to
previous Sections, two different types of fronts can be considered. First class
are those formed between two equivalent HSSs as can be those connecting −ut0
with ut0 . This case is equivalent to the one shown in the cubic GL equation
in Section 10.2, due to its equal potential energy V = V135 [u], these fronts are
stationary. The second class are those fronts which occur between ub0 and ut0 .
3
, V [ub0 ] = V [ut0 ], as seen in Figure 10.10(b), and therefore,
At µ = µM ≡ − 16
the fronts do not move. On the contrary, when µ 6= µM , V [ub0 ] 6= V [ut0 ], and
the front is not stationary, but it moves from left to right or from right to left
depending on the balance between V [ub0 ] and V [ut0 ], that is the system evolves
to the minimum potential energy configuration. As shown in Section 10.2, the
front velocity is given by,
V [ut0 ] − V [ub0 ]
v(µ) = R p
.
u0 (x)dx

(10.22)

The potential of both states can be seen in Figure 10.10(b) as a function of
µ. When V [ut0 ] > V [ub0 ], for µ < µM , front velocity is defined positive. The
front moves from left to right, and therefore, ub0 invades all the system. On the
contrary, when V [ut0 ] < V [ub0 ], for µ > µM , front velocity is defined negative and
the top state will expand invading all the system.
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In Ref. [23], front velocity was calculated explicitly, and it was found to be,
 1  p

−1
3


 √3 2 1 + 4µ − 1 if 4 < µ < 4
v=


 √
2 µ if µ > 34 .

(10.23)

As done in the previous Section, we study the spatial dynamics associated with
this model. Defining the variables u1 = u and u2 = dx u1 we can derive the
system:
dx u1 = u2
(10.24)
dx u2 = u51 − u31 − µu1 .
Around ub0 = 0, and for µ < 0, the eigenvalues of the Jacobian of (10.24) satisfy
√
λ = ± −µ, and therefore, trajectories approaching or leaving
r theseqstates do it
monotonically. Around ut0 , the eigenvalues satisfy λ = ± 4µ + 2 µ + 14 − 1,
for µSN < µ < 0 and, as before, no spatial oscillations occur around this state,
which implies that no locking between fronts with different polarities may occur.
Due to this, no LSs arise and fronts with opposite polarities move apart, or closer
until they collide and annihilate each other.

10.4.2 Excitable dynamics
As we said before, at µ = µM , ub0 and ut0 have the same potential energy, and
the dynamics of a patch formed between a kink and antikink fronts will be
similar to the dynamics of the patches considered in Section 10.2, and therefore,
excitability may occurs in the same fashion than in the real cubic GL equation.
Here we focus on the excitability induced by the interaction of non-equivalent
fronts connecting ub0 and ut0 , where we consider that the resting state is ub0 , and
the excited state a portion (patch) of states ut0 embedded on ub0 . With this
configuration, front induced excitability can be found in regions of parameters
where ub0 is boost energetically, i.e. for µ < µM . In this context, the role of
threshold is played by the unstable middle branch um
0 .
For values of µ such that, µ > µM , ut0 is boost energetically and any patches
sitting on ub0 do not shrink but expand until that ut0 invades all the space. Due
to this, excitability does not occur for the resting state ub0 . At the end of this
Section we will see that excitability behavior can be achieved in this regime due
to the occurrence of convective instabilities.
As done in Section 10.2 the time evolution of the patches defined by Eq. (10.8) is
projected on the particular space defined by (h, d) or (h, A). The (h, A)−projection
space is shown in Figure 10.11. Although quantitatively different, the scenario
is qualitatively equivalent to the one shown in Figure 10.7 of Section 10.2. As
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Figure 10.11: Projection of the time evolution of the patches into the 2-dimensional phase
space defined by (h, A). This picture is equivalent that the one shown in Figure 10.7 in the
context of the real cubic GL equation. Here µ = −0.2.

Figure 10.12: Projection of the time evolution of patches in h. The different colors refers to
Figure 10.11 for d0 = 19.15. From bottom to top, H0 = 0.45, 0.52, 0.56 and 0.6.

we can observe, um
0 acts as pseudo threshold, in such a way that perturbations
will
decay
rapidly to ub0 and perturbations above um
bellow um
0
0 will experience
a large response before returning to the resting state.
Figure 10.12 shows the time evolution of initial patches with different H0 and
the same half width d0 = 19.15, as done in Section 10.2. Colors correspond to
the trajectories shown in Figure 10.11. For H0 & 0.52 trajectories first grow
while for H0 . 0.52 they decay exponentially. Here the shape of the trajectories
changes gradually and H0 ≈ 0.52 is a pseudo-threshold, as typical in Type II
excitability.
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Figure 10.13: Homogeneous steady state of the quintic real GL equation. We show the
absolute and convective non-linear instability regimes that arise when drift is considered.

10.4.3 The non-linear convective regime
For values of µ such that, µ > µM , ut0 is boost energetically and any patches
sitting on ub0 do not shrink, but they expand until that ut0 invades all the domain.
Due to this, excitability does not occur for the resting state ub0 . To avoid this
situation one can induce drift instabilities by adding a convective or drift term
∼ c∂x u in Eq. (10.19), namely
∂t u = µu + u3 − u5 + ∂x2 u − c∂x u.

(10.25)

These instabilities are classified in two types, absolute and convective instabilities [20, 21]. In Chapter 6 we reviewed these instabilities in the context of LL
equation when bistability occurred between a HSS and a modulated solution
[22]. In our context, the stable states involved in these instabilities are ub0 and
ut0 . We say that the state ub0 is connectively unstable, if localized perturbations
are driven by the mean flow in such a way that they grow in the moving reference frame, but decay at any fixed location. On the contrary, in the absolute
instability regime, localized perturbations grow at any fixed location, and the
system finally reach completely the attractor ut0 .
In Ref. [20] it was shown that for c 6= 0, and in the unstable domain (µ > −3/16),
the instability is nonlinear convective (NLC) when v < c, since in this case,
although expanding, a patch connecting ub0 and ut0 is finally advected out of the
system. On the contrary, when v > c, the instability is absolute (NLA) and the
patch finally invades the system. Therefore, the transition between NLC and
NLA instabilities occurs at the value µA at which v = c, namely:



√
2c
3

2

√
c
−
1
+
if
c
<
3


 16
3
µA =
(10.26)


2
√


 c if c > 3
4
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Figure 10.14: Spatio-temporal evolution of a Gaussian perturbation (10.1) with Γ = 6.8,
switching on at t = 20 with a duration ∆t = 2. In (a) G = 0.22, that is an under-threshold
perturbation and in (b) the perturbation is over-threshold with G = 0.23 and we have excitable
excursion in the convective regime. Here µ = −0.1, c = 1, Λ = 163.6, x0 = 122.7 and L = 419.

The different instability regions for the HSSs of Eq. (10.25) are shown in Figure 10.13.
In the NLC regime (for µM < µ < µA ), an excitable excursion can be trigger
from the resting state ub0 . In order to trigger this transient behavior we consider
a Gaussian perturbation (10.1) of finite duration and extension.
To model a finite domain, we define the parameter µ to be space dependent with
the shape of the super-Gaussian profile,

20 !
x − x0
µ̃(x) = (1 + µ)exp −
− 1.
(10.27)
Λ
This is the same procedure that it was already used in Section 9.3. The profile
(10.27) has a plateau on top of which µ̃(x) = µ and outside µ̃(x) = −1. In
this way, outside the plateau the only attractor of the system is u = ub0 , and
therefore, fronts disappear.
The spatio-temporal evolution of two different perturbations of the HSS ub0 are
shown in Figure 10.14 when using the Gaussian (10.1), with Γ = 6.8 centered
at x0 = 122.7. Both perturbations have been switched on at t = 20 during
a time ∆t = 2. In (a), G = 0.22, and the height of the perturbation is not
enough to generate a kink-anti-kink structure, and therefore, it decays rapidly
to ub0 . This is an under-threshold perturbation. The top panel (a) corresponds
to a contour plot of the evolution, and the bottom one shows some snapshots
of this evolution at fixed values of time. The pointed-dashed line represents the
µ̃(x) and the dashed line stands for the unstable HSS solution um
0 . In contrast,
in panel (b) G = 0.23, in such a way that the perturbation, crosses um
0 (the
threshold in this context) and, while advected away, grows until reaching ut0
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where a kink and antikink states form a patch of height h = ut0 . In this regime
of parameters, the two fronts move apart or closer at a velocity v < c.
Therefore, the patch is advected faster than it grows, reaching the border of the
plateau where both fronts annihilate each other and the system returns to the
resting state u = ub0 . Here, as in previous cases, we should talk about a pseudothreshold because the transition between having excitability or not is smooth,
not existing in this way a well defined separatrix.

10.5 Conclusions
To summarize, in the present Chapter we have presented and discussed evidence
for a novel mechanism leading to the appearance of transient localized spatiotemporal structures, that we call patches. We have shown that these patches
can be understood as excitable excursions. The mechanism presented here only
requires the coexistence of two stable homogeneous solutions and a spatial coupling such that the fronts connecting the homogeneous solutions are monotonic.
We have shown the existence of a pseudo-threshold such that, while sitting at
one of the homogeneous states, sub-threshold perturbations decay exponentially.
In contrast, super-threshold perturbations induce a long excursion. The excursion is characterized by the fast emergence of a structure formed by two back
to back fronts connecting the two homogeneous states followed by a slow approximation of the fronts until they eventually annihilate each-other. These two
well separated time scales, which do not appear explicitly in the models used
here, are an emerging property of the dynamics and allow for a clear observation
of the patches. These patches resemble the excitable localized structures of [4],
obtained when a stable oscillatory localized structure disappears through a limitcycle instability, and also resemble the transient localized structures reported for
a locally excitable medium [10].
From an observational point of view, while transient localized structures normally have a characteristic spatial size independent of the spatial extension of
the perturbation, the size of the patches generated here is determined by that of
the perturbation. From a fundamental perspective, the mechanism introduced
here does not requires local excitability nor that the system supports localized
structures. Furthermore, it neither requires the existence of a nearby oscillatory
regime in parameter space. Thus, this mechanism could explain experimental
observations of transient localized spots in more general setting. Systems with
bistable homogeneous states in which this mechanism could be observed include,
for instance, optical systems [12, 13] or chemical reactions [11].
This mechanism is described in the real cubic and quintic GL equations to cover
both cases when the HSSs are equivalent and when they are not. We also have
shown how these type of transient dynamics can be sustained with noise even
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for values of G bellow threshold. Finally, we also have seen how convective
instabilities offer a possible scenario for excitability.
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Chapter 11

Conclusions and Outlook
11.1 Summary of results
In this thesis we have studied emergent structures in spatially extended systems,
that are dissipative. Thermodynamically speaking such type of systems are open
systems interchanging energy and matter with the medium, and therefore far
from the thermodynamical equilibrium. In this context, emergent structures are
known as dissipative structures. They arise in a wide number of natural systems
such as fluid dynamics, plasma physics, chemistry, plant ecology, nonlinear optics
and biology [1–3]. An important subgroup of the dissipative structures is the
one composed of localized states (LSs) or dissipative solitons (DSs), which can
be seen as spots of a one state embedded in a different one [4].
A system that is internally damped and externally driven is a relevant example of
a dissipative system. In this thesis we have focused on the field of nonlinear optics
where we have studied a particular type of those systems: a driven nonlinear
optical cavity with losses. Here, due to the double balance between spatial
coupling and nonlinearity on the one hand, and gain and losses on the other, a
wide variety of LSs arises.
When the material inside the cavity, or the cavity itself, has a Kerr-type nonlinearity, the dynamics of a pulse of light propagating inside the cavity is described
by the Lugiato-Lefever (LL) model [5]. This model is a type of forced complex Ginzburg-Landau (FCGL) equation at 1:1 resonance, although it can also
be seen as a driven and damped nonlinear Schrodinger (NLS) equation. This
equation has been widely studied since it was proposed in 1987 to describe a
ring-cavity partially filled with a nonlinear medium [5]. In the last few years, it
has become widely studied by the scientific communities working on frequency
comb (FC) generation in microresonators [6, 7].
Here we have investigated one particular type of driven nonlinear optical cavities,
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temporal cavities, which are described by the one-dimensional LL equation.
Within the previous ten Chapters, using dynamical system and bifurcation theories, we have analyzed in detail the different dynamical regimes that this equation exhibits depending on the control parameters of the system. By applying
asymptotic methods (weakly nonlinear analysis), numerical continuation techniques, and numerical simulations, we have been able to analyze the dynamics,
stability, and bifurcation structure for the different types of static or dynamical states arising in the system, which will be of interest for experimentalists
working in the field of nonlinear optical cavities and in FC generation.
In Chapter 2 we have studied the spatial dynamics of the LL equation. This
consists on analyzing the stationary LL equation as a dynamical system of finite
dimension. In this context, LS solutions of the stationary LL equation, biasymptotic to the homogeneous steady state (HSS), correspond to √
homoclinic orbits
to such √
points. The HSS solutions are monovaluate for θ < 3 and trivaluate
for θ > 3, with three solution branches separated by two saddle-nodes (SNs)
one on the top, and one on the bottom of a S−shape bifurcation diagram. We
have performed a linear stability analysis of the spatial system around the HSS
solutions and we have identified the different bifurcations that they undergo,
in both the anomalous, and normal group velocity dispersion (GVD) regimes.
After that, using normal form theory we have identified the possible types of LSs
or patterns arising from those bifurcations. Some of these results are published
in Refs. [8, 9].
Chapter 3 and Chapter 4 are focused on the anomalous GVD regime. In
Chapter 3, we analyzed the different types of patterns solutions appearing in
the system. In particular, we have studied in detail the pattern with the critical
wavenumber kc arising from a modulational instability (MI) for θ < 2. Applying
weakly nonlinear analysis around the MI, and using a numerical continuation
algorithm, we have calculated the branches of pattern solutions for any value of
θ < 2. This bifurcation skeleton has allowed us to identify that for some regimes
of parameters, patterns of a given wavelength λ are connected to patterns with
a wavelength λ/2, and the latter ones to others with λ/4 and so on. Doing a
detailed stability analysis of the patterns we have discovered that such type of
connection points consist in secondary bifurcations known as finite wavelength
instabilities (FWs). Furthermore, applying the same analysis, we were able to
find other secondary bifurcations of the patterns such as Eckhaus bifurcations
or wave instabilities. Together with the pattern with critical wavenumber kc
we showed that there is a wide family of patterns with different wavelengths
coexisting and sharing the same type of dynamics and bifurcation structure,
whose region of existence expands also to θ > 2.
After that, in Chapter 4, we have investigated the formation of bright LSs in
the anomalous GVD regime. According to the spatial eigenvalues of the HSSs
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found in Chapter 2, two different regimes must be considered. For θ < 2, normal
form theory around the MI shows that bright LSs bifurcates, together with the
pattern, when the pattern is subcritical (for θ > 41/30). In this way, we have
obtained an asymptotic analytical solution for the LS. Later, we have built up
the homoclinic snaking bifurcation diagram for these LSs at different values of
the control parameters. For θ > 2, the MI has disappeared and now the LSs
arise from one of the saddle-node (SN) bifurcations of the HSS. We have found
that these type of LSs are organized in a new type of bifurcation structure
known as foliated snaking. For high values of θ, these states become unstable
through supercritical Hopf bifurcations, and they start to oscillate in amplitude.
Using numerical simulations we have found that these oscillatory states undergo
secondary bifurcations starting a route to temporal chaos. Spatiotemporal chaos
is also present in this regime. These results are partially published in Ref. [8].
Chapter 5 is dedicated to the normal GVD regime. Here, the LSs are dark
solitons formed due to the locking of two fronts or switching waves (SWs) of
different polarities connecting the top and bottom HSS solution. Applying the
same asymptotic techniques as in previous Chapters, we have found that they
emerge from the top SN of the HSS solution, as predicted by the theory. Later,
we have shown that these states are organized in a collapsed snaking bifurcation
structure. For high values of the cavity detuning, dark solitons also undergo
oscillatory instabilities where they start to oscillate in amplitude. Secondary
bifurcations of these cycles start a route to temporal chaos in the same fashion
as bright LSs in the anomalous regime. We have characterized the different
bifurcation regions as a function of the control parameters. These results were
published in Refs. [9, 10].
In Chapter 6, we studied how third order dispersion (TOD) effects modify the
dynamics, stability, and bifurcation structure of LSs in both the anomalous and
normal GVD regimes. This effect is modeled by a term ∼ d3 ∂x3 A, that on the one
hand breaks the spatial reversibility symmetry of the LL model, and therefore of
its solutions, and on the other hand induces a drift instability, in such a way that
now any LS moves at a constant velocity determined by the control parameters.
In both regimes, we have discovered that oscillatory and chaotic dynamics are
suppressed by this effect for both bright and dark structures. Furthermore, the
bifurcation diagrams are modified in different ways depending on the parameters.
Moreover, in the normal dispersion regime, TOD also stabilizes bright solitons,
and therefore regions of multistability between dark and bright LSs are found.
This work has been published in Refs. [11, 12].
Chapter 7 is focused on the interaction of solitons and the formation of bound
states (BSs), i.e. aggregations of single-peak LSs at different separation distances. Here we have focused on the anomalous regime and therefore on bright
solitons, although the results are general and also applicable to dark ones. We
have derived an effective interaction potential using the complete, and the in283
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teraction Hamiltonian of the LL equation, and we have found that the stable
separation distances are discrete and determined by the minimum of this potential. This is also the case when considering any reversible generalization, such
as adding a fourth order dispersion (FOD) effect. The potential is determined
by the overlapping of the tails of one soliton with the core of the other one, and
therefore, the interaction is intrinsically related with the presence or absence of
oscillatory tails in the solitons’ profiles. Furthermore, we have determined that
the periodicity of the potential corresponds to the wavelength of the oscillatory
tails of the solitons involved in the interaction. This principle also applies when
considering terms that break spatial reversibility such as TOD, although in this
case the maxima, and not the minima of the potential, determine the stable
separation distances. Moreover, we have studied the bifurcation diagrams for
some particular arrays of LSs, and we have analyzed the effects of adding a
noisy background in the stability of the different BSs. These results have been
published in Ref. [13]
In Chapter 8 we have investigated how the presence of inhomogeneities, (or
defects) and drift modifies the dynamics of DSs in the LL model. The effects
of these two elements on a soliton are that, while a defect pins the soliton to a
fixed position, the drift tries to pull it out. We have shown that the competition between these two ingredients induces a very rich dynamical behavior going
from oscillatory states to excitability of DSs. Using bifurcation theory, we have
identified the bifurcations behind the origin of the previous dynamical regimes.
Moreover, we have also studied the oscillatory dynamics in the presence of periodic and absorbing boundary conditions. These results have been published in
Ref. [14].
In Chapter 9 we have shown that the dynamics induced by the presence of
defects and drift on DSs are generic and not just a particularity of the LL
equation. To show this generality we have used the prototypical Swift-Hohenberg
(SH) equation. We have studied in detail the different dynamical regimes arising
in this system such as oscillatory states (train of solitons) and excitability, and
we have found that all these dynamics emanate from two Takens-Bodganov
(TB) bifurcations. Type I and II excitability have been found as usual near the
bifurcations where the oscillatory states appears or disappears. Furthermore, we
have also studied this type of dynamics when the defect appears in the gain of
the model. In this case, although the bifurcation scenario is much more complex,
the same dynamical regimes have been found. This research has been published
in Refs. [15, 16].
Finally, in Chapter 10, we have presented a novel mechanism leading to the
appearance of transient localized spatiotemporal structures, which can be understood as excitable excursions. This mechanism only requires two ingredients:
the coexistence of two HSSs, and spatial coupling such that the fronts connecting the two HSSs annihilate each other. This new type of excitability does not
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require that the system is locally excitable, nor that an oscillatory LS disappears through a limit-cycle instability. We have found that this type of behavior
exists in the LL model in the normal dispersion regime. Furthermore, we have
studied this mechanism in detail in two cases: when the HSS solutions are equivalent, and when they are not. For the first analysis we have used the real cubic
Ginzburg-Landau (GL) equation, and for the second one the real quintic GL
equation. Moreover, we have studied how excursions can be randomly triggered
when noise is considered. This work was partially published in Ref. [17].

11.2 Future directions
Despite the fact that the LL model has been analyzed for several decades, and
although we have tried to perform a complete and detailed study of this equation,
there still remain many open questions. Here we list several directions for future
research, inspired by some of the results of this work.
Unfolding of the quadruple zero bifurcation
In Chapter 2, while studying the spatial dynamics of the LL equation, we
have seen that the different bifurcations that the HSS exhibits unfold from a
codimension-two point known as Quadruple zero (QZ) bifurcation with the spatial eigenvalue λ = 0 with multiplicity four. Although the unfolding of this
bifurcation was already studied in Ref. [18], a complete understanding on the
dynamics of LSs around this point is still lacking. In the LL equation, the
QZ occurs at θ = 2 for both the anomalous and normal GVD regimes. A
better comprehension of this point is crucial to understand the transition between homoclinic snaking (for θ < 2) and foliated snaking (θ > 2) occurring in
the anomalous GVD regime. We have recently found that in a neighborhood
about the QZ, the LL equation can be reduced to a SH-type of equation with a
quadratic nonlinearity [19]. Thus, we hope that the study of this last equation
can help us to understand how the dynamics of the system behaves about such
point.
Furthermore, it would be also interesting to study the transitions occurring in
other systems when passing through this point as, for example in the modified
real SH equation [20]:
∂t u = η + εu − u3 − ν∂x2 u − ∂x4 u.

(11.1)

Here, in contrast, a preliminary analysis has shown that a transition between
homoclinic and collapsed snaking occurs when going through the QZ.
Unfolding of the Fold-Hopf bifurcation
In Chapter 4, while studying bright LSs in the anomalous GVD regime, we saw
that the supercritical Hopf bifurcation is responsible for the oscillatory dynamics
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that emanates from a codimension-two point known as a Gavrilov-Guckenheimer
(GG) or Fold-Hopf (FH) bifurcation [21, 22]. It would be interesting to study
the different unfoldings of its normal form and identify which one corresponds
to our particular case. This can be useful in order to understand the origin of
temporal chaos appearing for high values of frequency detuning.
Conservative limit of the Lugiato-Lefever model
For high values of the detuning parameter, the dynamics of the LL equation
becomes more and more complex, and LSs exhibit amplitude oscillations at
different frequencies, temporal chaos and spatiotemporal chaos. Although the
derivation of the LL equation in optical cavities is only valid for low values of
detuning, from a mathematical point of view it would be interesting to study
the origin of the previous dynamics when considering θ → ∞, for both the
anomalous and normal regimes.
To study
√ this problem√it is first necessary to consider the rescaling, T = θt,
X = θx and ψ = A/ θ that reduce the LL model to the following equation:
2
∂T ψ = −(α + i)ψ + i∂X
ψ + i|ψ|2 ψ + σ,

with
σ=

ρ
,
θ3/2

and

α=

1
.
θ

(11.2)

(11.3)

If one takes θ → ∞, then α, σ → 0, and Eq. (11.3) becomes a NLS-type of
equation [23]. Therefore, the study of the dynamics of the LL equation for very
high values of detuning reduces to the study of Eq. (11.3) for low values of α
and σ. In this way, the origin of the previous dynamics will be related with the
point (α, σ) = (0, 0), i.e. the conservative limit of the LL equation.
Effects of fourth-order dispersion and nonlocal interaction on the bifurcation
structure and dynamics of LSs in the LL model
In Chapter 6 we have studied how TOD effect modifies the dynamics, stability
and bifurcation structure of solitons in both the anomalous and normal GVD
regimes. It is known that the presence of FOD terms in the LL equation stabilizes dark solitons in the anomalous regime [24]. In future work we expect
to understand how FOD, and other high order effects, modify the different scenarios presented within this thesis. Together with those dispersion effects, the
analysis of Raman and thermal effects, both modeled by nonlocal terms, would
be relevant for theoreticians and experimentalist.
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Understanding dynamics in general systems driven near their natural frequency
We plan to study more general systems driven near their natural frequency. We
will repeat the analysis done in the LL model in a broader class of systems, those
described by the forced complex GL (FCGL) equation at 1:1 resonance, namely
∂t A = (µ + iθ)A + (1 + iα)∂x2 A − (1 + iβ)|A|2 A + ρ.

(11.4)

Despite its generic character and importance, surprisingly little is known about
the dynamics of this equation. We will characterize to which extent results
obtained in the LL model are transferable to the universal Ginzburg-Landau
equation at 1:1 resonance [25].
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Appendix A

Dynamical systems and bifurcation
theory
In this Appendix, we review some general results from dynamical systems theory
and bifurcation theory. These topics are covered in much more depth in Refs. [1–
5].

A.1 Dynamical system theory
We consider a nonlinear dynamical system defined by the set of n first-order
ordinary differential equations
ẋ ≡

dx
= f (x, t; µ),
dt

(A.1)

where x ∈ Rn is a vector describing the state of the system, t ∈ R is the
independent variable that we refers as "time", and µ ∈ Rp describes system
parameters. The vector field
f : Rn × Rp −→ Rn ,
has the relevant information of the physical system, and Eq. (A.1) describes
the evolution of the state x as determined by f . Initially we will neglect the
dependence of the field with the parameters.
By a solution of Eq. (A.1) we mean a map, x̄, from some interval I ⊂ R into Rn ,
namely
x̄ : I −→ Rn ,
t 7−→ x̄(t),
(A.2)
such that x̄(t) satisfies Eq. (A.1), i.e.
˙
x̄(t)
= f (x̄(t), t; µ).
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Geometrically we can interpret the map (A.2) as a curve in Rn , whose tangent
vector at each point is defined by the dynamical system (A.1). Therefore we
also refer to (A.1) as a vector field. The space of dependent variables of (A.1),
i.e. Rn is called phase space.
Two types of dynamical systems can be considered depending on the explicit
dependence with the independent variable t or not. If the dynamical system
explicitly depends on t, i.e. ẋ = f (x, t; µ), is referred as non-autonomous or time
dependent dynamical system, and if the dependence with t is not explicit, i.e.
ẋ = f (x; µ), is referred as autonomous or time independent dynamical systems.
Along this thesis we will deal with the later case.
We say that the vector field f generates a flow φt : R → R, with φt (x) = φ(x, t)
and t ∈ I ⊆ R, if
d
(φ(x, t)) = f (φ(x, t); µ) .
(A.3)
dt
The flow φt satisfies the group properties (i) φ0 = Id, and ii) φt+s = φt ◦ φs .
With this notation, a particular solution of the dynamical system which passes
through x0 at t = 0 can be written as φ(x0 , t). The map φ(x0 , ·) : I → Rn
defines the trajectory, phase curve or orbit Γ of the dynamical system A.1 based
on x0 :
Γ ≡ {y : y = φ(x0 , t)}
(A.4)
Between the different types of solutions of (A.1) we focus on the following two.
Definition 1 (Stationary, fixed point or equilibrium solution) Given the
autonomous dynamical system ẋ = f (x; µ), one defines a stationary solution of
that system as a point xs ∈ Rn such that f (xs ; µ) = 0. Thus a solution that does
not change with t. Or, in terms of the flow, such that φ(xs , t) = xs .
Definition 2 (Periodic orbit) One says that a point is periodic of period T
iff φ(x, t + T ) = φ(x, t) for all t, and φ(x, t + s) 6= φ(x, t) for all 0 < s < T .
Then, the curve Γ ≡ {y : y = φ(x, t), 0 ≤ t < T } is called a periodic orbit of the
system A.1, and is a closed curve in phase space.
Definition 3 (Invariant set) A set Σ ⊂ Rn is invariant under the action of
the flow φt iff for all x ∈ Σ, then φ(x, t) ∈ Σ for all t. Stationary points, periodic
orbits and strange attractors are some examples of a invariant sets. When the
set Σ has differentiable structure we call it invariant manifold.
Definition 4 (Local stable and unstable manifolds for an invariant set)
The local stable and unstable manifolds of an invariant set are defined respectively by
s
Wloc
(Σ) ≡ {x ∈ U ⊂ Rn : φt (x) → Σ, t → ∞}
(A.5)
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u
Wloc
(Σ) ≡ {x ∈ U ⊂ Rn : φt (x) → Σ, t → −∞},

(A.6)

where U is a neighborhood of the invariant set Σ, and both of them are invariant
under the action of φt .
These definitions can be adapted for stationary points or periodic orbits.

A.2 Stability of trajectories
The stability of solutions of differential equations can be a very difficult property
to pin down. Here we will concentrate in two of the most commonly used definitions. Roughly speaking, if x̄(t) is a solution of the dynamical system (A.1),
then we say that x̄(t) is stable if solutions starting "close" to x̄(t) at a given time
remain close to it for all later times. Moreover, x̄(t) is asymptotically stable if
nearby solutions not only stay close, but also converge to x̄(t) as t → ∞. These
two types of stability can be formalized as follows.
Definition 5 (Lyapunov stability) The solution x̄(t) is said to be stable (or
Lyapunov stable) if, given  > 0, there exist a δ = δ() > 0 such that, for any
other solution, y(t), of (A.1) satisfying ||x̄(t0 )−y(t0 )|| < δ, then ||x̄(t)−y(t)|| < 
for t > t0 , t0 ∈ R. Here || · || stands for the norm in Rn .
Definition 6 (Asymptotic stability) The solution x̄(t) is said to be asymptotically stable if it is Lyapunov stable and for any other solution, y(t), of (A.1),
there exist a constant b > 0 such that, if ||x̄(t0 ) − y(t0 )|| < b, then
lim ||x̄(t) − y(t)|| = 0.

t→∞

These definitions provide different types of stability, however, they do not provide
us with a method for determining when a given solution is or not stable. In the
following we present a method based on the linearization of the system (A.1)
about a solution x̄(t). We call this procedure linear stability analysis.

A.3 Linearization of the nonlinear system
A good point to start the study of a nonlinear dynamical system is by characterizing the dynamics of the system near a solution x̄. So let us consider
that
x(t) = x̄(t) + y(t),
(A.7)
with   1. Inserting (A.7) in Eq. (A.1) and Taylor expanding about x̄ gives
˙ + ẏ(t) = f (x̄(t)) + Df (x̄)y + O(||y||2 ),
ẋ = x̄(t)

(A.8)
293

DYNAMICAL SYSTEMS AND BIFURCATION THEORY
where Df is the derivative (Jacobian) of f . Eq. (A.1) reduces to
ẏ(t) = Df (x̄)y + N (y),

(A.9)

with N = O(||y||2 ) being the nonlinear terms.
The evolution of trajectories arbitrarily close to x̄ is then described by the linear
system
ẏ(t) = Df (x̄)y.
(A.10)
The first difficulty appears when one tries to solve Eq. (A.10), since here there are
no general analytical methods for finding the solutions of linear ODEs with timedependent coefficients. However, when the solution is a fixed point x̄(t) = xs ,
or a periodic orbit, the solution can be found easily.
In most of the thesis we are working with stationary solutions, so from now on
we will develop the theory of dynamical systems for these type of solutions. So,
if x̄(t) = xs , then Df (x̄) = Df (xs ) is a matrix with constant coefficients, and
the solution of the system (A.10) through the point y0 ∈ Rn at t = 0 is given by
y(t) = eDf (xs )t y0 .

(A.11)

Here the linear flow eDf (xs )t is generated by the linear vector field Df (xs )y.
After calculating the eigenvalues {λi }i=1,n and eigenvectors {ei }i=1,n of Df (xs ),
solution (A.11) can be also expressed in the form
y(t) =

n
X

ai ei eλi t ,

(A.12)

i=1

where ai are constant coefficients determined by y(t = 0).
Then we say that y(t) is asymptotically stable if all the eigenvalues of Df (xs )
have negative real parts. If this happens it is not difficult to prove that the
equilibrium solution xs of the nonlinear vector field (A.1) is asymptotically stable
[1].
Depending on the real part of the eigenvalues we can define the stable, unstable
and center subspaces for the linear system (A.10):
E s ≡ span{e1 , . . . , ens },
E u ≡ span{ens +1 , . . . , ens +nu },
E c ≡ span{ens +nu +1 , . . . , ens +nu +nc },

ns + nu + nc = n,

(A.13)

where {e1 , . . . , ens } are the eigenvectors of Df (xs ) corresponding to the eigenvalues {λi }i=1,ns such that Re[λi ] < 0, {ens +1 , . . . , ens +nu } those corresponding to
the eigenvalues {λi }i=ns +1,ns +nu with Re[λi ] > 0, and {ens +nu +1 , . . . , ens +nu +nc }
294

A.3. LINEARIZATION OF THE NONLINEAR SYSTEM
Stable

Unstable

Saddle

Figure A.1: Illustration of a stable, an unstable and a saddle fixed point (illustrated with
straight line trajectories, for the sake of simplicity)

those corresponding to {λi }i=ns +nu +1,ns +nu +nc such that Re[λi ] = 0. These
three subspaces are invariant under the action of the linear flow eDf (xs )t .
In this way Rn can be spanned as the direct sum:
Rn = E s ⊕ E u ⊕ E c .

(A.14)

Based on the dimensions of these subspaces one can classify the equilibrium
points xs first, as hyperbolic if nc = 0, i.e. none of the eigenvalues has a zero
real part, and non-hyperbolic if nc 6= 0. Moreover, hyperbolic equilibrium points
can be:
1. unstable if nu > 0.
2. stable (asymptotically stable) if nu = 0.
3. a node if for all i, Im[λi ] = 0, and either ns = n or nu = n. In the first
case we say that the node is a sink, and in the second we call it a source.
4. a saddle if for all i, Im[λi ] = 0, with both ns > 0 and nu > 0.
5. a focus if it has a pair of complex eigenvalues λ, λ̄.
For the non-hyperbolic points the classification is more difficult, in part because
stability depends critically on nonlinear terms and they are not determined by
(A.10). However, we use the term center to refer to a non-hyperbolic equilibrium
which has a pair of imaginary eigenvalues λ = ±iω.
At this point we can consider the following important question: What can one
say about the solutions of the nonlinear system (A.1) based on the knowledge
obtained from the linear system (A.10)?
Well, let us suppose that for a fixed value of parameters µ, the stationary point
is hyperbolic. Then the answer to the previous question is provided by two
fundamental results of dynamical systems theory, the Hartman-Grobman, and
the stable manifold theorems.
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Theorem 1 (Hartman-Grobman theorem) If x = xs is stationary hyperbolic point, then there is a continuous invertible map, h defined on some neighborhood of xs , U ⊆ Rn which takes orbits of the nonlinear flow φt of (A.1) to
those of the linear flow eDf (xs )t of (A.10), i.e. they are topologically equivalents.
This map can be chosen so that the parametrization of time is preserved.
This theorem establishes that in a neighborhood of such point, the dynamics of
the nonlinear system can be determined by the dynamics of the linear one. From
this theorem we also know that the stability of the stationary solution x̄ = xs is
determined by the linearization (A.10).
The next theorem provides nonlinear analogues of the flat invariant E s and E u .

Theorem 2 (Stable manifold theorem) If xs is an hyperbolic point of the
nonlinear system (A.1), then there exist local stable and unstable manifolds
s
u
Wloc
(xs ) and Wloc
(xs ) that are tangent to the flat invariant eigenspaces E s and
u
E at xs and with the same dimension ns and nu respectively.
These manifolds have global analogues W s and W u obtained by letting points
s
u
in Wloc
flow backwards in time and those of Wloc
flow forwards:
W s (xs ) =

S

W u (xs ) =

S

t≤0

s
φt (Wloc
(xs ))

(A.15)
u
t≥0 φt (Wloc (xs ))

Two stable (or unstable) manifolds of two distinct stationary points can not
intersect, nor can W s (xs ) (or W u (xs )) intersect itself. However intersections
of stable and unstable manifolds of the same or distinct stationary points can
occur. Moreover, these later intersections are source of much of the complex
behavior found in dynamical systems. As we will see they are the corner stone
in the formation of homoclinic orbits.
When the equilibrium loses hyperbolicity, as the control parameter µ varies, the
local nonlinear dynamics will undergo a qualitative change, which is referred to
as a local bifurcation. In this situation together with the stable and unstable
manifolds, the central manifold W c (xs ) can be defined tangent to E c at xs . As
we will see in non-hyperbolic points, a different machinery based on the central
manifold reduction and on the normal form theory, must be applied in order to
obtain some insight about the nonlinear system around the bifurcation point.
Linearization around a periodic orbit
If x̄(t) = xP , then Df (x̄(t)) = Df (xP ) is a matrix with T −periodic elements.
The analysis of this type of equation is covered by Floquet theory [3]. Solutions
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of the (A.1) take now the form
y(t) = A(t)y0 ,

(A.16)

where A(t) is the fundamental matrix. The stability of the periodic orbit is
determined by comparing the initial perturbation y0 with the perturbation after
N periods, y(N T ). In this way (A.16) becomes
y(N T ) =

n
X

bi ΛN
i ξi ,

(A.17)

i=1

where ξi and Λi are the eigenvectors and eigenvalues of A(T ), and bi are constant
coefficients determined by y0 . The eigenvalues Λi are called Floquet multipliers
and they may be complex.
Stable (unstable) perturbations are associated with Floquet multipliers |Λi | < 1
(|Λi | > 1). A periodic orbit always contains a Floquet multiplier Λ = +1
associated with perturbations y = ẋP along the trajectory, which neither grow
nor decay.

A.4 Reversible systems
Definition 7 (Reversible system) We say that a dynamical system
dx
= f (x(t)),
dt

(A.18)

with t ∈ Rn and f : Rn → Rn a vector field that we assume to be r times
differentiable is reversible if given the involution R : Rn → Rn satisfying

then

R ◦ R = Id,

(A.19)

d
(R(x)) = −f (R(x)) .
dt

(A.20)

Using the chain rule on the left of Eq. (A.20) and Eq. (A.18) the definition of
reversibility for the vector field f , i.e. for the dynamical system (A.18), reduces
to the relation
DR · f = −f ◦ R,
(A.21)
with DR the Jacobian matrix of R.
All the points, that are invariant under R define a subspace S known as symmetric section, i.e.
S ≡ fix(R) = {x ∈ Rn : R(x) = x}.

(A.22)
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In particular, we say that a stationary solution xs is a symmetric stationary point
if R(xs ) = xs , i.e. xs is invariant under the involution R. From the linearization
of the problem about a symmetric point we find that
DR(xs )Df (xs ) = −Df (xs )DR(xs ),

(A.23)

i.e. the Jacobian matrix of f anticommute with the Jacobian matrix of R,
and we say that Df (xs ) is infinitesimally reversible. This n × n matrix has a
characteristic polynomial p(λ) satisfying
p(−λ) = (−1)n p(λ),

λ ∈ C.

(A.24)

In particular, if λ is an eigenvalue of {(xs ) so is −λ, and the spectrum is symmetric with respect to the real and imaginary axes.

A.5 Homoclinic and heteroclinic orbits
In dynamical systems we can understand many global phenomena in terms of
stable and unstable manifolds to equilibrium, periodic orbits, or other invariant
sets. In this context a special orbit Γ that approaches a forward limit set Σ+
and a backward limit set Σ− plays a central role because it lies precisely in
the intersection between the unstable manifold of Σ− , W u (Σ− ) and the stable
manifold of Σ+ , W s (Σ+ ). Such an orbit is known as an homoclinic orbit if
Σ− = Σ+ , and a heteroclinic orbit if Σ− 6= Σ+ .
The codimension of an homoclinic/heteroclinic orbit can be determined by dimension counting. If nu = dim(W u (Σ− )) and ns = dim(W s (Σ+ )), then the
codimension of Γ nc can be shown to be
nc = n + 1 − ns − nu ,

(A.25)

being n the dimension of the phase space. The dimensions nu and ns are determined by the linear theory around those limit sets.
A heteroclinic cycle is a homoclinic orbit which consists of two (or more) heteroclinic orbits. For example, a heteroclinic cycle between the two limit sets Σ+
and Σ− would involve a heteroclinic orbit from Σ+ to Σ− followed by a second
heteroclinic orbit from Σ− back to Σ+ . We also use the term homoclinic cycle to
refer to a heteroclinic cycle involving limit sets which are related by symmetry.
In reversible systems, an homoclinic orbit to an stationary point Γ(t) ≡ {x̄(t) :
t ∈ R} is defined such that Γ(t) is a solution to Eq. (A.18) satisfying.

where f (xs ) = 0, xs ∈ S.
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Γ(t) → xs , t → ±∞,

(A.26)

Γ(0) ∈ S,

(A.27)
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A.6 Bifurcation theory
Bifurcation theory is the study of the qualitative change in the flow φ(x, t) of
(A.1) as the system parameters µ are varied. This may involve, for example,
the creation or destruction of solutions, or a change in their stability. The
parameter values at which such changes occur are called bifurcation points. The
codimension of any particular bifurcation is the minimum number of parameters
that must be independently varied for the bifurcation to occur.
In this section we overview some important results related with local bifurcations
that have the particularity of that they can be analyzed entirely in terms of the
local behavior of solutions near a fixed point or periodic orbit. In this context,
the bifurcation takes place when a hyperbolic point becomes non-hyperbolic as
the control parameter µ varies. At the particular parameter value µc where this
transition occurs nc 6= 0, i.e. there is at least one λi (µc ) such that Re[λi (µc )] = 0.
The nature of this bifurcation depends on how the eigenvalue λi passes through
the imaginary axis Re[λi ] = 0. For example, the case of a single real eigenvalue
passing through Re[λi ] = 0 is known as a steady-state bifurcation, while the case
of a complex conjugate pair passing through Re[λi ] =Re[λ̄i ] = 0, Im[λi ] 6= 0 is
known as a Hopf bifurcation. Using the same approach that the one applied with
hyperbolic points, one can think about simplifying the system (A.1) as much as
possible about the non-hyperbolic point, in such a way that some information
can be inferred from the simplified system. There are two main techniques
that can be applied in this context: first reduce the system (A.1) to the center
manifold, and second simplify the vector field obtained in that manifold to a
normal form of it.
Another type of bifurcations, which can not be studied locally, are the global
bifurcations. These bifurcation are associated with changes of large portions
of the phase space instead of the stability of fixed points, and therefore in the
nonlocal behavior of solutions, such as the creation of a heteroclinic orbit between
two fixed points.

A.6.1 Center manifold reduction
The center manifold exist just in the point where the fixed point suffers a bifurcation, i.e. the point becomes non-hyperbolic when changing the value of the
parameter µ. In this point one can identify two different dynamical scales, one
occurring on the stable and unstable manifolds, and one happening in the center
manifold. Thus it is possible to reduce the dynamics of the system to the last
manifold. Here the two main results are the Center manifold theorem and the
Shoshitaishvili theorem.
From linear algebra it is possible to find a transformation M such that the linear
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system (A.10) reads as


 
u̇
Js
 v̇  =  0
ẇ
0

0
Ju
0



0
u
0  v ,
Jc
w

(A.28)

where M−1 y ≡ [u, v, w] ∈ Rns × Rnu × Rnc and Js , Ju , and Jc are matrices
having eigenvalues with negative, positive, and zero real part respectively.
Applying the same transformation to the nonlinear system (A.10) one obtains
u̇ = Js u + Ns (u, v, w)
v̇ = Ju v + Nu (u, v, w) ,
ẇ = Jc w + Nc (u, v, w)

(A.29)

where Nc (u, v, w), Nc (u, v, w) and Nc (u, v, w) are the first ns , nu and nc components of the vector M−1 N (My). The main goal here is to reduce the system
(A.29) to a simplified decoupled system in variables u, v and w.
Theorem 3 (Central manifold theorem) Let xs be a stationary non-hyperbolic
point of the nonlinear system (A.1), possessing the flat invariant eigenspaces E s ,
E u and E c , then there exist a C r stable and unstable invariant manifolds W u
and W s tangent to xs , and a C r−1 center manifold W c tangent to E c at xc , all
of them invariant for the nonlinear flow of f . The stable and unstable manifolds
are unique, but W c need not be.
To simplify the notation let us consider that nu = 0. Then the central manifold
is given by
c
Wloc
(xs ) ≡ {(u, w) ∈ Rs × Rc : u = h(w),

||x − xs || < δ, h(xs ) = xs , Dh(xs ) = 0}. (A.30)
To calculate the center manifold we proceed as follows:
1. The coordinates of any point on W c (xs ) must satisfy
u = h(w).

(A.31)

2. The coordinates (u̇, ẇ) of any point on W c (xs ) must satisfy
u̇ = Dh(w)ẇ,

(A.32)

obtained by differentiation of u = h(w) with respect to time. This is the
tangency condition between the field and the manifold, which implies that
the manifold is invariant respect to the nonlinear flow.
300

A.6. BIFURCATION THEORY
3. Any point of W c (xs ) must obey the dynamics generated by the system
(A.29), and therefore, after substituting
u̇ = Js h(w) + Ns (h(w), w)
ẇ = Jc w + Nc (h(w), w),

(A.33)

into Eq. (A.32) one obtains
Dh(w)[Jc w + Nc (h(w), w)] = Js h(w) + Ns (h(w), w).

(A.34)

Then in order to calculate the center manifold described by h(w) one has to solve
Eq. (A.34). Normally, to solve this equation one uses power series expansions
that allow us to obtain a solution with a given degree of accuracy.
Another important result is the analogue to the Hartman-Grobman theorem but
for non-hyperbolic points: the Shoshitaishvili theorem. This theorem states that
in a neighborhood of x = xs , the flow of (A.29) (with nu = 0) is topologically
equivalent to the flow of the decoupled system
u̇ = Js u
ẇ = Jc w + Nc (h(w), w).

(A.35)

A.6.2 Normal form theory
Once the nonlinear field is reduced to its central manifold, the next step in the
analysis is to simplified that system as much as possible, until reducing it to ist
normal form. The procedure is as follows. The starting point is the component
of Eq. (A.35) on the central manifold
ẇ = Jw + N (w),

(A.36)

where J = Jc , and N (w) = Nc (h(w), w) is the nonlinear term, which can be
Taylor spanned
N (w) = N2 (w) + N3 (w) + · · · + Nr−1 (w) + O(||w||r ).

(A.37)

Taking the near identity transformation
w = w̃ + h(w̃) = w̃ +

X

hi (w̃),

(A.38)

i≥2

where hi ∈ Hi is a vector valued homogeneous polynomial of degree i, and
inserting it in Eq. (A.36) one arrives to
(3)
w̃˙ = J w̃ + Jh2 (w̃) − Dh2 (w̃)J w̃ +N2 (w̃) + LJ h3 (w̃) + N3 (w̃) + · · · O(||w̃||r ) =
|
{z
}
(2)

LJ h2 (w̃)

J w̃ +

r−1
X

(i)

LJ hi (w̃) + Ni (w̃) + O(||w̃||r ). (A.39)

i≥2
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(i)

The linear operator LJ : Hi → Hi defined by
(i)

LJ hi (w̃) = Jhi (w̃) − Dhi (w̃)J w̃

(A.40)

is called the homological operator, and is the Lie derivative associated with the
vector field Jy. Our main goal will be to find transformations hi satisfying
(i)

LJ hi (w̃) = Ni (w̃),

(A.41)

in such a way that we can simplify into normal form as many terms as we can.
Ni (w̃) belongs to a polynomial space Hi which can be decomposed as
(i)

(i)

Hi = Im(LJ ) ⊕ Comp[Im(LJ )],
(i)

(A.42)
(i)

where Im(LJ ) is the image of the operator, and Comp[Im(LJ )] its complementary subspace. Thus, the nonlinear components Ni (w̃) can be written as
(i)
Ni (w̃) = Ninr (w̃) + Nir (w̃), with Ninr (w̃) belonging to Im(LJ ), which can be
(i)
eliminated, and Nir (w̃) belonging to Comp[Im(LJ )], which do not. These last
terms are then known as resonant terms. With these considerations the system
(A.36) can be reduced to its normal form
r
w̃˙ = J w̃ + N2r (w̃) + N3r (w̃) + · · · + Nr−1
(w̃) + O(||w̃||r ).

(A.43)

(i)

The election of Comp[Im(LJ )] determines the normal form style, and there are
two main approaches.
• If J can be diagonalized, then the Poincaré normal form can be obtained
(i)
(i)
by choosing Comp[Im(LJ )] ≡ Ker(LJ ).
• If J can not be diagonalized, then the Elphick normal form can be obtained
(i)
(i)
by choosing Comp[Im(LJ )] ≡ Ker(LJ † ), being J † the adjoint matrix of
J.
The resulting normal form is not necessarily unique due to the sometimes arbitrary choices involved in selecting the resonant terms. Also, the transformation
in (A.38) formally preserves the dynamics of the original system, but this is not
necessarily true for the truncated normal form obtained by solving (A.43) up to
some finite order. For the reader interested in this topic we recommend Ref. [1]
and references therein.

A.6.3 Codimenison-one bifurcations
Here we review some of the main codimension-one bifurcations that appears in
this thesis.
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Figure A.2: Phase portrait for the saddle node bifurcation ẋ = µ + x2 . The direction of the
vector field is drawn on the horizontal axis (figure based on [4])

Saddle-Node bifurcation
The first example of a bifurcation type is the saddle-node bifurcation, which is
the basic mechanism by which fixed points are created and destroyed. Consider
the normal (one-dimensional) form for the saddle node bifurcation
ẋ = µ + x2

(A.44)

√
√
For µ < 0 we have two fixed points x+ = −µ and x− = − −µ, x+ is unstable
and x− is stable, see Figure A.2). As µ increases, the fixed points move towards
each other. At µ = 0 (the bifurcation point) both points coincide and we end up
with a half-stable fixed point. If we further increase µ, the fixed points disappear
into thin air.
So in a saddle-node bifurcation two fixed points (one stable and one unstable
fixed point) move towards each other, collide and mutually annihilate when a
parameter is varied in a certain direction. In the other direction, two fixed points
suddenly appear [4].
Transcritical bifurcation
The transcritical bifurcation is the standard mechanism for changes in stability
of fixed points. It does not involve any creation or destruction of fixed points.
The normal form for the transcritical bifurcation is
ẋ = µx − x2 .

(A.45)

For µ < 0 we have an unstable fixed point at x = µ and a stable fixed point at
x = 0 (see Figure A.3). As we increase µ, the unstable fixed point approaches
the origin. At µ = 0 (bifurcation point) both fixed points coincide. When µ > 0
the origin has become unstable, while x = µ is now stable. You can say that the
two fixed points "exchanged" their stability.
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Figure A.3: Phase portrait of the transcritical bifurcation ẋ = µx − x2 . The direction of the
vector field is drawn on the horizontal axis (figure based on [4])

Figure A.4: Phase portrait of the pitchfork bifurcation ẋ = µx − x3 . The direction of the
vector field is drawn on the horizontal axis (figure based on [4])

Pitchfork bifurcation
The pitchfork bifurcation is, just as the saddle-node bifurcation, a mechanism
to create or destroy fixed points. It is a characteristic bifurcation for systems
with inversion symmetry. Hence it often occurs in physical problems that have
an intrinsic symmetry. Fixed points then tend to appear and disappear in symmetrical pairs. There are two different types of pitchfork bifurcations, the supercritical and the subcritical pitchfork bifurcation.
The normal form for the supercritical pitchfork bifurcation is
ẋ = µx − x3

(A.46)

Note that this equation is invariant under the transformation x → −x. When
µ < 0, the origin is the only fixed point, and it is stable (see Figure A.4).
When µ = 0, the origin is still stable but not as stable as when µ < 0. When
µ > 0, the origin has become unstable and two new stable fixed points appear
√
symmetrically around the origin at x = ± µ.
The normal form for the subcritical pitchfork bifurcation is
ẋ = µx + x3

(A.47)

so that the cubic term is no longer stabilizing (pulling x(t) back toward x = 0),
but destabilizing. By changing µ → −µ, ẋ in Eq. A.47 becomes exactly −ẋ from
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Figure A.5: Phase portrait of the normal form of the supercritical Hopf bifurcation, above
and below the bifurcation point µ = 0. When µ > 0, the origin has become unstable and the
√
trajectories flow outward to the new stable limit cycle with amplitude µ (figure from [4]).

Eq. A.46. So by inverting the µ-axis and inverting the stability of every fixed
point of the supercritical case, we obtain the subcritical case.
Hopf bifurcation
In all the previous bifurcations real eigenvalues passed through λ = 0, thus they
were all zero-eigenvalue bifurcations. But the Hopf bifurcation is quite different.
At a Hopf bifurcation two complex conjugate eigenvalues cross the imaginary
axis at the same time. So at the bifurcation the eigenvalues are purely imaginary. This means that at a Hopf bifurcation, a time-periodic solution appears or
disappears near a steady state [4]. The Hopf bifurcation is only possible in two or
more dimensional systems. It has no one-dimensional counterpart, as opposed
to the previous bifurcations which can all occur in a one-dimensional system.
There are two different types: supercritical and subcritical Hopf bifurcations.
At a supercritical Hopf bifurcation, the fixed point becomes unstable and gets
surrounded by a stable limit cycle. The normal form (in polar coordinates) is
ṙ = µr − r3
θ̇ = ω

(A.48)

where the radial equation is identical to the supercritical pitchfork Eq. A.46.
The resulting phase portrait is shown in Figure A.5. At a subcritical Hopf
bifurcation, a fixed point gets unstable after colliding with an unstable limit
cycle. The trajectories close to the fixed point simply flow to a distant attractor
after the bifurcation has occurred. The normal form is
ṙ = µr + r3 − r5
θ̇ = ω

(A.49)

where the radial equation is almost identical to the subcritical pitchfork Eq. A.47.
The term −r5 (stabilizing term) is added to play the role of distant attractor to
which the trajectories can evolve after the origin becomes unstable. The typical
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Figure A.6: Phase portrait of the normal form of the subcritical Hopf bifurcation, above and
below the bifurcation point µ = 0. The unstable limit cycle surrounding the origin for µ < 0,
shrinks continuously with increasing µ until it collides with the origin (µ = 0), after which the
origin becomes unstable and the trajectories flow to some distant attractor (µ > 0). In this
case the distant attractor is the large stable limit cycle on the outside, generated by the extra
−r5 term in Eq. A.49 (figure from [4]).

phase portrait of a two-dimensional subcritical Hopf bifurcation is shown in
Figure A.6.
Saddle-node on the invariant circle
The saddle-node on invariant circle (SNIC) bifurcation, also known as saddlenode infinite-period (SNIPER), or as saddle-node central homoclinic bifurcation,
is a particular case of the saddle-node in two dimensions. It appears when a
stable and unstable fixed points that collide at the bifurcation point are located
on a limit cycle. Therefore, the normal form can be written in one dimension
provided that the variable is the position inside the circle
θ̇ = ω − µsinθ

(A.50)

If µ = 0 this equation reduces to a uniform oscillator. The control parameter

Figure A.7: Phase portrait for the saddle-node on invariant circle bifurcation.

µ introduces a non-uniformity in the flow around the cycle, the flow is faster at
θ = −π/2 and slower at θ = π/2. Since µ increases this non-uniformity becomes
more pronounced. When µ is slightly less than ω (µ < ω) the phase takes a long
time to pass through the point θ = π/2 (this is called a bottleneck), after which
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it completes the rest of the cycle very fast (Figure A.7). At µ = ω the system
no longer oscillates and a fixed point appears at θ = π/2. Finally, for µ > ω this
fixed point splits in a stable and an unstable fixed points (as in the saddle-node
bifurcation), the limit cycle is broken, and all the trajectories end at the stable
fixed point. Since this is a special case of the saddle-node bifurcation there is
also an eigenvalue that becomes 0 at the bifurcation point.
Beyond the bifurcation point the system is said to be excitable, while resting on
the stable fixed point, if the system undergoes a small perturbation it decays
back to the resting state. But, if the system is perturbed beyond the saddle, it
will make a long excursion on what remains of the limit cycle. An important
signature of this bifurcation is how the period of the oscillations scales as µ tends
to ω. It can be shown that the period depends on µ as [4].
T =p

2π
ω 2 − µ2

(A.51)

Due to this dependence this bifurcation is also called infinite period bifurcation,
given that the period tends to infinity at the bifurcation point.
Saddle-Loop or Homoclinic bifurcation

Figure A.8: Phase portrait for the SL or homoclinic bifurcation.

In this bifurcation, an unstable fixed point collides with a limit cycle becoming
a homoclinic orbit (that is why this bifurcation is also known as homoclinic or
saddle-homoclinic bifurcation) [3, 6]. Unlike the previous bifurcations discussed,
in this bifurcation there is no change of sign of the real part of an eigenvalue at
the bifurcation point. This is because the bifurcation involves changes of large
portions of the phase space instead of changes on the stability of fixed points.
At a difference with the previous cases, this is a global bifurcation. The lowest
number of dimensions in which this bifurcation can occur is two (since it requires
the presence of a limit cycle). Therefore, the lower dimensional normal form that
can be written for this bifurcation is
ẋ1 = x2
ẋ2 = µ + x1 + x21 + x1 x2 .

(A.52)
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For µ < µc the system has a stable limit cycle and a unstable fixed point at the
origin (Figure A.8). When µ tends to µc the limit cycle approaches to the saddle,
and for µ = µc the limit cycle and the saddle collide, creating a homoclinic orbit.
Then, for µ > µc the saddle connection breaks, and the loop is destroyed. In this
bifurcation the period of the oscillations also tends to infinity as µ tends to µc ,
as in the SNIC bifurcation. In this case, however, the period of the oscillations
scales as ln(µ − µc ) [4]. If there is a fixed point close to the saddle, beyond the
bifurcation the system also behaves in an excitable way as it happens with the
SNIC bifurcation.

A.6.4 Codimension-two bifurcations
The hysteresis or Cusp bifurcation

Figure A.9: Unfolding for the Cusp bifurcation

A hysteresis or cusp bifurcation is the point where two branches of saddle-node
bifurcation curve meet tangentially. For nearby parameter values, the system
can have three fixed points which collide and disappear pairwise via the saddlenode bifurcations. Since this bifurcation involves two saddle-nodes, the lowest
dimension needed for it to occur is one. Therefore, in one dimension, the normal
form of this bifurcation is
ẋ = µ1 + µ2 x − x3
(A.53)
In Figure A.9 we plot the bifurcation diagram. The lines SN1 and SN2 corre3/2 √
spond to the two saddle node bifurcations, and are given by µ1 = ±µ2 / 3 for
µ2 > 0 (the plus sign corresponds to the SN1 line and the minus to the SN2 ).
In the region between the two lines there are three fixed points, two stable and
a unstable fixed point. At the bifurcation lines one of the stable fixed points
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Figure A.10: Phase diagram showing the unfolding of the Takens-Bodganov bifurcation.

collides with the unstable one and therefore outside the wedge only a stable fixed
point remains.
Takens-Bogdanov bifurcation
The Takens-Bogdanov (or double-zero) bifurcation occurs when a fixed point
has two eigenvalues that become 0 simultaneously. Three codimension-one bifurcations occur nearby the Takens-Bogdanov; a saddle-node, a Hopf, and a
saddle-loop bifurcation. The presence of a Takens-Bogdanov bifurcation implies
the presence of a Hopf bifurcation, therefore it can occur only for systems of
dimension two or more. Hence, the lowest dimensional normal form that can be
written is in two dimensions, and yields
ẋ1 = x2
ẋ2 = µ1 + µ2 x1 + x21 + sx1 x2 .

(A.54)

We will show here the case for s = −1 for which the Hopf bifurcation is supercritical. The case s = 1 can be reduced to the case s = −1 by the substitution
t → −t, x2 → −x2 . This does not affect the bifurcation curves but the limit
cycle becomes unstable. The unfolding of this bifurcation is plotted in Figure A.10. The lines SN corresponds to the saddle-node bifurcation and is given
by µ1 = µ22 /4. The Hopf bifurcation occurs along the line H, given by µ1 = 0
and µ2 , 0. The line SL corresponds to the saddle-loop bifurcation, and is given
by µ1 = 6µ22 /25 + O(µ32 ) and µ2 < 0. The Takens-Bogdanov bifurcation occurs
at the origin where there is a fixed point with two zero eigenvalues. Nearby the
bifurcation the system has two fixed points, a saddle and a non-saddle stationary point. For µ2 > 0 the non-saddle is an unstable fixed point and for µ2 < 0
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Figure A.11: Phase diagram showing the unfolding of the SNSL bifurcation

is a stable fixed point. The saddle and the non-saddle collide and disappear
in a saddle-node bifurcation that occurs along the SN line. For µ2 < 0 the
stable fixed point undergoes a Hopf bifurcation generating a limit cycle (line
H in Figure A.10). This limit cycle then degenerates into a homoclinic orbit
to the saddle, and disappears in the saddle-loop bifurcation along the SL line.
This bifurcation can also be seen as the point in which a saddle-node bifurcation
between a stable fixed point and a saddle (SN line for µ2 < 0) becomes a saddlenode bifurcation between a saddle and a unstable fixed point. Therefore from
the unfolding of this critical point a Hopf and a saddle-loop bifurcation emerge.
Saddle-node separatrix loop bifurcation
A saddle-node separatrix loop bifurcation (SNSL) is the point where a saddlenode bifurcation (off limit cycle) becomes a saddle-node on invariant circle [7, 8].
It is also called saddle-node non-central homoclinic bifurcation or saddle-node
homoclinic orbit bifurcation [9]).
Three codimension-one occur nearby the SNSL point; a saddle-node, a saddleloop and a saddle-node on the invariant circle bifurcation. Hence, the presence
of a SNSL bifurcation implies the nearby presence of a limit cycle, and therefore
the minimum dimension in which this bifurcation can occur is two. In this case
we choose to take a normal form in one dimension with a reset condition which
defines a closed manifold. This normal form is
ẋ = µ1 + x2 ,

if x → ∞, then x = µ2 .

(A.55)

The unfolding of this bifurcation is shown in Figure A.11. The line SN corresponds to the saddle-node (off limit cycle) bifurcation given by µ1 = 0 for
µ2 > 0. The saddle-node on invariant circle occurs along the line SNIC, given
by µ1 = 0 for µ2 < 0. The line SL is corresponds to the saddle-loop bifurcation
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and is given by µ2 = µ1 . The SNSL bifurcation occurs at the origin, where
the three lines meet. In the plane µ1 < 0 the system behaves as if a limit cycle
where present; x grows to infinity and then is reinjected to a finite value µ2 .
Crossing the SNIC line, a stable and unstable fixed point appear, while x is
reinjected before these two fixed points. As we have already explained for the
SNIC bifurcation this creates an excitable behavior.
If we now cross the µ1 = 0 axis through the SN line, a stable and unstable
fixed point also appear. For large values of µ2 the reinjection point of x now is
beyond the pair of fixed points a limit cycle is created and the system is bistable.
For initial conditions above the saddle the system will end at the fixed point,
and for initial conditions beyond the saddle x will grow to infinity and then be
reinjected again beyond the saddle staying always in this region of the phase
space. Crossing the SL line the system undergoes a saddle-loop bifurcation,
in this case the reinjection point coincides with the saddle. Crossing this line
coming from the bistability region (that is, decreasing µ2 ) the limit cycle is
destroyed, and we are back to the region of excitable behavior. Finally at the
SNSL point the saddle-node bifurcation occurs at the same time as the limit
cycle collides with the saddle
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Appendix B

Analytical and numerical methods
for nonlinear equations
In this Appendix we briefly describe the analytical and numerical methods which
have been used along this thesis. The numerical algorithms have been implemented in FORTRAN 77 and IDL.

B.1 Weakly non-linear analysis
Upon the analytical approximations to solve nonlinear problems we find perturbation or asymptotic methods [1]. According to these techniques the solution
of a physical problem can be represented by the first terms of an asymptotic
expansion. These expansions may be carried out in terms of a parameter (small
or large) which appears naturally in the equations, or which may be artificially
introduced for convenience. Such expansions are called parameter perturbations.
Moreover, if the spatio-temporal scales are well separated, we can applied a
multiple scales expansion.
Let us consider that the physical system is described by the field u(x, t, ), which
dynamics is determined by the differential equation (ODE or PDE) ∆[u(x, t), ∇k ] =
0. In particular in this thesis we are going to apply this method for solving ODE
in the x variable, i.e. equations of the type ∆[u(x), ∂xk ] = 0, then we can express
the physical field u as an asymptotic series in the small parameter 
u = u0 0 + u1 1 + u2 2 + · · · ,

(B.1)

with 0 <   1, related with the parameter distance to a given nascent bifurcation, and where the coefficients ui at each order in  are functions of multiple
spatial scales x, X1 , X2 · · · [2]. For example if ui = ui (x, X(x)) with X = x any
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derivative of the field ui is expressed as
∂x ui (x, X) = ∂x ui (x, X) + ∂X ui (x, X).

(B.2)

The requirement that the field u, in the form of the expansion (B.1), solves the
original equation ∆[u(x), ∂xk ] = 0 leads to an equation of the form
∆0 0 + ∆1 1 + ∆2 2 + · · · = 0,

(B.3)

where ∆i denotes the terms collected at the ith order in . Since these equations
must hold for all values of , each coefficient ∆i must vanish independently
because sequences of  are linearly independent, and then one gets the following
hierarchy of conditions:
O(0 ) : ∆0 = 0
O(1 ) : ∆1 = 0
(B.4)
O(2 ) : ∆2 = 0
..
.
The ith condition ∆i = 0 generally takes the form
Lui = fi [uj ]

j < i,

(B.5)

where L is a linear operator obtained from linearizing around the nascent instability in the original equation, and fi is a function of uj<i and their space and
time derivatives.
The key feature here is that the linear operator L is singular (non invertible),
and therefore Eq. (B.5) does not have a non-trivial solution unless the solvability
condition is satisfied [3, 4]. To define this condition one has first to define the
adjoint operator L† and its nullvector w satisfying the adjoint homogeneous
equation
L† w = 0.
(B.6)
L† is defined by the equation
hu, L† vi = hLu, vi,

(B.7)

with h·, ·i being a suitable inner product. The boundary conditions on v are
determined by requiring that the boundary term in Eq. (B.7), known as the
bilinear concomitant, vanishes identically.
In this framework, the Fredholm alternative theorem states that Eq. (B.5) has
nontrivial solution if given a nullvector w of the adjoint operator L† , the condition
hw, fi i = 0,
(B.8)
called the solvability condition, is satisfied.
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In general, the ith order condition (B.5) can be solved for ui as long as Eq.(B.8) is
satisfied, and one can proceed to the next order. Otherwise, Eq.(B.8) provides a
solvability condition on uj (j < i) that must be satisfied in order that a solution
for ui exists.

B.2 Split-step integration method
In this Section, we describe the numerical method used to integrate PDEs, like
those appearing in this thesis. The PDEs that have been considered in this work
can be written in the following form:
X
∂t u(x, t) = F [u(x, t)] ≡ a0 u(x, t) +
aj ∂xj u(x, t) + N (u(x, t)),
(B.9)
j≥1

where x ∈ Rn (along this thesis n = 1), aj ∈ C and N (u(x, t)) is a nonlinear
function of the field u(x, t), that can be real or complex.
The time evolution of u subjected to periodic boundary conditions is obtained by
numerically solving Eq. (B.9) in Fourier space. This method is pseudo-spectral
and accurate up to second order in time. We start by computing the Fourier
transform of Eq. (B.9), giving the evolution in time of each Fourier mode ũ(q, t):
∂t ũ(q, t) = −αq ũ(q, t) + Ñ (ũ(q, t)),

(B.10)

where
αq = −(a0 +

X
(iq)j ).

(B.11)

j≥1

At any time, the amplitude Ñ (ũ(q, t)) is calculated by taking the inverse Fourier
transform of ũ(q, t), computing the nonlinear term in real space and then calculating the Fourier transform of this term (using e.g. a standard FFT subroutine).
Eq. (B.10) is integrated numerically in time with a two-step method. For reasons
of convenience, we define the time step to increase by 2δt at each iteration.
In order to solve the system numerically, the field u needs to be discretized in
space with a sufficiently large spatial resolution. Due to the corresponding small
spatial step size, the range of values q is large such that the linear time scales
αq can take a wide range of values. This stiffness problem is circumvented by
treating the linear terms exactly by using the formal solution:


Z t
∂t ũ(t) = e−αq t ũ(t0 )eαq t0 +
Ñ (ũ(s))eαq s ds ,
(B.12)
t0

where for simplicity the dependence of q on the field A has been omitted in the
notation. From Eq. B.12, the following relation is found:
Z t+δt
ũ(t + δt) ũ(t − δt)
−αq t
−
=e
Ñ (ũ(s))eαq s ds.
(B.13)
e−αq δt
eαq δt
t−δt
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The term on the right-hand side is then simplified using a Taylor expansion
around s = t assuming small values of δt:
Ñ (ũ(t))

eαq δt − e−αq δt
+ O(δt3 ).
αq

(B.14)

Substituting this result into the evolution equation (B.13) leads to
ũ(n + 1) = e−2αq δt ũ(n − 1) +

1 − e−2αq δt
Ñ (ũ(n)) + O(δt3 ),
αq

(B.15)

where n is used for nδt. This expression is called the slaved leap frog scheme [5].
In order for this scheme to be stable, a corrective algorithm is needed. Following
steps similar to the ones before, the following auxiliary expression can be found:
ũ(n) = e−αq δt ũ(n − 1) +

1 − e−αq δt
Ñ (ũ(n − 1)) + O(δt2 ).
αq

(B.16)

With Eqs. (B.15)-(B.16), we use the numerical method below, also referred to
as the two-step method [6]:
1. Compute Ñ (ũ(n − 1)) from ũ(n − 1) by going to real space.
2. Eq. (B.16) is used to obtain an approximation for ũ(n).
3. Using this approximated ũ(n), the nonlinear term Ñ (ũ(n)) is calculated.
4. ũ(n + 1) is obtained using Eq. (B.15).
At each iteration ũ(n + 1) is thus obtained from ũ(n − 1) as time advances by
2δt. The total error is of order O(δt3 ) despite the fact that the intermediate step
is accurate to O(δt2 ).

B.3 Newton-Raphson method for the stationary problem
Here we are interested in finding the stationary solutions, i.e. ∂t u = 0, of
Eq. (B.9), and therefore solutions of
X
F [u(x, t)] ≡ a0 u(x, t) +
uj ∂xj u(x, t) + N (u(x, t)) = 0.
(B.17)
j≥1

To solve this nonlinear equation we will use a Newton-Raphson method. If we
consider that the first estimate of the solution is denoted by u(0) , we can perform
a Taylor expansion of F [u] around u(0) ,
F [u] = F [u(0) ] + DF [u(0) ](u − u(0) ) + O(2),
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where DF is the functional derivative of F .
If u is a solution of (B.17) then, using the expansion (B.18), we can write:
u = u(0) − DF [u(0) ]−1 F [u(0) ] + O(2).

(B.19)

This approximate solution u will be a new estimate u = u(1) for a new iteration.
So we have a sequence of estimates:
u(1) = u(0) − DF [u(0) ]−1 F [u(0) ] + O(2)
u(2) = u(1) − DF [u(1) ]−1 F [u(1) ] + O(2)
u(3) = u(2) − DF [u(2) ]−1 F [u(2) ] + O(2)
(n+1)
u
= u(n) − DF [u(n) ]−1 F [u(n) ] + O(2).

(B.20)

We will work with the discretization of the previous type equations. In this way,
the functional F will be a vector field of dimension n
F : RN −→ RN ,

[u(x1 ), · · · , u(xN )] 7−→ [F1 (u), · · · , FN (u)].

(B.21)

and the nonlinear stationary partial differential equation, will be system of N
nonlinear equations
F1 (u(x1 ), · · · , u(xN )) = 0
F2 (u(x1 ), · · · , u(xN )) = 0
(B.22)
..
.
FN (u(x1 ), · · · , u(xN )) = 0.
Newton method with parameters
If we take parameters µ into account we have to solve the equation F [u, µ] = 0,
that defines a parametric curve of one dimension γ(s) ∈ F −1 (0) in Rn+1 . This
curve is a branch of solutions that gives the dependence of the solution on the
parameter µ. To parametrize such curve one needs to consider an extra condition
Q(u, µ, s) = 0, together to the system (B.22), that now depends on µ. Now for
each value of s this system has N + 1 equations and N + 1 unknowns.
There are several ways to choose the parametrization of γ. Herein we will consider only two,
1. The natural parametrization. This is the most obvious choice and
uses the parameter µ as a curve parameter too, so Q = µ − s. In this
case problems will occur at the turning points of the curve, where we have
du
dµ = ∞. One solution to this problem consist on using the norm of u as a
parameter for passing through the the fold.
2. The pseudo arclength parametrization. In this case the arclength of
the curve is used to make the parametrization. This parametrization is
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defined by the condition
0

||γ (s)|| = 1,

du
|| ||2 +
ds



dµ
ds

2
= 1.

(B.23)

B.4 Continuation techniques for stationary solutions
At this point we are prepared to introduce the bases of continuation methods for
stationary solutions of PDEs. A continuation method is based on the obtaining
of the parametric curve γ, i.e. the dependence of the stationary field with the
parameter µ. Here we apply a predictor-corrector algorithm. To illustrate the
bases of this method, we will first consider the natural parametrization scheme.
After that we will see how the the method is modified for considering the pseudo
arclength parametrization. So from now on we choose s = µ.
In the coming sections we follow closely Refs. [7–9] and therein.

B.4.1 Predictor methods
We will consider two types of predictor methods.
1. The constant predictor. If we know the solution u0 for the parameter µ0
we can guess as a approximate solution in the parameter µ1 = µ0 + ∆µ,
(0)

u1 = u0 = u(µ0 ).

(B.24)

2. Another method consist in approximate u(0) (µ1 ) by its Taylor expansion
about µ0
 
du
(µ1 − µ0 ) + O(2)
(B.25)
u(0) (µ1 ) = u(µ0 ) +
dµ µ0
truncated at some order. Depending of how many terms we took in the
expansion we have different, and more precise, initial approximations. In
particular the Euler predictor method considers that u(0) (µ1 ) is approximated by the first order in the previous expansion
(0)

u1 = u0 + u̇0 ∆µ1 ,
with u̇0 =



du
dµ


µ0

(B.26)

. To obtain the tangent vector u̇0 to the curve u(µ) at

u0 = u(µ0 ), we have that F [u, µ] = 0, and from there:
du
∂F
dF
|µ0 = DF(u0 ,µ0 ) |µ0 +
|µ = 0.
dµ
dµ
∂µ 0
Therefore, to obtain such a vector we have to solve the linear system
DF(u0 ,µ0 ) u̇0 = ∂µ F |µ0 = 0.
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B.4.2 Corrector method
To make corrections in the previous guess for the solution of the equation we
use a correction method based on the Newton-Raphson algorithm described at
the beginning of this Appendix. So, in this case, given a solution u0 at the
parameter value µ0 , i.e. (u0 , µ0 ) of F [u, µ] = 0, our problem will be to compute
the solution (u1 , µ1 ) with µ1 = µ0 + ∆µ1 . Again applying the Newton-Raphson
algorithm we will have to solve the system,
(0)

(n)

DF [u1 , µ1 ]∆u1

(n)

(n+1)

= −F [u1 , µ1 ]u1

(n)

= u1 (n) + ∆u1 ,

(B.28)

with n representing the estimate of the solution.
So, for each solution (uk , µk ) we have to iterate enough n times. For (u1 , µ1 ) we
have,
(1)
(0)
(0)
(0)
u1 = u1 − DF [u1 , µ1 ]−1 F [u1 , µ1 ] + O(2)
(2)
(1)
(1)
(1)
u1 = u1 − DF [u1 , µ1 ]−1 F [u1 , µ1 ] + O(2)
(B.29)
(3)
(2)
(2)
(2)
u1 = u1 − DF [u1 , µ1 ]−1 F [u1 , µ1 ] + O(2)
(n+1)
(n)
(n)
(n)
u1
= u1 − DF [u1 , µ1 ]−1 F [u1 , µ1 ] + O(2),
with u(0) (µ1 ) chosen using the constant or Euler predictor. In the following we
will consider only the first term, so for us u(0) (µ1 ) = u(µ0 ).

B.4.3 Keller pseudo-arclength continuation
Here we describe the continuation method that uses a parametrization based
on the arclength of the curve γ given by ||γ 0 (s)|| = 1. The problem consists in,
given a point (µ0 , u0 ) = (µ(s0 ), u(s0 )) to continue it along the curve γ until
reaching the point (µ1 , u1 ) = (µ(s1 ), u(s1 )), both of them parametrized by the
pseudo-arclength s. For more details see Refs. [7–9].
The condition used here is described by the equation,
Q(u, µ, s) = (u1 − u0 )T u̇0 + (µ1 − µ0 )µ̇0 − ∆s = 0,

(B.30)

In this method we will use the Euler predictor given by
(0)

u1 = u0 + u̇0 ∆s
(0)
µ1 = µ0 + µ̇0 ∆s.
The system which we have to solve is given by

  
F [u, µ]
0
G[u, µ] =
=
.
Q(u, µ, s)
0
Applying the Taylor expansion of G up to first order we get
"
#
"
#


(m)
(m)
(m)
DF ∂µ F
∆u1
F [(u1 , µ1 ]
=−
.
(m)
(m)
δu Q ∂µ Q (u(m) ,µ(m) ) ∆µ(m)
Q[u1 , µ1 , s]
1
1

(B.31)

(B.32)

(B.33)

1
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Or in a more compact way:
(m)

DG[v1

(m)

, µ1 ]∆v1

(m)

= −G[v1

, µ1 ]
(B.34)

(m+1)

v1

(m)

= v1
(m)

where we have defined the vector vk

(m)

+ ∆v1
(m)

,

(m)

= [uk , µk ].

To build the predictor (B.31) we have to calculate first the tangent vector v̇0 =
[u̇0 , µ̇0 ] to the point (u0 , µ0 ), and after that, any tangent vector v̇k = [u̇k , µ̇k ] to
the point (uk , µk ). For the first case we need to solve the two next equations:
DF [u0 , µ0 ]u̇0 = ∂µ F [u0 , µ0 ]
(B.35)
p
ξ||u̇0 ||2 + 1.

µ̇0 =

And for any other point we solve the system [7]:


DF
u̇k

∂µ F
µ̇k


(uk+1 ,µk+1 )



u̇k+1
µ̇k+1




=−

0
1


.

(B.36)

So the algorithm of the Keller pseudo-arclength continuation is as follows. If
given the point (u0 , µ0 ) we want to obtain (u1 , µ1 ):
1. We take as initial input (u0 , µ0 ) and ∆s, and the tangent vector (u̇0 , µ̇0 )
that we have previously calculated using Eq. (B.35).
2. We apply the Euler predictor (B.31) as initial guess for the solution.
3. We apply the Newton-Raphson correction by solving the system (B.34),
(m+1)
until obtaining the best approximation v1
= v1 to the exact solution.
4. We calculate the tangent vector (u̇1 , µ̇1 ) to the point (u1 , µ1 ) by solving
the system (B.36).
5. We go to point 2 to obtain (u2 , µ2 ) and so on.
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Appendix C

Weakly nonlinear analysis near the
Hamiltonian-Hopf bifurcation
C.1 Introduction
In this Appendix we calculate weakly nonlinear LSs using multiple scale perturbation theory near the Hamiltonian-Hopf (HH) bifurcation in the LugiatoLefever (LL) equation for both the anomalous and normal GVD regimes. The
HH point is defined for any value of θ < 2 by the condition I0 = Ic = 1, or in
terms of the driving field amplitude by
ρc =

p
1 + (θ − 1)2 .

(C.1)

To start we fix the value of the detuning parameter θ and we suppose that the
LSs emerging from the HH point can be described by the ansatz

 
∗ 

U
U
u
=
+
,
(C.2)
V
V
v
where U ∗ and V ∗ correspond to the HSS A0 and u and v capture the spatial
dependence.
We expand both the homogeneous and the spatial dependent components of the
ansatz (C.2) as:

∗ 



U
Uc
U2
=
+ 2
+ ...,
(C.3)
V
Vc
V2
and



u
u




=

u1
v1



+ 2



u2
v2



+ 3



u3
v3


+ ...,

(C.4)
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where  is the expansion parameter defined as [1]
r
ρ − ρc
,
=
δc
and
1
δc ≡
2



d2 ρ
dI02

(C.5)


.

(C.6)

Ic

We consider all the variables to be functions of x and X = x, i.e. ui =
ui (x, X(x)) and vi = vi (x, X(x)). Then the differential operator ∂x on any
of these fields will be
∂x ui (x, X(x)) = ∂x ui + ∂X ui ,

(C.7)

2
∂x2 ui (x, X(x)) = ∂x2 ui + 2∂x ∂X ui + 2 ∂X
ui .

(C.8)

and therefore

Now introducing the expansions (C.3) and (C.4) into the stationary LL equation
(2.3) we can separate order by order in  the components of the expansions (C.3)
and (C.4). In following sections we solve the problem order by order in parameter
.

C.2 Equations at O(0 )
The first order in the asymptotic series gives the HSS (homogeneous steady
state) at the HH point,


 
  
−1
θ − Ic
Uc
ρc
0
+
=
,
(C.9)
−(θ − Ic )
−1
Vc
0
0
from where one obtains that,

ρc
2
 1 + (Ic − θ) 
=  (Ic − θ)ρc  .
1 + (Ic − θ)2




Uc
Vc



(C.10)

C.3 Equations at O(1 )
At first order in  one has

L
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u1
v1




=

0
0


,

(C.11)

C.4. EQUATIONS AT O(2 )
where L is the linear operator defined by


−(1 + 2Uc Vc )
θ − Ic − 2Vc2 − ν∂x2
L=
.
−(θ − Ic − 2Uc2 − ν∂x2 )
−1 + 2Uc Vc

(C.12)

To solve Eq. (C.11), we consider the ansatz

 


u1
a
=
φ(X)eikc x + φ̄(X)e−ikc x .
v1
b

(C.13)

Like L is singular, the solvability condition for this equation with the previous
ansatz gives the value of kc . Inserting the ansatz in the equation we have

  

a
0
−(1 + 2Uc Vc )
θ − Ic − 2Vc2 + νkc2
=
.
(C.14)
−1 + 2Uc Vc
b
0
−(θ − Ic − 2Uc2 + νkc2 )
This system has non trivial solutions if its determinant is zero, i.e. det[·] = 0.
From there one gets the characteristic polynomial
kc4 + (2θ − 4Ic )νkc2 + 1 + θ2 + 3Ic2 − 4θIc = 0,
with the solution
kc = ±

q

(2Ic − θ)ν ±

p

(C.15)

Ic2 − 1,

(C.16)

where the value of Ic will be determine later on. The solution of Eq. (C.14) will
be given by,




θ − 2Vc2 − Ic + νkc2
a
.
=
(C.17)
1 + 2Uc Vc
b
1
Then the solution of Eq. (C.11) takes the form

 


u1
a
φ(X)eikc x + φ̄(X)e−ikc x ,
=
v1
1
with
a=

(C.18)

θ − 2Vc2 − Ic + νkc2
.
1 + 2Uc Vc

(C.19)

C.4 Equations at O(2 )
At O(2 ) we obtain the next system of equations:


L
|

U2
V2


+
{z

=0



δ
0




+L

u2
v2




+

0
2ν∂x ∂X

−2ν∂x ∂X
0



u1
v1


+

}


−2u1 v1
3u21 + v12

−(3v12 + u21 )
2v1 u1



Uc
Vc




=

0
0


. (C.20)
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We separate between the spatial dependent and the homogeneous components.
HSS contribution
The HSS contribution satisfy

 
  

U2
−(1 + 2Uc Vc )
θ − Ic − 2Vc2
δc
0
+
=
.
V2
−(θ − Ic − 2Uc2 ) −1 + 2Uc Vc
0
0
{z
}
|

(C.21)

L0

In this case the operator L0 is not singular and then we can calculate its inverse
and obtain the solution of Eq. (C.21) as:




U2
−δc
,
(C.22)
= L−1
0
V2
0
with the inverse operator
L−1
0


= d0

−1 + 2Uc Vc
θ − Ic − 2Uc2

−(θ − Ic − 2Vc2 )
−(1 + 2Uc Vc )


,

(C.23)

and
d0 = (detL0 )−1 = 1 + θ2 + 3Ic2 − 4θIc .

(C.24)

Then the solution is given by:






U2
1 − 2Uc Vc
Ũ2
= δc d0
=
δ
.
c
V2
2Uc2 + Ic − θ
Ṽ2

(C.25)

Space dependent contribution
This is given by

L

u2
v2




=

0
−2ν∂x ∂X

2ν∂x ∂X
0
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u1
v1


+

2u1 v1
3v12 + u21
2
2
−(3u1 + v1 ) −2v1 u1



Uc
Vc


. (C.26)

C.4. EQUATIONS AT O(2 )
To solve this we will first evaluate the right-hand side (rhs) of Eq. (C.26). The
first term in rhs of Eq. (C.26) is:


2ν∂x ∂X
0

0
−2ν∂x ∂X

2ν

1
−a





u1
v1


∂x ∂X φ(X)e


=

ikc x

2ν∂x ∂X v1
−2ν∂x ∂X u1


=





1
iφ0 (X)eikc x + c.c. .
+ c.c. = 2νkc
−a
{z
}
|


a1
b1
(C.27)

Proceeding in the same way with the second term on rhs of Eq. (C.26) we obtain
the contributions of each element of the matrix. Those terms are given by:
Then the second terms is


 
2u1 v1
3v12 + u21
Uc
4a
=
Vc
−(3u21 + v12 ) −2v1 u1
−(6a2 + 2)


3 + a2
−2a

2a
−(3a2 + 1)

=

a0
b0





Uc
Vc





a2
b2



2

|φ(X)| +

6 + 2a2
−4a



Uc
Vc



|φ(X)|2 +


φ2 (X)e2ikc x + φ̄2 (X)e−2ikc x =


φ2 (X)e2ikc x + φ̄2 (X)e−2ikc x , (C.28)

with the coefficients


and



a0
b0



a2
b2




=


=

4aUc + (6 + 2a2 )Vc
−(6a2 + 2)Uc − 4aVc



2aUc + (3 + a2 )Vc
−(3a2 + 1)Uc − 2aVc



,

(C.29)

.

(C.30)

In this way we will have

L

u2
v2




=



a0
b0

a1
b1





|φ(X)|2 +

0

iφ (X)e

ikc x


+ c.c. +



a2
b2




φ2 (X)e2ikc x + c.c. . (C.31)
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To evaluate the left-hand side (lhs) of Eq. (C.31) we have know how the operator
acts on the same bases in which the rhs is written. For that we consider the
ansatz:

 

u2
A0
=
|φ(X)|2 +
v2
B0


A1
B1



0

ikc x

iφ (X)e


+ c.c. +



A2
B2




φ2 (X)e2ikc x + c.c. + h.o.h.. (C.32)

Then, the operator maps the ansatz of Eq. (C.32) to:

L

u2
v2




= L0

A0
B0





2

|φ(X)| + L1


L2

A2
B2



A1
B1



iφ0 (X)eikc x + c.c. +


φ2 (X)e2ikc x + c.c. + h.o.h, (C.33)

with the operators

L1 =

−(1 + 2Uc Vc )
θ − Ic − 2Vc2 + νkc2
2
2
−(θ − Ic − 2Uc + νkc )
−1 + 2Uc Vc


,

(C.34)

and

L2 =

−(1 + 2Uc Vc )
θ − Ic − 2Vc2 + 4νkc2
2
2
−1 + 2Uc Vc
−(θ − Ic − 2Uc + 4νkc )


.

(C.35)

Now comparing Eq. (C.31) with Eq. (C.33) order by order in the exponent n of
e±nikc x one gets the following set of equations.
Equation for n=0

L0

A0
B0




=

a0
b0


.

(C.36)

L0 is invertible with L−1
0 given by Eq. (C.23). Then the solution of the previous
system is:
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A0
B0




= d0

(−1 + 2Uc Vc )a0 − (θ − Ic − 2Vc2 )b0
(θ − Ic − 2Uc2 )a0 − (1 + 2Uc Vc )b0


.

(C.37)

C.4. EQUATIONS AT O(2 )
Equation for n=1

L1

A1
B1




=

a1
b1


.

(C.38)

As we saw before det(L1 ) = 0, and L1 is not invertible.
To obtain the solvability condition for this equation we calculate L†1 and its
nullvector.


−(1 + 2Uc Vc )
−(θ − Ic − 2Uc2 + νkc2 )
†
,
(C.39)
L1 =
−1 + 2Uc Vc
θ − Ic − 2Vc2 + νkc2
and the nullvector verifying L†1 w = 0,




θ − Ic − 2Uc2 + νkc2
w1
,
w=
=ζ
−(1 + 2Uc Vc )
w2
1

(C.40)

where ζ ∈ R. We can choose ζ = 1.
Then the solvability condition for Eq. (C.38)
w1 a1 + w2 b1 = w1 − a = 0

(C.41)

w1 = a.

(C.42)

gives
Using the expressions derived previously for w1 and a we arrive to the condition,
w1 = a =⇒ −

θ − Ic − 2Uc2 + νkc2
θ − 2Vc2 − Ic + νkc2
=
,
1 + 2Uc Vc
1 + 2Uc Vc

and simplifying,
kc2 = ν(2Ic − θ).

(C.43)

Equation (C.16) together with Eq. (C.43) gives
Ic = 1.

(C.44)

Once, the conditions (C.43), and (C.44) are satisfied, we can solve Eq. (C.38).
For that we multiply both sides of the equation by [1, 0] and we get



 a1
1 0
b1
a1

=
B1 =
.


−(1 + 2Uc Vc )(A1 /B1 ) + (θ − Ic − 2Vc2 + νkc2 )
A1 /B1
1 0 L1
1
Without loss of generality we choose A1 = 0 and then we have:
B1 =

2νkc
.
(θ − Ic − 2Vc2 + νkc2 )

(C.45)
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Equation for n=2


A2
B2

L2




=

In this case L2 is invertible with

−1 + 2Uc Vc
−1
L2 = d2
(θ − Ic − 2Uc2 + 4νkc2 )

a2
b2


.

(C.46)

−(θ − Ic − 2Vc2 + 4νkc2 )
−(1 + 2Uc Vc )


,

(C.47)

and
d2 = det(L2 )−1 =
1 − 2Ic (θ − Ic ) + (θ − Ic )2 + 8kc2 θν − 16kc2 Ic ν + 16kc4

−1

Then the solution of Eq. (C.46) is




A2
(−1 + 2Uc Vc )a2 − (θ − Ic − 2Vc2 + 4νkc2 )b2
.
= d2
B2
(θ − Ic − 2Uc2 + 4νkc2 )a2 − (1 + 2Uc Vc )b2

. (C.48)

(C.49)

C.5 Equations at O(3 )
At third order in  one gets the equation

L

u3
v3




+ M1



u2
v2


+ M2

u1
v1




+ M3

Uc
Vc




+ M4

u1
v1




=



0
0

, (C.50)

with

M1 =

M2 =

−2(Uc V2 + Vc U2 )
2
2(3Uc U2 + Vc V2 ) + ν∂X

M3 = 2

2
−2ν∂xX
0


,

(C.51)

2
−2(3Vc V2 + Uc U2 ) − ν∂X
2(Vc U2 + Uc V2 )

−(u1 v2 + v1 u2 ) −(3v1 v2 + u1 u2 )
3u1 u2 + v1 v2
v1 u2 + u1 v2

and


M4 =
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0
2
2ν∂xX

0
u21 + v12

−(u21 + v12 )
0


,

(C.52)


,

(C.53)


.

(C.54)

C.5. EQUATIONS AT O(3 )
Again, as L is singular, we need a solvability condition for Eq. (C.50). Using
the nullvector of L† ,



w1
w(x) = ζ
eikc x + e−ikc x ,
(C.55)
1
and the inner product
Z

L

hf, gi =

f¯(x)T · g(x)dx,

(C.56)

0

we get the solvability condition:








u1
U0
u1
u2
i + hw, M3
i + hw, M4
i = 0.
hw, M1
i + hw, M2
v1
V0
v1
v2
{z
} |
{z
} |
{z
} |
{z
}
|
I

II

III

IV

(C.57)
Now we calculate each term in Eq. (C.57).
Calculation of I





u2
v2

M1




−B1
= −2νkc
φ00 (X)eikc x + φ̄00 (X)e−ikc x +
A1



−B2
8νkc
iφ(X)φ̄(X)e2ikc x − iφ̄(X)φ̄0 (X)e−2ikc x , (C.58)
A2

and then


hw, M1

L

Z



ζ
0
L

w1
1

T

e−ikc x + eikc x




i=






−B1
−2νkc
φ00 (X)eikc x + φ̄00 (X)e−ikc x +
A1






−B2
8νkc
iφ(X)φ̄(X)e2ikc x − iφ̄(X)φ̄0 (X)e−2ikc x
=
A2
0


Z L


00
= 2ζνkc (w1 B1 − A1 ) 
(φ00 (X)e2ikc x + φ̄00 (X)e−2ikc x )dx
+
2LRe[φ (X)] +
{z
}
|0
Z

+ζ



T

u2
v2

w1
1

e−ikc x + eikc x



=0
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Z L

+8ζνkc (A2 − w1 B2 )
iφ(X)φ̄(X)(eikc x + e3ikc x ) + c.c. dx
|0
{z
}
=0

= 4Lζνkc (w1 B1 − A1 )Re[φ00 (X)].
So,


u2
v2

hw, M1


i = 4Lζνkc (w1 B1 − A1 )Re[φ00 (X)].

(C.59)

Calculation of II
Writing U2 = δc Ũ2 and V2 = δc Ṽ2 we have:

M2

u1
v1




=2δc



−(Uc Ṽ2 + Vc Ũ2 )a − (3Vc Ṽ2 + Uc Ũ2 )
φ(X)eikc x + c.c. +
(3Uc Ũ2 + Vc Ṽ2 )a + (Vc Ũ2 + Uc Ṽ2 )



−1
φ00 (X)eikc x + c.c. , (C.60)
ν
a

and then we have

hw, M2

u1
v1


i = 4δLζ(w1 M1 + M2 )Re[φ(X)],

(C.61)

with
M1 = −(Uc Ṽ2 + Vc Ũ2 )a − (3Vc Ṽ2 + Uc Ũ2 )
(C.62)
M2 = (3Uc Ũ2 + Vc Ṽ2 )a + (Vc Ũ2 + Uc Ṽ2 ).
Calculation of III

M3

Uc
Vc




=2

−(u1 v2 + v1 u2 )Uc − (3v1 v2 + u1 u2 )Vc
(3u1 u2 + v1 v2 )Uc + (v1 u2 + u1 v2 )Vc


.

(C.63)

Evaluating one by one the elements u1 v2 , v1 u2 , v1 v2 , and u1 u2 of M3 one gets

u1 v2 = a(B0 + B2 ) |φ|2 φeikc x + c.c. +
{z
}
|
Φ1



aB1 iφ0 φe2ikc x − iφ̄0 φ + c.c. +aB2 φ3 e3ikc x + c.c. , (C.64)
|
{z
}
|
{z
}
Φ2

v1 u2 = (A0 + A2 )Φ1 + A1 Φ2 + A2 Φ3 ,
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Φ3

(C.65)

C.5. EQUATIONS AT O(3 )
u1 u2 = a(A0 + A2 )Φ1 + aA1 Φ2 + aB2 Φ3 ,

(C.66)

v1 v2 = (B0 + B2 )Φ1 + B1 Φ2 + B2 Φ3 .

(C.67)

and
Then we have


Uc
Vc

hw, M3




i = 4Lζ(w1 N1 + N2 )Re |φ|2 φ ,

(C.68)

with N1 and N2 given by
N1 = −(aUc + 3Vc )(B0 + B2 ) − (Uc + aVc )(A0 + A2 )
(C.69)
N2 = (Uc + aVc )(B0 + B2 ) + (3aUc + Vc )(A0 + A2 ).
Calculation of IV
Finally,

M4

u1
v1



= (u21 + v12 )

(a2 + 1)





−1
a



−v1
u1


=


3|φ(X)|2 φ(X)eikc x + φ3 (X)e3ikc x + c.c. , (C.70)

and therefore,

hw, M4

u1
v1




i = 6Lζ(a2 + 1) (a − w1 ) Re |φ(X)|2 φ(X) = 0.
| {z }

(C.71)

=0

Amplitude equation for φ
After adding I, II, III and IV and equaling to zero, we get that the equation for
φ reads:
α1 φ00 (X) + δc α2 φ(X) + α3 |φ(X)|2 φ(X) = 0,
(C.72)
with
α1 = kc ν(aB1 − A1 ),

(C.73)

α2 = aM1 + M2 ,

(C.74)

α3 = aN1 + N2 ,

(C.75)

and
which is a stationary cubic Ginzburg-Landau amplitude equation.
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C.6 Solution of the amplitude equation
To solve Eq. (C.72) we take the ansatz φ(X) = Aeiϕ , with A ∈ R+ . With this
ansatz two kind of solutions can be found depending on the fact that A depends
on X or does not.
• If A 6= A(X), then Eq. (C.72) becomes
δα2 A + α3 A3 = 0,
(C.76)
p
with the solutions A0 = 0 and A± = ± −δα2 /α3 .
r
δα2 iϕ
Then φ = −
e , with ϕ arbitrary (due to the translational invariance).
α3
• If A = A(X), then Eq. (C.72) becomes
A00 (X) = β1 A(X) + β2 A3 (X),

(C.77)

with β1 = −δα2 /α1 and β2 = −α3 /α1 .
To solve the previous equation, first we write it as the dynamical system

ẋ = y
(C.78)
ẏ = β1 x + β2 x3 ,
and calculate the orbits in the phase portrait. In order to do not complicate the
notation we have temporary renamed the variables, X 7→ t, and ψ(X) 7→ x(t),
and we have defined y(t) = ẋ(t).
p
This system has three fixed points at (x, y) = (0, 0) and (x, y) = (± −β1 /β√
2 , 0).
The Jacobian matrix evaluated at (x, y) = (0, 0), has the eigenvalues ± β1 .
Then (0, 0) will be a saddle-point of the system if β1 > 0.
The orbits in the phase space are given by
y 2 = β1 x 2 + β2

x4
+ C0 .
2

(C.79)

If LSs exist they will necessary pass by the saddle-point (x, y) = (0, 0) from
where we get that C0 = 0. With this
r
x4
(C.80)
ẋ = ± β1 x2 + β2 ,
2
and after making the change of variables z 2 = β1 x2 + β2
ż = z 2 − β1 .
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x4
, can be written as:
2
(C.81)

C.7. PATTERNS AND BRIGHT SOLITONS
From there we arrive to the integral equation
Z
Z
dz
=
β1 dt.

2
z
√
−1
β1
√
z
Taking the change of variables ξ = √ , dz = β1 dξ,
β1
Z
p Z
dξ
= β1 dt
ξ2 − 1

(C.82)

(C.83)

and after integrating we get,


p
1+ξ
ln
= −2 β1 (t − t0 ).
1−ξ
Where t0 comes from the integration constant.
In this way we can write,
√
1+ξ
= e−2 β1 (t−t0 ) ,
1−ξ
and from there, using that tanhx =

e2x − 1
, we get
e2x + 1

√
 p

p e−2 β1 (t−t0 ) − 1 p
√
= β1 tanh − β1 (t − t0 ) .
z = β1
e−2 β1 (t−t0 ) + 1
Recovering the x variable,
s
s
p


p

2β1 
−2β1
2
x=
tanh
β1 (t − t0 ) − 1 =
sech
β1 (t − t0 ) ,
β2
β2
and in the original variables,
s
φ(X) =

p

−2β1
sech
β1 (X − X0 ) eiϕ .
β2

(C.84)

C.7 Patterns and bright solitons
If A 6= A(X) then
r
φp (x) =

−

α2
(ρ − ρc )eiϕ ,
α3

(C.85)
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and we have a pattern, or modulated solution:

 
 



U
Uc
Ũ2
a
=
+
(ρ − ρc ) + 2
φp (x)cos (kc x) .
V
Vc
1
Ṽ2

(C.86)

When α2 /α3 > 0, the pattern bifurcates subcritically toward ρ < ρc and when
α2 /α3 < 0 it does supercriticaly towards ρ > ρc . The transition between supercritical and subcritical takes place at the value of θ where α2 /α3 becomes
zero. This value corresponds to θ = 41/30 ≈ 1.37, as it was already predicted in
Refs. [2, 3].
When α2 /α3 > 0, and A = A(X) we have that:
s

s
−2α2 (ρ − ρc )
−α
(ρ
−
ρ
)
2
c
sech 
x eiϕ ,
φs (x) =
α3
α1
and there is a localized bright soliton solution given by:

 
 



U
Uc
Ũ2
a
=
+
(ρ − ρc ) + 2
φs (x)cos(kc x).
V
Vc
1
Ṽ2

(C.87)

(C.88)
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Appendix D

Weakly nonlinear analysis near the
reversible Takens-Bodganov
bifurcation
In this Appendix we calculate weakly nonlinear LSs using multiple scale perturbation theory near the reversible Takens-Bodganov (RTB) bifurcation in
the Lugiato-Lefever (LL) equation for both, the anomalous, and normal GVD
regimes. The RTB occurs at the saddle-node SNhom,1 of the HSS solution for
θ > 2 in the anomalous regime, and for θ < 2 in the normal one. On the contrary,
SNhom,2 is a RTB only in the normal regime.
These saddle-nodes occur at the points
Ir ≡ It,b =

p
1
(2θ ± θ2 − 3).
3

(D.1)

Here we perform the calculations using Ir as the label corresponding to the RTB
point, non matter if it corresponds to the SNhom,1 , or SNhom,2 .
We fix the value of the detuning parameter θ, and we suppose that the LSs
emerging from the RTB point can be described by the ansatz

 
∗ 

U
U
u
=
+
,
(D.2)
V
V
v
where U ∗ and V ∗ correspond to the HSS A0 , and u and v capture the spatial
dependence.
The driving field amplitude parameter ρ is defined in function of I0 as
q
ρ = I03 − 2θI02 + (1 + θ2 )I0 ,

(D.3)
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and its Taylor expansion about Ir reads




1 d2 ρ
dρ
(I0 − Ir ) +
(I0 − Ir )2 + · · ·
ρ(I0 ) = ρ(Ir ) +
| {z }
dI0 Ir
2 dI02 Ir | {z }
| {z }
|
{z
}
ρr
2
=0

(D.4)

δr

ρ = ρ(I0 ) has an extreme at I0 = Ir , a maximum if Ir ≡ Ib , and a minimum if
Ir ≡ It , and therefore


dρ
= 0.
(D.5)
dI0 Ir
Then, the shape of the function ρ(I0 ) about Ir can be approximated up to second
order in  = I0 − Ir , (measuring the parameter distance from the RTB) as
ρ = ρr + δr 2 ,

(D.6)

from where one gets the expansion parameter  written as a function of ρ,
r
ρ − ρr
=
.
(D.7)
δr
If Ir ≡ Ib then
1
δr ≡ δb =
2



d2 ρ
dI02

√


=−
Ib

and if Ir ≡ It then
1
δr ≡ δt =
2



d2 ρ
dI02

√


=
It

θ2 − 3
< 0,
2ρb

θ2 − 3
> 0.
2ρt

(D.8)

(D.9)

Now expanding both, the homogeneous, and the spatial dependent components
of the ansatz (D.2) as a function of  one has:

∗ 





U
Ur
U1
U2
=
+
+ 2
+ ...,
(D.10)
V
Vr
V1
V2
and



u
v




=

u1
v1


+

2



u2
v2


+ ...,

(D.11)
√
where we allow the fields ui and vi to depend on the rescaling variable X = x,
i.e. ui = ui (X). In this way, the differential operator ∂x becomes
√
∂x ui (X) = ∂X ui (X),
(D.12)
and therefore
2
∂x u2i (X) = ∂X
ui (X).

(D.13)

Inserting expansions (D.10), and (D.11) into the stationary LL equation (2.3)
we can separate their components order by order in .
In Section D.1 we perform the weakly nonlinear analysis for the HSSs, and in
Section D.2 we do it for the spatial dependent components.
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D.1. ASYMPTOTIC FOR THE HOMOGENEOUS STEADY STATE
SOLUTIONS

D.1 Asymptotic for the homogeneous steady state solutions
For the HSS solutions we collect the terms of the same order in , and we obtain
the following equations.

D.1.1 Equations at O(0 )


−1
θ − Ir
−(θ − Ir )
−1



Ur
Vr




+

ρr
0




=

0
0


.

(D.14)

From Eq. (D.14) we obtain that,

ρr
2
 1 + (Ir − θ) 
=  (Ir − θ)ρr  .
1 + (Ir − θ)2




Ur
Vr



(D.15)

D.1.2 Equations at O(1 )


θ − Ir − 2Vr2
−1 + 2Ur Vr

−(1 + 2Ur Vr )
−(θ − Ir − 2Ur2 )



U1
V1




=

0
0



If we define the linear operator


−(1 + 2Ur Vr )
θ − Ir − 2Vr2
L≡
−(θ − Ir − 2Ur2 ) −1 + 2Ur Vr

(D.16)

(D.17)

one can write Eq. (D.16) as

L

U1
V1




=

0
0


(D.18)

After some algebra we find that two out of the four components of the operator
L are zero, and therefore we have:


0
0
L=
(D.19)
−(θ − Ir − 2Ur2 ) −2
Because of this, L is not invertible and that the system given by Eq. (D.18) has
infinite number of solutions that can be written as




U1
1
=µ
,
(D.20)
V1
η
with

−1
(θ − Ir − 2Ur2 ).
2
To determine the value of µ we solve the system at next order in .
η=

(D.21)
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D.1.3 Equations at O(2 )
For order 2 one has the equation

 

 

U2
2U1 V1
2V12 + I1
Ur
δr
L
=
−
,
V2
−(2U12 + I1 ) −2V1 U1
Vr
0

(D.22)

where I1 = U12 + V12 .
Because L is singular Eq. (D.22) has no solution unless the solvability condition is
satisfied. To obtain this condition we need first to calculate the adjoint operator
of L. In our case is just L† = LT and then:


0 −(θ − Ir − 2Ur2 )
†
L =
.
(D.23)
0
−2
The nullvector of L† is given by the solution of the next system of equations:

  
w1
0
L†
=
.
(D.24)
w2
0
As before, this system has an infinite number of solutions that we can write as:

 

w1
ζ
=
,
(D.25)
w2
0
with ζ ∈ R. In the following we will take ζ = 1.
The Fredholm alternative theorem says that an equation Lu = f has non-trivial
solution if given the nullvector w of L† , i.e. L† w = 0, the condition hw, f i = 0
(solvability condition) is satisfied, being h·, ·i the inner product defined in our
case as the vector multiplication.
For our problem this condition is given by

  

 2U1 V1 Ur + (2V12 + I1 )Vr − δr
0
1 0
=
,
−(2U12 + I1 )Ur − 2V1 U1 Vr
0

(D.26)

that is equivalent to
2U1 V1 Ur + (2V12 + I1 )Vr − δr = 0.

(D.27)

Using that V1 = µη, and U1 = µ, one finds the value µ = µr satisfying Eq. (D.27)
is
s
δr
.
(D.28)
µr ≡ µt,b = ±
3η 2 Vr + 2ηUr + Vr
For Ir = Ib the denominator inside the square root is negative for any value of
θ, but δr = δb < 0 so we everything inside the square root is positive.
340

D.2. ASYMPTOTIC FOR SPATIAL DEPENDENCE SOLUTIONS
For Ir = It the denominator is positive as well as the δr = δt . The question now
is which sign must we take in Eq. (D.28).
For a value of ρ ≈ ρr , the HSS is bivaluate for both SNhom,1 and SNhom,2 . In
terms of the amplitude I0 = |A|2 we have the expansion:
I0 (ρ) = Ir +  (2Ur U1 + 2Vr V1 ) +O(2 ).
|
{z
}

(D.29)

±Λ

If ρ ≈ ρb (SNhom,1 ) the value −Λ corresponds to the Ab0 branch and +Λ to the
m
Am
0 branch, and if ρ ≈ ρt (SNhom,2 ) −Λ corresponds to the A0 branch and +Λ
t
to the A0 branch. From spatial eigenvalues analysis we know that the LSs, if
any, must be biasymptotic to the stable bottom, or top branch. Then we need
to choose I0 (ρ) = Ir − Λ, around SNhom,1 and I0 (ρ) = Ir + Λ SNhom,2 , where
±Λ = 2Ur U1 + 2Vr V1 = 2µr (Ur + Vr η) with the ± coming from µr .

D.2 Asymptotic for spatial dependence solutions
Considering now the complete ansatz (including the space dependent terms) for
the LSs that we want to find, we get the following equations.

D.2.1 Equations at O(1 )
At first order in 


L

U1 + u1
V1 + v1




=

0
0


,

and we know that L[U1 , V1 ]T = [0, 0]T then

  
u1
0
L
=
.
v1
0
The solution for this last equation can be written as:

 

u1
U1
=
ψ(X),
v1
V1

(D.30)

(D.31)

(D.32)

with ψ(X) a function to be determined from the higher order equations.
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D.2.2 Equations at O(2 )
At second order in , and after some algebra we get


L
|

+L

u2
v2

U2
V2




+

−2U1 V1
2U12 + I1

−(2V12 + I1 )
2V1 U1
{z



Ur
Vr




+

δr
0


+

−(2Ur V1 + 2U1 Vr )
2
+ 6Ur U1 + 2Vr V1
ν∂X


+

2
+ 6Vr V1 + 2Ur U1 )
−(ν∂X
2Vr U1 + 2Ur V1

−(3v12 + u21 )
2v1 u1

−2v1 u1
3u21 + v12

+
}

=0







Ur
Vr







0
0

=

u1
v1


+


(D.33)

where I1 = U12 + V12 .
If we define the operators,

−(2Ur V1 + 2U1 Vr )
P1 ≡
2
+ 6Ur U1 + 2Vr V1
ν∂X
and


P2 ≡

2
+ 6Vr V1 + 2Ur U1 )
−(ν∂X
2Vr U1 + 2Ur V1

−2v1 u1
3u21 + v12

−(3v12 + u21 )
2v1 u1


,

(D.34)


,

we can write Eq. D.33 as






u2
u1
Ur
L
= −P1
− P2
.
v2
v1
Vr

(D.35)

(D.36)

Due to the singularity of L, Eq. (D.36) has no solution unless another solvability
condition is satisfied. As before, and in order to derive this condition, we multiply both sides of Eq. (D.36) by the nullvector of L† (see Eq. (D.25)), resulting
the solvability condition:








u1
Ur
1 0 P1
+ 1 0 P2
= 0.
(D.37)
v1
Vr
The dependence of ψ with X will be determined by this condition.
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To continue we evaluate the first term on the left of Eq. (D.37)


u1
P1
=
v1



−(2Ur V1 + 2U1 Vr )U1 ψ(X) − νψ 00 (X)V1 − (6Vr V1 + 2Ur U1 )V1 ψ(X)
,
νψ 00 (X)U1 + (6Ur U1 + 2Vr V1 )U1 ψ(X) + (2Vr U1 + 2Ur V1 )V1 ψ(X)
(D.38)

and therefore


1

0




P1

u1
v1


= −(2Ur V1 + 2U1 Vr )U1 ψ(X)

− νψ 00 (X)V1 − (6Vr V1 + 2Ur U1 )V1 ψ(X) = α1 ψ 00 (X) + α2 ψ(X), (D.39)
with
α1 = −νV1 ,

(D.40)

and
α2 = −(6Vr V12 + 4Ur U1 V1 + 2Vr U12 ) =
− 2µ2 (3η 2 Vr + 2ηUr + Vr ) = −2δr , (D.41)
From the second term on the left of Eq. (D.37) one gets:

 


Ur
−2V1 U1 ψ 2 (X)
−(3V12 + U12 )ψ 2 (X)
Ur
P2
=
=
Vr
(3U12 + V12 )ψ 2 (X)
2V1 U1 ψ 2 (X)
Vr


−2V1 U1 Ur − (3V12 + U12 )Vr
ψ 2 (X), (D.42)
(3U12 + V12 )Ur + 2V1 U1 Vr
and then


1

0




P2

Ur
Vr



= −(2V1 U1 Ur + 3V12 Vr + U12 Vr )ψ 2 (X) = α3 ψ 2 (X), (D.43)

with

α2
= −δr .
(D.44)
2
In this way the solvability condition given by Eq. (D.37) is reduced to an ODE
for ψ(X) given by,
α3 = −(3V12 Vr + U12 Vr + 2U1 Ur V1 ) =

α1 ψ 00 (X) + α2 ψ(X) + α3 ψ 2 (X) = 0,

(D.45)

which is the stationary amplitude equation around the RTB bifurcation.
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D.3 Solution of the amplitude equation
To solve the previous amplitude equation we write it as a dynamical system in
space, and as done in Appendix C, we rename temporary the variables, X 7→ t,
ψ(X) 7→ x(t) and we define y(t) = ẋ(t). In this way Eq. (D.45) becomes

ẋ = y
(D.46)
ẏ = ax − bx2 ,
with a = −α2 /α1 and b = α3 /α1 . This system has two fixed points at (x, y) =
(0, 0), and (x, y) = (−α2 /α3 , 0). Analyzing their linear spectrum one gets:
1. The Jacobian matrix p
of the previous system evaluated at (x1 , y1 ) = (0, 0),
has the eigenvalues ± −α2 /α1 . In order to have an homoclinic orbit, one
needs at least, one stable and one unstable directions, hence (x1 , y1 ) must
be a saddle. The table D.1 shows the different values that the coefficient
α21 takes in the different configurations
√
ν=1
3<θ<2
θ>2
Ir = Ib α21 > 0, (x1 , y1 ) is a center α21 < 0, (x1 , y1 ) is a saddle
Ir = It α21 > 0, (x1 , y1 ) is a center α21 > 0, (x1 , y1 ) is a center
ν = −1
Ir = Ib
Ir = It

θ<2
α21 < 0, (x1 , y1 ) is a saddle
α21 < 0, (x1 , y1 ) is a saddle

θ>2
α21 > 0, (x1 , y1 ) is a center
α21 < 0, (x1 , y1 ) is a saddle

Table D.1: Evaluation of the coefficient α21 at (x1 , y1 ) for different configurations.

2. The Jacobian matrix ofp
the previous system evaluated at (x2 , y2 ) = (−α2 /α3 , 0),
has the eigenvalues ± α2 /α1 . Table D.2 shows the different configurations obtained.
√
ν=1
3<θ<2
θ>2
Ir = Ib α21 > 0, (x2 , y2 ) is a saddle α21 < 0, (x2 , y2 ) is a center
Ir = It α21 > 0, (x2 , y2 ) is a saddle α21 > 0, (x2 , y2 ) is a saddle
ν = −1
Ir = Ib
Ir = It

θ<2
α21 < 0, (x2 , y2 ) is a center
α21 < 0, (x2 , y2 ) is a center

θ>2
α21 > 0, (x2 , y2 ) is a saddle
α21 < 0, (x2 , y2 ) is a center

Table D.2: Evaluation of the coefficient α21 at (x2 , y2 ) for different configurations.
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dy
dy
dy
=
ẋ = y ,
dt
dx
dx

D.3. SOLUTION OF THE AMPLITUDE EQUATION
and combining the two ODEs in Eq. (D.46), one gets
y

dy
= ax − bx2 .
dx

(D.47)

Integrating it we get,
2
y 2 = ax2 − bx3 + C0 .
3
Because we are looking for an homoclinic orbit, such orbit must be homoclinic
to the saddle point (x, y) = (0, 0) (it has stable and unstable manifolds). Then
the equation for the phase path have to pass by (x, y) = (0, 0). From there we
derive that C0 = 0 and then,
r
2
(D.48)
y = ± ax2 − bx3 .
3
2
Making the change of variables z 2 = a − bx, we can write
3
r
r
2 3
2
2
ẋ = y = ± ax − bx = ±x a − bx = ±xz.
3
3
Writing everything as a function of z, (x =

3
3
(a − z 2 ), and ẋ = − z ż) we have:
2b
b

1
ż = ± (z 2 − a),
2
which making some readjustment can be integrated
Z
Z
a
−dz
=
dt.

2
2
z
1− √
a
√
z
Taking the change of variables ξ = √ , dz = adξ,
a
√ Z
Z
dξ
a
=±
dt,
ξ2 − 1
2
one obtains



(D.50)

(D.51)

√



a
t + C1 .
2
√
We can absorb the constant C1 defining C1 = − at0 /2, getting
1
− ln
2

1+ξ
1−ξ

(D.49)

=±

√
1+ξ
= e± a(t−t0 ) ,
1−ξ
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and from there, using that tanhx =

1 − e−2x
1 + e−2x

√

√ 1 − e± a(t−t0 )
√
z= a
= atanh
1 + e±a(t−t0 )

 √

± a(t − t0 )
.
2

Recovering the x variable,
x=

3a
2b



 √

± a(t − t0 )
=
2

 √

 r
3a
α2
3α2
± a(t − t0 )
1
− (t − t0 ) ,
sech2
=−
sech2
2b
2
2α3
2
α1

1 − tanh2

that in the original variables becomes

 r
α2
1
2
− (X − X0 ) .
ψ(X) = −3sech
2
α1

(D.52)

This solution will exists if the coefficient α21 = α2 /α1 is negative.

D.4 Localized structures: bright and dark solitons
After considering the changes X =

2

ψ(x) = −3sech

√

1
2

r
x, and  =

r

α2
−
α1



ρ − ρr
, Eq. (D.52) reads
δr
!


ρ − ρr
δr

1/4

x ,

(D.53)

and due to the translational invariance of the system one can choose x0 = 0.
Therefore, the localized structure is the pulse,
r


 


ρ − ρr 1
U
Ur
=
[1 + ψ(x)] .
(D.54)
+ µr
V
Vr
η
δr
The LS (D.54) is a bright pulse when µr = µb , and dark one when µr = µt .
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List of abbreviations

BD
C
CE
CM
CS
CW
DC
DS
DW
EC
FC
FC
FCGL
FOD
FW
FWH
GG
GL
GVD
H
HH
HOD
HSS
KdV
KFC

Belyakov-Devaney (transition)
Cusp (local bifurcation)
Canard explosion
Coupled mode (equations)
Cavity soliton
Continuous wave
Double-center (non-hyperbolic point)
Dissipative soliton
Dispersive wave
Eckhaus (instability)
Frequency comb
Fold of cycles
Forced complex Ginzburg-Landau (equation)
Fourth order dispersion
Finite-wavelength (instability)
Finite-wavelength-Hopf (instability)
Gavrilov-Guckenheimer (local bifurcation)
Ginzburg-Landau (equation)
Group velocity dispersion
Hopf (local bifurcation)
Hamiltonian-Hopf (local bifurcation)
Heigher order dispersion
Homogeneous steady state
Korteweg de Vries (equation)
Kerr frequency comb
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LIST OF ABBREVIATIONS
LL
LS
LW
MF
MI
NLS
ODE
OPO
P
P or P
PD
PDE
QZ
rhs
RTB
RTBH
S
SC
SF
SH
SL
SN
SNIC
SO
SR1:2
SVE
SW
T
TB
TOD
VCSEL
WGM
WI
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Lugiato-Lefever (equation)
Localized structure
Long-wavelength (instability)
Mean field
Modulational instability
Nonlinear Schrodinger (equation)
Ordinary differential equation
Optical parametric oscillator
Pitchfork (local bifurcation)
Pattern (solution)
Period doubling (bifurcation)
Partial differential equation
Quadruple-zero (local bifurcation)
Right hand side
Reversible Takens-Bodganov (bifurcation)
Reversible Takens-Bodganov-Hopf (bifurcation)
Saddle
Saddle-center (non-hyperbolic point)
Saddle-focus
Swift-Hohenberg (equation)
Saddle-Loop (global bifurcation)
Saddle-node (local bifurcation)
Saddle-node on the invariant circle (bifurcation)
Spatial oscillation
Spatial resonance at 1:2 with O(2) symmetry
Slowly varying envelope
Switching wave
Transcritical (local bifurcation)
Takens-Bodganov (bifurcation)
Third order dispersion
Vertical Cavity Surface Emitting Laser
Whispering gallery mode
Wave instability
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